FEJER-RIESZ FACTORIZATION FOR POSITIVE
NONCOMMUTATIVE TRIGONOMETRIC POLYNOMIALS

IGOR KLEPL?, JACOB LEVENSON, AND SCOTT MCCULLOUGH

ABSTRACT. We prove a Fejér—Riesz type factorization for positive matrix-valued non-
commutative trigonometric polynomials on W x%), where U is either the free semigroup
(x)g or the free product group Z;g, and 2) is a discrete group. More precisely, using
the shortlex order, if A has degree at most w in the ¥ variables and is strictly pos-
itive on all unitary representations of W x 2), then A = B*B with B analytic and of
W-degree at most w; this degree bound is optimal, and strict positivity is essential.
As an application, we obtain degree-bounded sums-of-squares certificates for Bell-type
inequalities in (C[Z;g x Z;h] from quantum information theory.

In the special case ) = Z* we recover, in the matrix-valued setting, the classical
commutative multivariable Fejér—Riesz factorization. For trivial ) we obtain a “per-
fect” group-algebra Positivstellensatz on Z;g that does not require strict positivity; this
result is sharp in the sense that no such perfect degree bound can hold on Zs * Z3 and
Z§2 as demonstrated by counterexamples.

To establish our main results two novel ingredients of independent interest are de-
veloped: (a) a positive semidefinite Parrott theorem with entries given by functions on
a group; and (b) solutions to positive semidefinite matrix completion problems for (),

or Z;g indexed by words of length < w.

1. INTRODUCTION

The classical Fejér-Riesz theorem asserts that a univariate trigonometric polyno-
mial that is positive on the unit circle factors as the modulus square of an analytic
polynomial. Due to its importance across many disciplines (e.g., minimum-phase filter

design, prediction theory, and the analysis of Toeplitz operators and moment problems)
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it has been generalized in many directions: to matrix- and operator-valued polynomials
[Ro68, DR10], and to multivariate settings [GW05, Dr04, DWO05]. The Fejér—Riesz the-
orem is also a particular instance of a Positivstellensatz [Smii91, Pu93], a pillar of real
algebraic geometry [BCR98, Ma08, Sc24].

During this century, motivated by linear systems theory [SIG98, AOHMP09], quan-
tum physics [BCPSW14, KMP22] and free probability [MiSpl7, Gul6], a noncom-
mutative version of function theory [KVV14, MuSoll, AM15, BMV16, PTD22], also
known as free analysis [Vol0], is under development. This program includes noncom-
mutative Fejér-Riesz—type factorizations and nc Positivstellensitze. See for instance
[Mc01, He02, HM04, HMP04, Po95, JM12, JMS21] and the references cited therein. We
also note inherent limitations on algorithmic detection of noncommutative positivity: in

certain tensor-product settings positivity is undecidable [MSZ+].

In this paper we prove a Fejér—Riesz factorization for positive, matrix-valued non-
commutative trigonometric polynomials A on a mixed domain W x%), where W is either
a free semigroup or a free product of copies of Zs and %) is a discrete group. Along the
way we develop two tools of independent interest—a positive semidefinite (psd) Parrott
theorem with entries given by functions on a group, and degree-controlled psd matrix
completions [GIJSW84, BW11, CJRW89, GW05, GKW89, AHMLS8, Mc88] indexed by

words. To explain our contribution in more detail, we require some notation.

1.1. Notation. Fix a positive integer g and let [y denote the free group on the alphabet

x ={x1,...,25}. The group [, contains the free semigroup (z)g = (x1,..., %) generated
by 2 as well as the free semigroup (z7!), generated by ! = {z7',...,2;'}. The set of
left fractions

(-Frac(z)g = {w v :w,v € (z)} c Fy.
plays an important role.

Let Z;g denote the free product of Zs with itself g times. Thus Z;g is the group
with generators x = {x1,..., 2.} and relations x? = e, where e is the identity of Z;g. Note
that 2" = 2; for 1 <j<g.

Let 9 denote a group with h generators y = {y1,...,yn} with the property that
(1.1) ) =(-FracY ={a'6:a,6 €V},

where ) denotes the semigroup generated by y. For instance, the additive group Z"

and Z;h both have this property, in the first case with each generator y; € Z" being the
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element with a 1 in the j-th position and a 0 elsewhere and in the second case with each
generator y; € Z;h being one of the usual generators of Z;h (meaning y; doesn’t commute
with y; for i # j and y7 = e).

Let W denote either Z;g or (x)g. Elements of the direct product ¢-Frac W x2) have
the form wa for w € f~-FracW and a €%). Note that Z;g and %) are naturally subgroups
of Z;g x 9). Likewise 9) is naturally a subgroup of (-Frac(z), x 9); whereas (-Frac(z), is
naturally left (z71),-invariant and right (z),-invariant.

A unitary representation m of Z;g x ) on a Hilbert space F is given by a unitary
representation of p of P on F and a tuple of (Us,...,U,) of unitary operators on F

such that U7 = Iz and U; commutes with p for each j (meaning U;p(u) = p(u)U; for all
uey), with

(1.2) (@i, u) = Uy Uy, p(u).

For the purposes here, a unitary representation 7 of (z), x Q) or ¢-Frac(z), x Q) on
a Hilbert space F is a unitary representation of Fy x Q) on F; that is, 7 is given by a
unitary representation p of 2) on F and a tuple of unitaries U = (Uy,...,U,) acting on

F that commute with p via
(1.3) m(w o) = (U") U p(u),
where U is defined in the canonical fashion. If we are considering (z)g x ), then w=!
in (1.3) is the empty word.
We order the reduced words in W (either (), or Z;g) by the shortlex order (length

and then dictionary). The shortlex order is a well-ordering; it is a total ordering on W

with the property that every non-empty subset of W has a least element. Given a word
weW, let Wey, ={v €W :v <w} and

(-Frac W, = {u v :w,v e W, ).

For the group 2 as in (1.1), let Vs denote those words in y of length at most M.
Given w € W, positive integers K and M and A, € M (C) for each g € ¢-Frac W, x
(-Frac Yy, the expression,

(1.4) A= Z{Agg : g € (-Frac W, x (-Frac Yoy}

is an analog of an My (C)-valued trigonometric polynomial, or simply polynomial for

short, whose bidegree is at most (w-, M). Similarly, now with also K’, M’ as positive
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integers, given B, € Mg i for g € Wey x Yeprr, the expression
(1.5) B=%{Byg:g€Wer, x Yerr'}

is the analog of an analytic polynomial. In this case, the bidegree of B is at most (w, M").
For B as in equation (1.5), let
B'= Y B!
he”I/l/waysM/

and interpret B* B in the canonical way. In particular, B*B is a My (C)-valued trigono-

metric polynomial of bidegree at most (w, M’).

Given a unitary representation m of (-Frac W x Q), the value of A as in (1.4) at 7 is
(1.6) A(m) =Y {A;®7(g): g € l-Frac W, x (-Frac Yepr}.
The evaluation B(7) of an analytic polynomial B at 7 is defined similarly. In particular,

B*B(m) = B(m)*B(n).

1.2. Main results. In this section we state our main results and provide some context.
An operator T on a complex Hilbert space G is positive definite, abbreviated pd and
denoted T > 0, if (T'g,g) > 0 for all 0 # g € G. An operator T is positive semidefinite
(psd), denoted T' > 0, if (T'g,g) >0 for all g€ G.

Theorem 1.1 (Noncommutative Fejér-Riesz theorem). Let W denote either the free
semigroup (x)g or the free product group Z;g. Fixz w € W and positive integers M and

K and let A denote a given My (C)-valued trigonometric polynomial of bidegree at most
(w,M). If

A(m) >0
for each separable Hilbert space F and unitary representation 7 : {-FracW x Q) — B(F),

then there exist positive integers K' and M' and an My (C)-valued analytic polynomial
B of bidegree at most (w, M") such that

(1.7) A=B"B.
The proof of Theorem 1.1 is given in Section 7, see Theorem 7.2.

Remark 1.2. The conclusion (1.7) of Theorem 1.1, as well as that of Corollary 1.11 and

Theorem 1.6 below, can be interpreted as a sums of squares (sos) Positivstellensatz-type
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certificate. Namely, there exist positive integers M’ and r and My (C)-valued analytic

polynomials B; of bidegree at most (w, M’) such that
T
A= Z B} B;. O
j=1
Remark 1.3. Because our groups are at most countable, it suffices to consider repre-

sentations on separable Hilbert space for our results; e.g., Theorems 1.1.

Let G be a countable group and let 1 be a Hilbert space. Write B(H)[G] =
B(H) ® C[G] for the (algebraic) tensor product, so every A € B(H)[G] has the form

A=>T,®g (FcC finite, T, € B(H)).
geF
Suppose there exists a Hilbert space K and a unitary representation 7 : C[G] - B(K)
such that

(Ter)(A) =S T,en(g) e BH®K)

geF
is not positive semidefinite. Then there exists a separable Hilbert space Ky and a unitary
representation g : C[G] = B(Ky) such that (I ® m)(A) is not positive semidefinite on
H K.

Indeed, suppose (I ® 7)(A) fails to be positive semidefinite on H ® K. Hence there
exists v € H ® K with

(Iem)(A)v,v)<0.

The quadratic form ¢(z) = ((I ® m)(A)x,z) is continuous, and the algebraic tensor

product H © K is dense in H ® K. Therefore we may choose a finite sum
v=> hj®@kieHoK
j=1

such that (({ ® 7)(A)v,0) <O0.
Define
Ko =span{n(g)k;: ge G, 1<j<m}cK.

Because G is countable and there are only finitely many £;, the space Ky is separable.
It is invariant under 7(G), so the restriction 7y := 7|, is a unitary representation of G
on Ky. Clearly v € H ® Ky. Moreover,

(I ® 1) (A)o,0) = (I ®7)(A)5,0) <0.

Hence (I ® mp)(A) is not positive semidefinite on H ® Ky, as claimed. O
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Remark 1.4. While there is no degree bound for B in (1.7) relative to the y variables,
the degree bound relative to the variables of ¥ is best possible. The conclusion of
Theorem 1.1 without any degree bounds or analyticity on B is due to Helton-McCullough
[HMO4].

The proof of Theorem 1.1 gives a bit more than stated. It turns out, if A satisfies
the hypotheses of Theorem 1.1, then there is an € > 0 such that for each separable Hilbert
space F and unitary representation 7 : {-Frac W x Q) — B(F) the inequality

A(TI’) Z€(I]:®IK)

holds. See Proposition 2.1. Moreover, with the normalization A.. = I, for a fixed ¢,
there is an M’ that depends only on €, K, M and |, |, that suffices for the conclusion
of Theorem 1.1, though we do not have a concrete estimate for the size of M’. See
Theorem 7.2. 0]

Remark 1.5. The choice of ) equal the direct product Z* of Z with itself h times in
Theorem 1.1 is of particular interest. Since irreducible unitary representations of the
group Z® are one-dimensional determined by points in the torus, it suffices to assume
that A(7) > 0 for representations 7 determined by unitaries U = (Uy, ..., U,) along with
tuples ((1,...,G) satisfying |(;| = 1. Moreover, in this case, choosing W = N and thus
(-FracW =7, reduces to the case of (classical) matrix-valued trigonometric polynomials
in several (commuting) variables leading to the factorization result in [Dr04] at least in

the matrix-valued case. O

In the case that ) is not present (equivalently it is the trivial group) in Theorem
1.1, the strict positivity hypothesis is not needed, a fact that appears in [Mc01] for the
free semigroup (z),. (See also [HMP04, BT07, NT13, KVV17, Oz13] for a similar result

for the free group F,.) An analogous result holds for the case of Z;g:

Theorem 1.6 (Group algebra Positivstellensatz for Z;g). Set W = Z;g. Let w e W, a
Hilbert space € and A, € B(E) for w € {-FracW.,, be given and let
A= Z A, w

wel-Frac W<y,

denote the resulting trigonometric polynomial. Thus the degree of A is at most w. If
A(m) = 0 for all unitary representations m of Z;g on separable Hilbert space, then there

1s an auxiliary Hilbert space £ and an analytic polynomial B of degree at most w with
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coefficients in B(E,E") such that
A=B"B.

Remark 1.7. Theorem 1.6 holds in the following form when 2) is a finite group of
cardinality M for 9 either (z), or Z;g. Namely, given A as in equation (1.6) with
coefficients in B(E) of bidegree (w, M), if A(w) > 0 for all unitary representations 7 of
(-Frac W x %) on separable Hilbert space, then there exists an auxiliary Hilbert space &’
analytic B(&,£’) polynomial B of bidegree (w, M) such that A = B*B.

In this setting, while not carried out here, a careful analysis of matrix completion
argument given in the proofs show that it suffices to consider unitary representations =

on Hilbert space of dimension at most MK |W,,|.

Remark 1.8. Bell inequalities are pillars of quantum physics and quantum information
theory. They were introduced in the seminal paper [Be64] and have been instrumental
to experimentally demonstrate [Nobel22] the validity of quantum mechanics. Violation
of a Bell inequality serves as an indicator of entanglement and implies that a phys-
ical interaction cannot be explained by any classical picture of physics [BCPSW14].
Mathematically a Bell inequality is simply a special type of inequality on trigonometric
polynomials in the group algebra (C[Z;g X Z;h]. The simplest example is the Clauser-
Horne-Shimony-Holt (CHSH) inequality [CHSH69], where g = h = 2, and letting zy, x9

and ¥,y denote the generators of Z;g and Z;h, respectively, we have
CHSH:  z1y1 + 21Y2 + Toy1 — Toys < 2V/2.

Theorem 1.1 provides a new degree-bounded Positivstellensatz-type certificate to vali-
date Bell inequalities with matrix coefficients such as those appearing in quantum steer-
ing, cf. [CS16, Equation (12)]. O

Remark 1.9. The strict positivity assumption in Theorem 1.1 is needed as the con-
clusion can fail if A(7) is merely positive semidefinite at all unitary representations 7.
This is shown for the case of Bell inequalities in (C[Z;g X Z;h] in [FKMPRSZ+, Theorem
1.3]. Related phenomena occur beyond Bell settings: positivity in tensor products of
free algebras is undecidable [MSZ+|; this underscores the necessity of strict positivity

in our factorization results. O

Remark 1.10. Theorem 1.6 is special to Z;g in the sense that its perfect degree bound
deg B < deg A need not hold for other free products of finite cyclic groups. In par-

ticular, Examples 8.1 and 8.2 produce trigonometric polynomials A € C[Zy * Z3] and



8 I. KLEP, J. LEVENSON, AND S. MCCULLOUGH

A € C[Z3?], respectively, for which A(7) > 0 for all unitary representations 7, but there
is no factorization A = B*B with B analytic of degree at most deg A. Our examples do
not exclude the possibility that some weaker (non-optimal) degree bound might hold for

these groups. 0

We note that in the case that W is not there, Theorem 1.1 produces the following
Positivstellensatz, that, without the analyticity condition on B, is a consequence of
[HMO4].

Corollary 1.11. Consider a My (C)-valued trigonometric polynomial in y variables
only,

A= Y A

uel-Frac V< s
If for each separable Hilbert space F and unitary representation m : ) — B(F) the
inequality A(m) > 0 holds, then there exist positive integers K' and M’ and an Mg (C)-
valued analytic polynomial
B = Z B.a

aengz

such that
A= B*B.

1.3. Further results and guide to the paper. The claim regarding the existence of
e > 0 made in Remark 1.4 is established in Section 2. Two ingredients of independent
interest underlie the proofs of Theorems 1.1 and 1.6. First, we establish a positive
semidefinite (psd) Parrott theorem [Par78] whose (block) entries are functions on a
group G. See Theorem 3.1. This variant of Parrott’s theorem then feeds into solving
psd matrix completion problems for the free semigroup (), and the free product group
Z;g. See Theorem 4.1 and Theorem 4.2, respectively. For Z;g the solution to the matrix

completion problem is novel even for the case where G is trivial.

Section 5 provides a bridge to representation theory. The fact that a psd function
(kernel) on a group is realized as a compression of a unitary representation of that group
applies to Z;gx G and also extends to (x)yxG, see Proposition 5.1. Section 6 packages the
truncated Gram data into a compact, nested family and extracts a single truncation level
depending only on a fixed compact collection of trigonometric polynomials. A precise
statement appears as Lemma 6.4 and it is this uniformity that produces degree bounds

M’ alluded to in Remark 1.4. Section 7 assembles these pieces to prove the Fejér-Riesz
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factorization Theorem 1.1 with optimal W —degree under uniform strict positivity and,

for trivial ), the “perfect” group—algebra Positivstellensatz Theorem 1.6 on Z;g.

Finally, Section 8 presents (counter)examples in the cases of Zs * Z3 and Zj? that

show our results are sharp.

2. FROM POSITIVE DEFINITE TO BIGGER THAN ¢
The claim made in Remark 1.4 is established in this section.

Proposition 2.1. Let G be a countable group and let A e M, (C)[G] = M,(C)eC[G]. If
for every Hilbert space K and every unitary representation w : C[G] — B(K) the operator

(Ie7m)(A)e B(C"®K) = M,(C)® B(K)
1s positive definite, then there exists € >0 such that
([ ® W)(A) > e lcngr

for all K and all unitary representations m on .

Proof. View A e M,(C)[G] as an element of M,(C)® C*(G), where C*(G) denotes the
full (or universal) group C*-algebra [Da25, Definition 9.12.4]. By hypothesis, for every
unitary representation 7 of G on K the operator (id;, ® m)(A) is strictly positive on
Cre K.

Let S be the state space of M,,(C) ® C*(G). By the GNS construction, each ¢ € S

is of the form
p(B) = (p(B)S,§)

for some representation p of M, (C)® C*(G) on a Hilbert space £ and some unit vector

Eel.

Lemma 2.2 below is well known. It shows that p is unitarily equivalent to a repre-
sentation of the form idys, () ® o for a suitable representation o : C*(G) - B(Ly) on

some Hilbert space £y. Consequently,

©(A) = ((idar,(c) ® ) (A)n, )

for some unit vector n € C* ® Ly. By the assumption of strict positivity for all unitary
representations, the operator (ids, ) ® 0)(A) is strictly positive, hence ¢(A) > 0 for
every p € S.



10 I. KLEP, J. LEVENSON, AND S. MCCULLOUGH

The map S — R, defined by ¢ — ©(A), is continuous and S is weak*-compact;
therefore ¢ attains its minimum at some ¢q € S. Since p(A) > 0 for all ¢, this minimum

is a positive number: set € := ming.g p(A) > 0. Thus for all states ¢ €5,
(2.1) p(A-€el)=¢p(A)-€¢ > 0.

In a C'*-algebra, order is separated by states: for self-adjoint z, one has x > 0 if and
only if p(z) > 0 for all states ¢. Applying this fact to the self-adjoint element A — €1
it follows from equation (2.1) that A — €1 > 0. Finally, for any unitary representation
m:C[G] - B(K),

(idar,(cy ® m)(A) > el, ® I,
as desired. 0

Lemma 2.2. Let A be a C*-algebra. If p: M,,(C) ® A — B(L) a representation, then
there exist a Hilbert space Lo and a representation o : A — B(Ly) such that, after a
unitary identification L= C" ® Ly,

p(X®a)=X®0c(a)

for all X € M,,(C), aeA.

Proof. The restriction p|u,(c)e1 is a representation of the finite-dimensional algebra
M, (C), hence unitarily equivalent to X ~» X ® I, on C" ® L, for a suitable Hilbert
space Loy (cf. [Ar76, p. 20, Corollary 1]). Under this identification, p(1 ® a) commutes
with M, (C)®I.,, so it must be of the form I, ® 0(a) for a representation o : A - B(Ly)
(cf. proof of the von Neumann Double Commutant Theorem in [Da25, Theorem 9.4.1]).

Hence

p(X®a)=p(X®1)p(l®a)=(X®I)(I®0(a))=X®d(a). O

3. THE PARROTT THEOREM FOR PSD FUNCTIONS ON A GROUP

This section contains the statement and proof of an of independent interest version
of the well known psd version of the Parrott theorem, [Par78]. In that paper it is shown
that if the given entries of the relevant block matrices come from a von Neumann algebra,
then there is a solution to the completion problem that comes from the von Neumann
algebra. Here we show that if the entries are functions on a group, then the solution can

be chosen to also be a function on that group.
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Let G denote a group and fix a Hilbert space £. Given a function p: G - B(£), let

T, denote the associated block matrix,

(3.1) T, = (p(g‘lh))gﬁhec.
Let
(3.2) F=Co(G,E)={p:G—>E&, {g:9(g) #0}| < oo}

Thus F consists of those £-valued functions ¢ on G such that ¢(g) = 0 for all but finitely
many g € G.

The matrix T, determines a sesquilinear form on % by

(3.3) (Tpp, )= > (p(g7 h)e(h),¥(g))

g,heG

for p,1 € F. The form T, is positive definite (pd) (resp. positive semidefinite (psd)) if

(Ypp,0) >0
(resp. (Y,p,¢) > 0) whenever 0 # ¢ € F. In particular, p(g~th) = p(htg)* € B(E) for
each g,h e G.

An element a € G induces a bijective linear map L, : F — F defined by

(3.4) Logp(g) = p(a™'y),

for ¢ € F. This map L, is unitary with respect to the form induced by T, since, by
equation (3.3),

(YpLap, Lath) = ;G(p(g’lh)w(a’lh),w(a’lg))

> (p(ag) (a'h))p(ah), Y(a "))

g,heG
(TPQO, ¢) ‘

Fix a positive integer N, let Jy = {0,1,..., N}, and fix functions p;; : G - B(&) for
(4, k) € Iy x Jn ~{(0,N),(N,0)}. Let T;, = T,,, denote the matrix associated to p; .

We assume that Y ; is the formal adjoint to T in the sense that

(3.5)

(Thjp,0) = (Tx0, ).
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Let A= To’o, C = TN,N, and

B= (Tauk)jﬁiv_l
EZ(To,l Too ... To,N—1)
F=(Tiy - Thon Thon):

The matrix B defines a form [-,-]z on FN-1xFN-1 where FV-1 := @V -1F in the natural
way. Likewise, F defines a form on FV-! x &F: and F defines a form on & x FV-1. For

instance, given ¢’ = @'’ e FN-! and similarly for " e FN1,

N-1 N-1
[, 05 = (Be' ') = Y A Tinehs ¥5) = > > (piw(g h)ei(h), ¥i(9))
4, k=1 4,k=1 g,heG

(where the sums are finite) and B is positive semi-definite (psd) means (By', ') > 0 for
all ' e @V 1F.

The following is an analog of the psd version of the Parrott theorem.

Theorem 3.1. If both the forms on FN x FN

A FE B F
P:(Ewr B)’ Q:(Fyr C)
are psd (and if, as above, A, B, and C are positive definite (pd)), then there is a function

p: G = B(E) such that, with Ton =T, and Yo =T =Ty, the form T = (T;5)N

on OJ.‘N+17

A E T,
Y=|E* B F|,
Y F* C

1S psd.

Proof. The pd form B defines a positive definite sesquilinear form [-,-]p on FV~1. Indeed,
that is precisely what it means to say B is pd. Let Mp denote the inner product space
(FN-1[-,-]g) and let £ denote the Hilbert space obtained by completing Mp. In the
same manner, let M4 and M denote the inner product spaces on F induced by the
pd forms [-,-]4 and [-,-]¢ and let €4 and & denote the Hilbert spaces obtained by
completing M 4 and M respectively. By construction, & ¢ M4, Mo and FN-1 ¢ Mp.

The linear map Iy_; ® L,, where L, is defined in equation (3.4), acts on FV-! in

the natural way; that is, for ¢’ = @'/,

(In-1® Loy’ = @5 Loy
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Often we simplify and write L, in place of Iy_1 ® L,. From equation (3.5), it follows,
for p,9 € F and ' 1)’ € FN-1 that

(3.6)  [Lay, La®]a = (AL, Latb) = (Yoo Lay, Lat) = (Yoop, V) = (Ap, 1) = [¢,¥]a

N-1 N-1
(37) (ELQQO 5 Z TO] a‘p]a oz¢ Z TO](;O]a (Esp” ZM
7=1 7=1
and
N-1
[ a%p ) oz¢ ] (BLOéQO ’ Z ]kLaSO;€7La/l/}‘;‘>
(3.8) e

N-1

; Y0k, 5) = (B’ 0') = [¢, 0] 5.

7,k=1

In particular, L, induces unitary operators S2 and SZ on M 4 and M g respectively that
then extend to unitary operators on £4 and &g, still denoted SZ and SZ. For instance,

for ¢, 1 € F € €4, an application of equation (3.6) gives,
[Sof‘cp,S(f ] - [ a¥ a¢]A - [90 ¢]

Because P is psd, for ¢ € F and ¢’ € FN-1 a version of the Cauchy-Schwartz

inequality gives,

(3.9) (B, )" < [, 0]a [¢, ' 15

To prove this claim note that, for complex numbers A
(P () (L ) = a0 - 2rea e o)« B 1

Ap
= [¥,9]a - 2real(MEY', 1)) + [AP[¢, ¢

If [¢',¢']5 =0, then (¢’ = 0 and) the positivity hypothesis on P implies it is also the case
that (E¢’,1) =0 so that (3.9) holds. Otherwise, the positivity condition and the usual
judicious choice [¢’, @]z A = (E¢',¥) does the job. Hence, for ¢ fixed, the mapping
Exd Y W defines a bounded linear functional on M4, and hence on &4, of
norm at most |¢’||g =[¢’, ¢ ] By the Riesz Representation theorem, there is a vector
Ey' € &4 such that

(3.10) (B v) = [E¢',v]a
for all v € £4 and |E¢'| 4 < |¢'| 5. Thus, we obtain a bounded linear map E : g — £4

with norm at most one satisfying

(3.11) (B’ )4 = (B¢, ¢)
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for all ¥ € F and ¢’ € FN-1. A similar construction produces a (linear) contraction

operator F: Ec — Ep such that
(3.12) (Fi,¢') = [F,¢']5.

Following the argument in [Smi07], set X = EF and note, since ¥ and E are con-

tractions,
(I E X\ (E\ _ _ (I-EE- 0 0
(3.13) R=|E~ I F|=(I]|(E- 1 F)+s( 0 0 0 [0
X+ F+ 1) \F* 0 0 I-F
Next observe, for ¢ € F and ¢’ € ®V-'F, that for a € G,
[E/ngolﬁ So? ]A = <ELa90,7 Loc¢>
= (B¢, ¢) = [E¢' 0]a = [SLEY, 5101,
where the first and third equalities result from the definition of F in equation (3.11) and
the definitions of SZ and SB; and the second equality follows from equation (3.7). The
surjectivity of S4 now gives ESB = SAE. A similar argument reveals that F.SC = SBE.
Consequently, EFSC = ESBF = SAEF; that is XS¢ = SAX. Thus, (S4)*XS¢ = X.
Define p =pon : G - B(€) by
(p(h)w,0) = [X(Ln @), (L ®e)]a,

for f,e € £ and h € GG, where e is the group identity and 1. and 1; are the indicator

functions of {e} and {h} respectively. Let

X = TQ,N = Tp = (p(g_lh))g,heG ’

Thus, X is a matrix indexed by G x G with (h, g) entry p(g~'h) € B(E) that determines
a form on F. We claim if o, € F, then (X, v) = [X¢,¢]4. To prove this claim, let
g,h e G and e, f € £ be given and observe,

(X(1nef).(Ly@e)) =(Xgnf,e) = (p(g7'h)],e)
= [X(1gn @), (1.®e)]a
= [(8) XS (1gn®f), (e ®e)]a
= [XST(111®1), S (1. ®e)]a

- [X(1hef), (1,@e)]a.
Because the set {1,®f: g€ G, f € £} spans F, the claim follows by linearity.
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To prove Y = (T]k);té\[ is psd, observe, if @1, o, 11,19 € F and ', 2" € FN-1 then

(3.14) (Ylor @ @2]" [ ¥ a]") = (Rl ¢ @] [01 ¥ 4a]").

Since, by equation (3.13), the operator R is psd, equation (3.14) implies the form T is
too. 0

Remark 3.2. The pd assumption on A, B, C can be relaxed to psd via the usual device
of observing that, for instance, [-,-]4 determines a psd form on F and constructing the
Hilbert space £4 from equivalence classes, modulo null vectors, with representatives from
o
F.

Corollary 3.3. Fiz positive integers M, N and let E = {(j,N),(N,j) : =M < j < 0}.
Suppose pjj : G - B(E) for (j,k) € {(j,k) : =M < j,k < N} N E. Let Y; denote the
form determined by p; . If both forms

N-1 N
(ijk)j,k:_M ) (Tj’k)j,kzl

are psd, then there exists p;j : G - B(E) for (j,k) € E such that, defining Yy for
(4,k) € E in the usual way, the form

N
(Tj’k)j,k=—M

18 psd.

Proof. Applying Theorem 3.1, to the data Y;; for (j,k) € {(4,k) : 0 < 4,k < N}~
{(0,N),(N,0)}, it follows that there exists a form To y on G such that, with Ty = 1§ v,

the form (7;)Y,_, on ®)F is psd. Now induct. O

Corollary 3.3 has a convenient restatement purely in terms of functions from G to
B(&) as follows. Given a finite set F' let Mp(B(€)) denote the matrices indexed by
F x F with entries from B(&). Given functions ps; : G - B(E) for s,t € F, the map
p:G > Mp(B(E)) defined by

p(9) = (psvt(g))s,teF

is psd if, for all ¢ : F - F,
> Pl ) enspg) = D0 3 (pse(g™ ) en(t), 04(s)) 20,
g,heG g,heG s,teF
where @), : F' - £ is defined by ¢p(s) = ¢(s)(h) for each s € F. The adjoint of p: G —
Mp(B(E)), denoted p*, is the function p* : G - Mp(B(£)) defined by p*(g) = p(g~')*.
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In particular, given ¢, : F' - F,

(on, 0" (W' g)1bg) = (n, p(g7 h)*bg) = (p(g7" h) ns 1),
for g,h € G.

Corollary 3.4. Let F' denote a finite set, fiz so € F' and a proper subset Fy € F\{sg}
and suppose ps+: G - B(E) for

(s,t) e Fx F~(({so} x Fo) U (Fo x {s0}))

are given. If both

(ps’t)s,teF\{so} ) (ps’t)s,tEF\Fo
are psd, then there exists py,;: G = B(E) for t € Fy such that, with p; s, = ps,

(ps,t )s,teF
18 psd.

In applying Theorem 3.1 and its corollaries, one is not presented with the matrices
T directly, but instead matrices I' indexed by a monoid M ¢ G with the property
G = (-Frac M. Thus I is indexed by M x M and the (g, h) entry of I' depends only upon
g 'h. In this case, there exists a function p: ¢-Frac M — B(E) such that

(3.15) [=T,:= (p(h_lg))g,heM '

Corollary 3.5. Let M be a monoid and assume that G = (-Frac M = {u v :u,ve M}.

With the hypotheses of the preamble of Corollary 3.3, if both forms
N-1 N

A= (Fjvk)j;k:fM’ B = (Fj7k)j,k:1
are psd, then there exists p;x : G - B(E) for (j,k) € E such that, defining I';;, for
(j,k) € E in the usual way, the form

N
(Fj’k)j,k:—M

18 psd.

The proof of Corollary 3.5 employs Lemma 3.7, which in turn relies on Lemma 3.6
below. Lemma 3.6, while likely known as it is very much in line with left Ore quo-
tient construction in non-commutative ring theory, is natural from the point of view of

semigroups.

Lemma 3.6. If M ¢ G is a monoid and G = {-Frac M, then for each finite subset S of
G, there exists a d € M such that dS ={ds:seS} c M.
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Proof. We argue by induction. The case where the cardinality of S is one is evident.
Now suppose m is a positive integer and the result holds for all S with S| = m. Fix
an S = {s1,...,8,} and let s = u™'v € G = (-Frac M be given. Set S’ = Su {s}. By
assumption, there exists a d € M such that T' = dS = {t1,...,t,,} € M. Since G = {(-Frac M

there exits a,b € M such that du™! = a7'b. Set e = ad and observe,
es = ads = adu™'v = bv € M.

Hence S’ = eS u{es} € M and the proof is complete. O

The statement of Lemma 3.7 below uses the notation of equation (3.15).

Lemma 3.7. Let M be a monoid and assume that G = (-Frac M. If N is a positive

integer, pji: G —> B(E) for 1< 5, k<N and

N
A= (Fl’j,k )j,k:1

1s psd, then so is
N

T = (ij,k )j,kzl ’

where

Tp = (p(g_1h>)g,heG .

Proof. Let ¢ = @Yp; € FN be given, where F is defined in equation (3.2). Let S =
Ui<jen Sj where S; = support(y;). By Lemma 3.6, there exists ad € M such T'=dS ¢ M.
Define v¢; : M - B(&) by ¥;(g) = ¢;(d"1g). Thus 1, is supported in 7" and

(T, ) = ;1 ;S (pis(97 ) er(h), 5(9))
= 33 {pya(dg) @) utan). vy (dg)
= 3 X (i )un(s), v5(0)
= (A, ) = 0,
where 1 = ®1;. -

Proof of Corollary 3.5. Apply Lemma 3.7 to both A and B to conclude their T counter-

parts in Corollary 3.3 are psd. Hence by that corollary (Tj7k)§vl= a7 1s psd and therefore

50 is (T 1) N, ys as claimed. O

We conclude this section with the following variation on Corollary 3.4.
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Corollary 3.8. Suppose M is a monoid and G = {-Frac M = {u™'v :u,v e M}. Let F
denote a finite set, fix so € F' and a proper subset Fy € F\{so} and suppose ps;: G —
B(&) for
(S7t) e F'x F'~ (({So} X F()) @] (Fo X {So}))
are given. If both
(ps’t)s,teF\{so} ’ (ps’t)s,teF\Fo
are psd, then there evists py,: G — B(E) for t € Fy such that, with p s, = p}, ;,

(ps’t)s,teF

18 psd.

4. MATRIX COMPLETIONS

The positive semidefinite (psd) matrix completion theorems for partially defined
forms over (-Frac W, , building on the psd Parrott theorem, Theorem 3.1 from Sec-
tion 3, are formulated and proved in this section. These completion results provide the
combinatorial input for the representation theorem in Section 5 and, ultimately, for the

proof of the Fejér—Riesz factorization in Section 7.

Let G be a group and let F'(G, B(£)) denote the set of functions ¥ : G — B(E). We
abbreviate to Fg(G) when confusion is unlikely. Recall, the function ¥ is identified with

the matrix, or form, with entries from B(),
Tﬁ = (ﬁ(g_lh))g,heG '

Also recall U is either the free semigroup (z), or the free product Z;g endowed
with the shortlex order. Given w € W, a partially defined form, or w-partially defined
form, over (-Frac W, with values in F¢(G) is a function x : (-Frac W, — F¢(G). The
function yx is identified with the block matrix X, indexed by W, x W,

X = (Taturio) g, ~ (X(w70))

where ~ denotes the natural entrywise identification. For notational convenience, let

w, €Wy w,v€Wey ’

x(g " hsu o) = x(uw ) (g7th),

for g,h € G and w,v € W, Let Cyo(G,E) denote the space of functions f: G - £ of
finite support. With this notation, x is positive semidefinite (psd) if the matrix X, is
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psd; that is, for each collection {f, € Coo(G,E) | v € Wey, },
> 2 (g hu o) fu(h), fulg)) 2 0.

w,v€W<y g,heG
Likewise, a function Y : ¢-FracW — Fg¢(G) is psd if, for each % € W and each collection

{fv € Coo(G,(c;) | v € CWS%}’
S (g7 bt e) fu (), fu(9)) 2 0.

w,0€Wey g,heG

The following theorem solves a completion problem for the case of the free semigroup
(2)g-

Theorem 4.1. In the case of the free semigroup (x)s, with notations as above and letting

g
3 denote the immediate successor to w, if x, a w--partially defined form, is psd, then x

extends to a psd function X : {-Frac W, — Fe(G).

Proof. By definition and the assumption that x is psd,
0< XX - (X(U/_lv))u,vecwgw - (X(u_lv))u,vewsox{a} ’

Let Fy = {v € W, | s;tv ¢ W, }, where s; is the first letter of 3. Thus F, consists
only of the empty word and the elements of W, whose first letter is not s;. Equivalently,
W \ Fy consists of those words in W, whose first letter is s;. Moreover, if ¢ € Iy, then
571 #1471, because both 4714 and 7! are in reduced form (no cancellation) and ¢ # 3.

Let s;}(We, N Fy) = {s;'w | w € (W, \ Fy)}. Because s; (W N Fy) € Wy, by

assumption,

0< (X(uilv))u,vesil(Wgo\Fo) = (X((Sflu)*lsflv))uvveq/,/g\po

- (X(uilv))u,vecﬁfsé\Fo :
Given (w,v) € Wey X Wew, let pu.) : G = B(E) denote p(y,) = x(wtv). Since s ¢ Fy,
Corollary 3.4 with 3 = implies there exists p,, ¢ : G - B(&) for 4 € Fjy such that, with
Dty =Dy
(Puo). e,
is psd. Now define X : (-Frac W, - F¢(G) by X, = x and if ¢ € Fy, then X(3714) =p, ¢
and X(17'3) = pj,. It follows that

XY = (X(U“_lv))u’vecﬂ/SA = (pu,v) > 0. O

weWey

Theorem 4.2 below is a companion to Theorem 4.1 in that it solves a matrix com-

pletion problem for Z;g. Since the case g =1 is trivial, we assume g > 2.
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Theorem 4.2. Set W = Z;g. With notations as above, if X, a w-partially defined form,
s psd, then letting 5 denote the immediate successor of w, the function x extends to a
function X : £-Frac W, - Fe(G) such that X5 is also psd.

Proof. Since Z;g is well-ordered, w has an immediate successor 4. Express 3 in reduced
form as x;x for a word %, possibly the empty word (the identity). In particular, x < z;x

and thus % < w.

Let L =W, Ua;We,. Let (@,6) € L x L be given. We now determine when « 16 €
(-FracWe,,. If @, 6 € 2;W,, then @ 16 € (-Frac W, and hence 16 € (-Frac W-,,. Now
suppose « € W, and 6 € ;W< . Hence 6 = xju for some w < x. If w <%, then z;u < ;%
and hence z;u < w and is thus in W,. Once again « 16 € {-FracW,,,. Consequently,
if @ € W, and 6 € z;We,, but 16 ¢ (-Frac W, then 6 = x;%. It now follows, from
symmetry, if («,6) € L x L and « 16 ¢ (-FracW.,,, then either « € W, and 6 = x;x;
or a =x;% and 6 € W,. Next observe, if w <x, then wlz;x = (z;u) 1% € -Frac W,
since z;u < ;% (since x does not begin with x; (on the left) the relation is immediate if
w also does not begin with x;, and if w begins with z;, then |z,u| < |u| < |%| < |z;%|) and
hence both %, zju are in We,. In a similar manner, (z;%) tw =%~ (z;u) € (-Frac W,
when w < %. On the other hand, x~'z;% ¢ (-FracW,,. Thus if («,6) € L x L, then
o716 € (-Frac W, if and only if («,6) ¢ {(x,2;%), (z;%,%)}.

Let L' = L~ {s}. For (@,6) e Lx L~{(x,2;%),(zj%,%)}, let pos = x(«16): G -
B(€&). Since L' ¢ W, by assumption,

p= (po“’ﬁ)a,ﬁeL’
is psd. Since the mapping w : L\ {x} - L’ defined by w(w) = z; w is a bijection (L’
and L~ {x} have the same cardinality, namely |L| -1, and w is easily seen to be onto),
- - -1
Q B (p@’ﬁ)a,ﬂeL\{x} h (X(@ ﬁ))a,ﬁeL\{%}

= (x((@0)(26))),, ooy = (X(w710)
-P

w,vel’

where ~ means unitarily equivalent (via the spatial unitary conjugation implemented by

w). Hence @ is also psd.
Corollary 3.4, applied with F' = L, Fy = {2} and s = 3, now produces a function
Peaje G — B(E) such that, setting py . . = Pk s

= (po“’ﬁ)a,ﬁeL > 0.
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It need not be the case that p, ;. = ps,,» even though x!(z;x) = (z;2) '%. To remedy
this deficiency we argue as follows. Observe that the mapping L > w ~ z;u € L is a

bijection. Thus

! _
R - (pxja,xjﬁ)@7ﬁeL

is also psd and thus so is

~ 1 1
R= 3 (R+R') = 3 (pa,b +pxja@jb)a,beL )

As was established earlier, so long as (z;a,x;6) ¢ {(x,2;%),(z;%,%)}, equivalently
(@,6) ¢ {(z;%,%), (%, 7;%)}, we have (z;) ' (2,;6) = 16 € (-Frac Wey,. Thus py o 056 =
Pos = X (@ 16) and therefore p, 4 = p, 4. On the other hand,

2]?%-%,% =P T Pxajn = Praje T Prjrx = 2px,xjx~

Consequently, the function X : f-Frac We,, U {xtz;x} - Fe(G) given by X(«~16) =D, s
is well defined, its restriction to ¢-Frac W, is x and both

(41) (Y(a’_lﬁ))aﬁewfsw ’ (Y(a’_lﬁ))a,ﬁeL
are psd.

We next identify the set Fy = W, \~ L € W,,. To this end, let n =|x| (the length of
%). Thus 5| = n+ 1 and therefore if |u| < n, then w < 3; that is, W, contains all words
of length at most n. Moreover, elements of W, have length at most n + 1. Now suppose
w € W, but w ¢ L. It is immediate that x <w <w <3. Thus, if w = z;uy in reduced
form, then wy <% as w = xjug <3 = x;%. Hence w € x;W-,, € L. From this contradiction,
it follows that there is a k # j and a word wg of length at most n such that w = x,ug

(in reduced form) and % < w = zpwg < 3.

Now suppose % < w < w <3 and there is a k # j and a word wg of length at most
n such that w = zyuwe. In particular, w ¢ W.,. On the other hand, if w € ;W , then
there is a v < % such that such that z,u¢ = z;v. Hence v = z;z,v1 in reduced form
for some v of length at most n — 2. We conclude that x,wg = v, which leads to the

contradiction that [w|<n -1 < |x|. Summarizing,
(4.2) Fo=Wy~L={xpuo: [wol<n, k#j,%<xpug<s}.t

Note that w = xuy can be assumed in reduced form, as otherwise, |w| < n -1, in which

case uw <%.

IThe set Fy is empty if and only if g =2 and w is the largest word of its length.
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Next suppose
(w,v) €D =Ty x W, N [(Fox{3})u ({5} x Fo)].

If w# 3 + v, then w v € f-FracW.,,. Next consider the case that v = s and w ¢ Fj.

Thus w € L. If w <%, then z;u <x;% = s. Thus z;u <w and hence

S S PO DR -1
uTv=uwd=uw wx = (vu) % e FFrac U,

On the other hand, if w € x;WL,, then it is evident that w13 € ¢-FracW,,. Finally, if
w =z, then (w,v) = (%,8) and w3 = x71a;% € (-Frac W, u {xtx;x}. Hence, in any
case, if v =4 and w ¢ Fp, then wlv € (-Frac W, u{x1z;x }. By symmetry, if w = and
v ¢ Fo, then 371v e (-Frac W, u {x'z;x}. Consequently, ® ¢ (-Frac W, U {x1z;x}
and Y(w~'v) is defined for (w,v) € ®.

Let w € Fy = W, ~ L be given. By equation (4.2), there is a k # j and a wg of length
at most n and at least n—1 such that w = zyuwo and x < w = xug < 5. Suppose @, 6 < w
and ¢ 16 =7 'u = x Lo z5u0. Since 2n+2 > p7tw| > 2n+ 1 and |a/|, |6] < n+1, either
la|>nand [6| =n+1or |a|=n+1and [6| > n. In either case 716 =37 w = 2o,z u0 is
in reduced form. In the first case either ¢ = z4u¢ and @ = z;% =3, contradicting « < 3;
or 6 = xjriug, which implies 3 = z;% < x;7,up = x;u = 6, contradicting ¢ < 3. In the
other case, @ =% > w, contradicting « < w. At this point we have shown, if w € Fj, then
w13 ¢ (-Frac W, and by symmetry 31w ¢ (-FracWe,,. Finally, 371w # x 1% =371x
since % < w. Similarly w™s # x712;%. We conclude if w € Fp, then w™'3 and 371w are

not in (-Frac We,, U {x1x;%x}. Summarizing, ® 2 (-Frac W, U {x'z;%x} and therefore,
D =W, x We, N [(Fox {3})u ({3} x Fy)] = b-Frac W, u {x 2%}

At this point the hypotheses of Corollary 3.4 for W, Fy and sy = 5 have been
validated for D, s = X(«~16) for (w,6) € . Moreover, if (w,6) ¢ ®, then @16 is not
in the domain of . The psd completion promised by the corollary produces entries p,, ,
and p,, in the (w,3) and (3,v) locations for w,v € Fy. Thus, so long as no two of
these entries are required to be the same, we obtain a psd completion of the partially
defined psd function Y. From the definition of L it is immediate that if w,v € Fy and
w1y = v713, equivalently, 37w = 3~'v, then w = v. Now suppose w13 =371v. From the
description of Fj in equation (4.2), there exists wg, vo of length at most n and k, ¢ # j

such that w = xuy and v = zyv¢ (in reduced form) and % < xwo, T < 3. Hence

(4.3) wylerrix = 27w e,
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Both words in equation (4.3) are in reduced form, which, since % < z,v¢ <4 = ;% implies
v = %. Likewise ug = % too and we reach the contradiction z,x; = x;x,. Hence Y extends
from (-Frac W, U {x'z;x} to a psd function X : (-Frac W, — F¢(G) as desired. O

We point out that Theorem 4.2 fails for groups such as Zs * Z, or Z32, see Section 8.

5. PSD FUNCTIONS ON GROUPS ARISE FROM UNITARY REPRESENTATIONS

In this section we produce honest unitary representations from psd kernels: we show
that every psd function p : (-Frac W x G - B(E) is realized as a compression of a unitary
representation of /-Frac W x G in Proposition 5.1, a fact that is well known in the case
of a group. This representation-theoretic model provides a bridge from the completion

results of Section 4 to the factorization theorems proved in Section 7.

Let W be as in the introduction. Thus W is either the free semigroup (x)g on g
letters or the group Z;g. Let G denote a group, £ a Hilbert space and recall a function
p:l-FracW xG — B(€) is positive semidefinite (psd) if for each finite subset F of W x G

the block operator matrix
(p(u_lv))u,ve?

is psd. In Proposition 5.1 below e denotes the identity in the semigroup W x G.

Proposition 5.1. If p: (-FracW x G - B(E) is psd, then there is a unitary represen-
tation w of (-FracW x G on a Hilbert space F and a bounded operator W : £ - F such
that

p(uv) = Wrn(u o)W
for u,v e W x G. Moreover, if p(e) = Ig, then W can be chosen isometric, W*W = I¢.

Remark 5.2. Recall that unitary representations m of Z;g x G on a Hilbert space F
correspond to commuting unitary representations 7 of Z;g and p of G on F. In particular,
7 is determined by unitaries U; = 7(x;) satisfying U? = I and commuting with p in the
sense that U;p(g) = p(g)U; for all j and g € G. In this case m(wg) = 7(w)p(g) for w € Z;g
and g € G.

In the case of the free semigroup (z),, there are no constraints on the unitary

operators Uj. ([l

Proof. In the case W = Z;g, so that p is a psd function on the group Z;g x (&, this

proposition is a special case of a standard fact. See for instance [Pau02, Theorem 4.8].
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Suppose now that W = (z), is the free semigroup (on g letters). Using the techniques
in [Pau02, Theorem 4.8] we first show that there exists a Hilbert space H, an isometry
¢ & - H, a unitary representation p of G on H and a tuple (Vi,..., V) of isometries on

‘H that commute with p such that
p(uwvg™th) = (V) Ve p(gth)e,
for w,v € W and g,h € G.

Let K = Coo(W x G,E) denote the semi-inner product space consisting of functions
on W x G with values in £ whose support is finite endowed with the positive semidefinite

form,

[fi.fle= D) (p(ug'wr) fi(us), fa(us)),

u1,u2€MW xG
for fi1, fo € Coo(W x G,E). Define v : W x G — L(K), where L(K) is the space of linear
maps from K to itself, as follows. Given a € W x G, let y(«) = Lo-1, where Ly-1: K - K
is the linear map defined, for f € IC, by
atu) falueW xG
(Lo f)uy = {1070 T
0 otherwise.
Given [ € W observe, because W = (x), is free, that f~latu € W x G requires a~tu €

W x G for ue W x G, from which it follows that v(af) = v(a)v(B).
By construction, 7(e) is the identity (where e is the identity in W x G) and 7 is

multiplicative. Moreover, a quick calculation shows, for a € W x G,

(5.1) [f; Ik = [Laf, Laflk-

In particular, v(«) is an isometry* with respect to the psd form [-,-]x for all v € W x G
and y(g) is unitary with respect to [-,-]x for each g € G. Moreover, the map ¢y : € - K
defined, for u € W x G and e € £, by
e ifu=e
WOl -{

0 otherwise,

where e € £ is bounded since

[to(e), o)l = > (p(u'v)u(e)[v] e(e)[ul)e = (p(e)e,e) < [p(e)] [e]*.

u,VeW xG

Moreover, for eq,eq € £ and 31, P € W x G,

2At this point the proof diverges slightly from that in Paulsen where ~(«) is unitary since the domain
of v is a group.
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52) [v(Br)wo(er), v(B2)tole2) ]k = Y (p(uy ur)eo(er)[Br ua], olez) [By ua])
5.2 i

= (p(B3"' B1)er, e2)e.

Let N = {f € Coo(W xG,E) : [f, flx = 0}. The semi-inner product on K passes to
an inner product (-,-)x/n on the quotient /N as

(L) UfeDien = L, ol

where f1, fo € K and [ f] denotes the class of f in /. Moreover, equation (5.1) implies
v(a) descends to an isometry on K/AN. Let H be the Hilbert space obtained as the
completion of /A under the inner product (-,-)xc/n. It is immediate that v(a) extends
to an isometry on A, which we continue to denote y(«). Thus we obtain a multiplicative
map, still denoted ~, from W x G to B(H) such that each V; = y(z;) is isometric and

Yg : G — B(H) is a unitary representation.
Set F =H ®H and define

[V 1-vvy
L

By construction, each U; is unitary. The mapping p: G - B(F) defined by

o= |Pla) 0
P(g)—[ 0 p(g)]

for g € G is a unitary representation of GG. Moreover, since
Vip(9)* =Vip(g™") = p(g™)V; = p(9)"V;;,
p commutes with each V;* and hence (1 -V;V*)p(g) = p(g)(1 - V;V;"). Thus p commutes
with each Uj. Define 7 : {-FracW x G — F by
m(uw o, p ) = U B ty)
for w,v € W and p,v € G. Thus 7 is a unitary representation of W x G.

To complete the proof, let ¢ : &€ - H denote the map t(e) = [to(e)], the class of
t(e) in K/N € H; define W : £ - F by We = e ® 0; and compute, for e¢,f € £, using
equation (5.2),

(W, 1) We, f)e = (U 5(0) e @ 0), U5() (of © 0)) 7

(
(Vep(v)ee, V¥ p(u)if)a
[
(

Y(vv)e,v(wp)flc
p(uwv, 1 )e, f)e,
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and the proof is complete. O

6. A NESTED SEQUENCE AND UNIFORM TRUNCATION

The proof of Theorem 1.1 is accomplished by assigning to a given trigonometric
polynomial A an operator system and completely positive map induced by A on that
operator system. In this section, we identify such an operator system via a compactness

argument.

Recall that W is (x), or Z;g. Fixing a w € W and a positive integer M for now,
let §,, denote the set of functions ¢ : ¢-Frac W, - C identified with the set of matrices
indexed by W,

X, = (p(v7'w))
In a similar manner, for positive integers K, let J,, x denote the set of functions v :
(-Frac V< - Mg (C) identified with the set of matrices

Ty = (v(67a))

Set Ty = Ty when K =1 and note J;; x and F,, ® M (C) are unitarily equivalent.

wveWey

abeyenr

For positive integers W > M, let &, wx = Sy ® Ty Note that &£, v, is an
operator system that is naturally identified (up to unitary equivalence) with func-
tions p : (-Frac W, x (-FracYaqy — Mg(C). To such a p we associate a function
Xp : L-FracWe,, - Fi(¢-FracYow), where Fi(¢-Frac Yoy ) is the set of functions from
¢-Frac Yoy to Mg (C), defined by

Xp(u’)[a] = Xp(U’7a) =p(u,a),

for w € (-Frac W, and a € (-Frac Y. As usual, to p we associate the matrix
(6.1) Z=2,= (p(v'u)) - (x(v1w))

Given Z € £, w.x, let Z|y denote the restriction of Z to &£, ,, . That is, viewing Z

UVEWery X Vi w, €Wy

as the matrix in equation (6.1),

Zly = (p(u‘lv))

U,VEWewy XV s

Let £/, , denote the psd elements of &£,  viewed equivalently either as psd
functions on ¢-Frac W, x(-Frac Vo or psd matrices Z indexed by Wy, X Wy X Ve X Vew

with the property that Z,,, the (u,v) entry of Z, depends only upon u=tv. Let
(62) Q:WZ{Z=Z|M!ZES€:;W’K, Ze,ezjK}gEZJ},M,K'
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Lemma 6.1. With the notations abowve,

(1) Cw 2 Cyy;
(ii) if Z € €y, then ZgnZyy =1 for all g,h € Wey x Yy
(iii) each Ty is compact;
(iv) If Z € Nw Cw, then there is a psd function p: -FracW x ) - My (C) such that

Zuw = p(u™tv)

for all u,v e W x Yepr.
Proof of item (i). Immediate. O

Proof of item (ii). Let Dw = {Z € L}, Zee = Ix}. If Z € Dy and u,v € Wy x Yew

then,
Ix Z;h
Zg7h I
is a principal submatrix of Z and hence is psd. In particular, Zg,hZ; p < k. [l

Proof of item (iii). Continuing with the notations as in the proof of item (ii), viewing
Z as an element of (complex) Euclidean space of dimension |, |W K, it follows from
item (ii) that its Frobenius norm satisfies | Z]|s < \/| Wz |W K. Thus Dy is bounded.

w

Since Dy is the intersection of two closed sets — £ . and {Z € L, wx  Zee = I}
— it follows that ®yy is itself closed and hence compact. Now suppose (Z,,) is a sequence
from €y . For each n there exists Z,, € ®y such that Z, = Z,|y. Since Dy is compact,
the sequence (Z,,) has a subsequential limit, say Z. It follows that Z = Z|); € €y is a

subsequential limit of (Z,). Thus €y is sequentially compact and hence compact. [

Proof of item (iv). If Z € Ny €y, then for each W e N, there exists ZW € £}, . such
that Z), = Ix and ZW|y = Z. Making use of this collection {Z"W}, there exists a
sequence (UW) described as follows: for each W, let UV denote the matrix indexed by
W, x Y with Um = Zuy if u™tv € b-Frac W x (-Frac Yo and 0 otherwise. Thus, while
U™ need not be psd, it is the case that ZW = UW|y, is. In particular, the norm of each

w

entry UV, of UW has norm at most one by item (ii).

Since (-Frac W, x ) x K? is at most countable, by identifying U" with a function
whose domain is (-Frac W, x Q) x K? and whose codomain is C, (and using the fact

that the entries of UW are uniformly bounded independent of W and u~'v) there is a



28 I. KLEP, J. LEVENSON, AND S. MCCULLOUGH

subsequence of (U") that converges entrywise. Let U denote such a pointwise subse-
quential limit. A routine argument shows U.. = Ix and U arises from a psd form on
(-Frac W, x); that is, there exists a psd function ¢ : ¢-Frac W, x Q) — Mg(C) such
that Uy, = q¢(utv).

By construction, Ul = Z; that is,
Q(U_lv) = Zuw

for all u,v € Wy, x Y<ps. An induction argument based on Theorem 4.1 for W = Z;g
(resp. Theorem 4.2 in the case of W = (r),) now shows that ¢ extends to a a psd
form p : (-Frac(z)y x Y - M(C) (resp. p: Z;g x ) — Mg(C)). By construction,
p(utv) = ¢g(utv) = Z,, for all u,v € W, x YVeps and the proof is complete. O

Recall the definition of a My (C)-valued trigonometric polynomial of bidegree at

most (w, M) and its evaluation at a representation from equations (1.4) and (1.6).

Fixa W > M. Given « € (-Frac W, x{-Frac Yo, let 1, : l-Frac W, x{-Frac Y - C

denote the indicator function of «. Define

(6.3) B = (La(u10)))

UVEWeiy XV
The collection 9B,
(6.4) B ={B, : a € -Frac Wy, x {-Frac Yoy }

is a basis for £, w1 =Sy ® Ty

Let o, s denote the set of trigonometric polynomials of bidgree at most (w, M)
as in equation (1.4) that satisfy the normalization A, = I, where e is the unit in
(-FracW x2). Given Aed,, ps, and W > M, set A, =0 for a € l-Frac W, x (-Frac Vo,
but a ¢ (-Frac W, x (-Frac Yeys. Define @4 = ®% : L, w1 — Mg (C) by

(6.5) DY (Ba) = Aa.
Finally, define ®4 = ®% : £, 001 = Mg (C) analogously.

Lemma 6.2. Suppose A € d,, p and there is an € > 0 such that for each Hilbert space £
and unitary representation 7 : (-FracW x Q) - B(F),

A(m) >z e(lg ® I5).

If Z eNw Cw, then (Pa® Ik)(Z) > €.
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Proof. For u,v € Wey, x Vepr, let
Zo =2y,
where a = u='v € (-Frac W, x (-Frac Y.

By Lemma 6.1 item (iv), there exists a psd function p : ¢-Frac W xQ) - My (C) such
that

Z,=p(a), «el-FracW,, x (-Frac Y.

By Proposition 5.1, there is a Hilbert space F, a unitary representation 7 : {-Frac W x%) —
B(F) and an isometry V : CKX - F such that p(-) = V*r(-)V.

Now observe,
(Pa®Ik)(Z2)=)> Aa®Za=) A, @p(a)
=Y A0 Vir(a)V=(IV) A(r)(IeV),
where the sums are over « € {-Frac W, x (-Frac Y. By hypothesis, A(7) > e. Hence

(PA®I)(Z) =€ O

Let IT;pracowxy denote the set of unitary representations of ¢-Frac W x2) on separable

Hilbert space and set

(6.6) Py =1Aedy,y: A(m) ze(Ig ® 1), for all 7€ Hppacwxy}-
Lemma 6.3. The set Py, is compact.

Proof. That P¢, ,, is closed is evident. Since it lives in a finite dimensional (normed)
vector space, it thus suffices to show P¢ , is bounded. To do so we begin with a

preliminary observation.

If T" is an operator on Hilbert space and
g€ =T+e"T+e T >0

for all real numbers ¢, then |T| < 1. There are many proofs of this fact. Here is one.
By the operator-valued Fejér—Riesz theorem [Ro68|, there exist Hilbert space operators
Vo, Vi such that

g(eit) — (Vb + eit‘/l)x-(% + Git%).
Thus VVo + ViV = I and V;*V; = T. In particular, V4, V; have norm at most one and

hence so does T.
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Given a group G with generators ¢ = {(1,...,(u}, let M denote the semigroup
generated by (. For b € (-Frac M, let 1, : {-Frac M — C denote the indicator function of
b and let T} denote the matrix (1,(u'v))yverr In particular, with e € G the identity,
T, =1I. Observe that any given row and column of T, has at most one non-zero entry,
since if u™'v = b = u~lw, then v = w and similarly if u='v = b = w v, then w = u. It follows

that YT, determines a bounded operator of norm 1. Hence, for all real ¢,
1, . 4
I+ 3 (e"Ty+e7Y;) = 0.
Fix an A € P¢ ,,. Applying the observation above to a = u'v € (-FracW,, x

(-Frac Yoy = C-Frac(Wey x Yeaprr) (where u = wa and v = v6 for some w,v € W, and

a,b € Yyr) and setting, for ¢ real,
Z(t)=1+ % (e"To+e ™ T%) 20,
we have Z(t) = Z(t)|w.n € Nw Cw-
Hence by Lemma 6.1,
0<®A(Z(t)) =1+ % (e" A1, +e A )

for all real ¢. It now follows that [A,-1,| < 2 and consequently Pg, ,, is bounded as

claimed. ]

Let
(6.7) Ty = {Z €€y : JA e P, such that (P4 ® [x)(Z) 4 %}.

Observe, for Z € € and Z € L wi such that Z = Z|, that ®4(Z) depends only upon
ngh = Zgﬁ for gah € %w X ng-
Lemma 6.4. With notation and assumption as above,

(i) Cw 2 Cypay for each W > M;
(ii) each Ty is closed and hence compact; and
(i)
m /QEW =gd.
W=M

Hence, by the finite intersection property, there is an M’ such that Cur =02,

Proof of (i). Immediate. O
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Proof of (ii). For notational ease, let Q) = Py, ;. Let (Z,) be a sequence from ¢y and
suppose that (Z,,) converges to Z. Since by Lemma (6.1) item (iii), €y is compact
(hence closed), it follows that Z € €y,. For each Z,, there exists A, € @ such that
(P4, ® Ix)(Z,) # 5. Because Q is compact there exists an A and a subsequence (A,,)
of (A,) that converges to A. If (¢4 ® Ix)(Z) > 5, then by joint continuity there is an
¢ such that (®4, ® Ik)(Z,,) > 5, which is a contradiction. Hence (94 ® Ix)(Z) # § so
that Z € €y, showing €y is closed. O

Proof of (iii). If Z € N%_y; Cw, then Z € N_,, €. Thus an application of Lemma 6.2
gives (P4® I )(Z) > e for all Ae P ;. But then Z ¢ Niy_y, Cyy. Therefore, N%_y, Cp =

@ as claimed. O

Remark 6.5. The proof of the Lemma 6.4 is valid with K replaced by any positive
integer K’. However, the resulting M’ depends upon K’. Thus the proof given does not
produce a single M’ independent of K’. It is for this reason that Theorem 1.1 is stated
for matrix-valued polynomials (and not for operator-valued polynomials). We offer two
perspectives on the difficulty, even for a single A with operator coefficients normalized so
that A, .= I. First, Proposition 2.1 fails® in this case. To see why, choose a sequence A,
of matrix-valued polynomials satisfying the normalization with corresponding (optimal)
€n > 0 tending to 0 and let A = @A,,. Second, the continuity argument of item (ii) of
Lemma 6.4 is problematic. At best it produces states p, and Z,, each of which converge
in a weak sense and together satisfy p,(®4(Z,)) < §, but unfortunately lack of joint

continuity prevents the conclusion that p,(®4(Z,)) converges with limit also at most .

The case of the free semigroup (z); (g = 1), ¢-Frac{x); = Z, and 9 = Z* (and for
polynomials with operator-valued coefficeints) is the setting of the factorization results
in [Dr04]. In this case, additional structure provided by the fact that positivity of A is
certified by positivity of a multi-variate version of a unilateral Toeplitz operator (struc-
ture that is not available in general) along with a clever construction combined with an
approximation argument prevails to produce a version of Theorem 1.1 for strictly psd

operator-valued trigonometric polynomials defined on the h + 1 torus. 0

7. PROOFS OF THE MAIN RESULTS

Combining the completion results of Section 4 with the realization of Section 5 and

the uniform truncation from Section 6, we show W x%) supports Fejér—Riesz factorization

3Certainly its proof does.
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with optimal W '-degree under uniform strict positivity obtaining a generalization of
Theorem 1.1. To conclude this section, we then indicate modifications of the proof of
Theorem 1.1 in the case ¥) is either trivial or finite that establish the “perfect” group-

algebra Positivstellensatz on Z;g of Theorem 1.6 and the claim made in Remark 1.7.

7.1. Proof of Theorem 1.1. A generalization of Theorem 1.1 along the lines of Re-

mark 1.4 is established in this subsection.

Recall the definition of Pg, ;, from equation (6.6) and the definition of ®, from
equation (6.5) and note that 8, ® Ty is a self-adjoint subspace containing the identity
of the C-star algebra of matrices indexed by the finite set W, x Y. Thus each S, ® Ty

an operator system.

Theorem 7.1. Let w € W and a positive integer M be given. For each € > 0 there
is a positive integer W > M such that if A € P, ,,, then ®4: 8, ® Ty — Mg (C) is

completely positive.

Proof. By Lemma 6.4 item (iii), there is an W > M such that €,y = @, where €y is
defined in equation (6.7). Thus, given A € Py, ,/, for each Z € &y, we have ®4(Z) > 5.

Now suppose X € £, wx = S ® Iy and X > 0. Because X > 0, it follows that
X. e > 0 as well; hence, X, . is invertible. Let P =1 ® Xe:el/z. Set
X'=PXP.
Because X7, = I, it follows that A’[y; € Cy. Thus ®4(X”) = § (where we have written
® 4 in place of &4 ® [ as is customary). It now follows that
0<(Ig@ P o (X)) (Ix® P)
=P (P IX' P = D y(X).
It X e 2] x is not strictly positive definite, then, by considering X + 01 ® I for
9 > 0, a limiting argument gives ®4(X) > 0. Thus &, is K-positive. Since $,4 maps an

operator system into Mk (C) is K-positive, it is completely positive by [Pau02, Theorem
6.1]. 0

The following result is a generalization of Theorem 1.1 from the introduction.

Theorem 7.2. For each € > 0 there exists a positive integer W > M such that if A €
Py, a» then there is an analytic polynomial B of bidegree at most (w, W) such that

A=B"B.
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Proof. By Theorem 7.1, there exists a W > M such that &4 : L, w1 > Mg(C) is
completely positive. Let M denote the space of matrices indexed by W<, x V. Thus
£ w1 is naturally identified as a unital self-adjoint subspace of M. Given u,v € Wy, x
Yow, let E,,, denote the matrix with a 1 in the (u,v) entry and 0 elsewhere. Since ® 4
is completely positive, there exists, by the Arveson extension theorem [Pau02, Theorem
7.5], a completely positive extension ¥ : Ml - Mg(C) of 4. Given « € (-Frac W, x

(-Frac Yoy, observe
(7.1) Y AU (u,0) i u,v € Wey x Yaw, v'u=a} =D4(Ba) = Aa,
where %, is defined in equation (6.3).

Since ¥ is completely positive, its Choi matrix [Pau02, Theorem 3.14],

Cy = (\IJ(EW))W >0,

is psd. Let N denote the size of Cs. Since Cy is psd with block K x K entries, there
exist By, € My x(C) such that

(7.2) BB, =V (Ey,y),
for u,v € W, x Y. Combining equations (7.1) and (7.2) gives,
Ay = Z{B,ZBU 20, U € Wy x Ve, v u=al,
Thus A = B*B, where B is the analytic polynomial (as in equation (1.5))
B:Z{Buu:ue"ﬁfgwxygw}. O

7.2. Proof of Theorem 1.6. Only the case where (-FracW = Z;g requires a proof,
since the (x), case appears in [Mc01l]. In the case that 9 = {e}, the argument in
Section 6 trivializes: for any choice of positive integer K, a partially defined psd matrix
on (-Frac Z;g with entries from Mg (C) extends to a psd matrix defined on all of Z;g and
thus is the compression of a unitary representation of Z;g. It follows that ® 4 : S, - B(E)
as in the statement of Theorem 7.1 is K-positive by simply following the proof of that
theorem noting the assumption that A(w) > 0 for all unitary representations of Z;g
suffices. Hence ® 4 is completely positive and the rest of the proof is then the same as
that of Theorem 7.2.

7.3. Proof of Remark 1.7. Note that the results of Section 6 are not required. Rather
Q4 : 2Ly w1~ B(E) is, by assumption, completely positive, where W is the cardinality
of 9. Following the proof of Theorem 7.2 establishes the claimed result. 0J
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8. EXAMPLES

This section collects examples that demonstrate the sharpness of our results. We
construct counterexamples on Zy * Zs (Example 8.1) and Z;? (Example 8.2) showing
that the conclusions of Theorems 4.2 and 1.6, with their optimal degree bounds, in the
sense of Remark 1.10, can fail. In both cases, the argument proceeds by exhibiting a
partially defined psd matrix with respect to the relevant group that does not have a psd
completion in the spirit of Theorem 4.2. It is well known that a classical scalar-valued
psd trigonometric polynomial in two variables does not necessarily factor with optimal
degree bounds. Example 8.3 gives a proof of this fact as a consequence of the existence
of a partially defined psd two variable Toeplitz matrix (partially defined psd function

relative to Z?) that does not have a psd extension (to Z?). Compare with Theorems 4.1.

Example 8.1. Let G denote the free group on z1,xs modulo the relations z3 = 1 = 3.

That is, G = Zs3 * Zo. Give GG the usual shortlex order and let w = 5. The immediate
successor to w is 3 = 22, A partially defined matrix with respect to 3 = 22 takes the form
- keeping in mind z? = 27! and x5 = 23,

1z xy a2
21 afxe 1
Ty xowy 1 mox?

Ty 22 mze 1
That is, with I, = {w € G : w <3} and J, = (-Fracl, = {u™'v : w,v € I} a function

p:J, = C corresponds to the matrix,

p(e)  p(x1)  p(ra)  p(a})
v [P p(e)  paizs)  pan)

P p(x2) plaarr)  ple)  plaaad) |
p(z1)  p(a?)  plrize)  ple)

Let

11 A2 13
S = { (oc(uv)):o:J, — (C} = { a1 @11 Qa3 |:iajp€ C} c M3(C),

a31 g2 0411

and note § is a (unital) operator system. Further, given w € J,, letting 1,, : J, - C

denote the indicator function of w, the matrices
Tu = le

form a basis for S.
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Consider 7: J,, > C given by 7(e) = 1; 7(z1) = 7(2}) = 7(22x2) = 7(2221) = -%; and
7(x2) = 1 so that

1 -2 1
2 2
TT =1-3 1 —3]€ 8,
2
1 -3 1
which is evidently psd. Now suppose p: J, - C extends 7. Thus
2 2
1 -3 1 -3
2 2 _2
v |73 53
11 -2 1z
2 2 =
-3 -5 z |1

for some choice of z € C. Since the determinant of the submatrix of T, spanned by the
first, second, fourth rows and columns is negative, it is not possible to extend 7 to a psd

function on J,; i.e., the conclusion of Theorem 4.2 fails for Zs % Zs.

We next show that the conclusion of Theorem 1.6 also fails for Zs x Zy. It is a
special case of a well known result (see [Pau02, Theorem 4.8] and Proposition 5.1) that
if p: Zs*Zy — Cis a psd function, then there is a Hilbert space £, a unitary representation
7 Lg * Lo > B(E) and a vector e € £ such that

p(g) = (m(g)e,e),

for all g € Z3 * Zs. Thus the set of P+ of psd partially defined matrices with respect
to w that extend to a psd matrix on all of Zs x Zy is in one-one correspondence with
the partially defined matrices with respect to w that arise from unitary representations
of Zs % Zy as above. A routine argument (see Section 6) shows 8§* is closed. What is
shown above is that Y, is in §* (is psd) but is not in the closed convex set P*. Hence,
by Hahn-Banach separation, there is a linear functional A : § - C such that A(Y,) <0
and A(P*) > 0. Setting

fu = /\(Tu)a
for w € J,, it follows that the trigonometric polynomial (with scalar coefficients),
f(x1,22) = Z fuw € C[Z3 * Zs]
wedy

satisfies f(Uy,Us) > 0 for all pairs of unitary operators (Uy, Us) satisfying U} = I = U3,
but

0>MT,)= > 7(w)fa.

wedy
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On the other hand, if there is a (with possibly vector coefficients) ¢ = Y.,;, ¢, v such
that f =q*q, then

AT =Y 7(w)fu=D| Y G| fu=trace(QY,),

weJy w a,bely,
b la=u
where
Q = (nga)a,belw .
Since both ) and Y, are psd, we obtain the contradiction \(Y,) > 0. d

The following variant of Example 8.1 shows that the conclusions of Theorems 4.2
and 1.6 fail also for G = Z32.

Example 8.2. Let GG denote the free group on z;,r, modulo the two relations z7 =
1 = a3. Give G the usual lexicographic order. Let w = x5 and 3 = 27 its immediate
successor. A partially defined matrix with respect to 3 = 2 takes the form - keeping in

: 2 _ -1
mind T;=x;,

2
12 X :2[;2 x]

i 1 xjzy 1
2 .2 2,2

x; wsry 1 xjaq

T 2} maxe 1
That is, with I, ={w e G:w <w} and J, ={wtv :w,v € [,} a function p: J, - C
corresponds to the matrix,

p(e) p(z1) p(z2) P(x%)
e | e e o)
7o p(@3) p(zizy)  ple)  p(a3a?)
p(z1)  p(x?)  plzize)  ple).

Now let s = —y/3 and choose 7 : J, - C by p(e) = 1; p(x1) = s = p(z2); and
p(a3z9) =0 = p(a321) so that
1 s s
T,=|s 1 0],
s 01

which is evidently psd. If there exists a p: J, = C extending 7 such that T, is psd, then
3 x 3 submatrix of T, based on its first, second and forth rows and columns, which does
not depend on the values of p(z32?) and p(z122),

1

VAR eV
_ »w O

S
S
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must be psd. Since it is not, no such p exists.

Finally, as in Example 8.1 we conclude that that there is a trigonometric polynomial

(with scalar coeflicients),

p(x1,29) = Z Puw

weJy

such that p(Xi, X5) > 0 for all pairs of operators (X7, X5) satisfying X;’ = I, but there

does not exist a polynomial (with possibly matrix coefficients), ¢ = ¥,;, ¢» v+ such that

P=q*q. O

Example 8.3. The pattern for a two variable Toeplitz matrix is determined by « = e

and 3 = e®. We write a* in place of e~ etc. For instance,

1 o p o2  af B2 a8 ap? \
* 1 o Q@ B a*B?  af 32

* o+ 1 a?fr « o] a2 af

T * % * 1 Oz*ﬁ Oz*QﬁQ 6 04*62
I * * 1 a*f o 15}
* % * * * 1 o’ 3% o

* % * * * * 1 a*f
\x— * * * * * * 1

is such a matrix, with the columns with first entries a® and 32 omitted. Making the

choices in the upper 7 x 7 block with a3 = 82 = -1 and all other entries 0 obtains the

V2
positive two variable Toeplitz matrix,
1 00 0 s s
1 0 0 0 0
* « 1 0 0 0
To=1, + « 1 0 0
* % % % 1 0
* % % % % 1

where s = % A partial extension of Ty to an 8 x 8 matrix 7" has the form

1000 s s w z
* 1 0 0 0 0 s s
* = 1 0 0 0 0 s
T_***lOOOO
* % % + 1 0 0 O
* % % % % 1 0 0
* % % % * % 1 0
* ok %k %k ok x % ]

for w,z € C. Now the lower 7 x 7 principal minor of T is fully specified, but it is not

positive semidefinite. Thus, it is not possible to complete the matrix Ty to a positive
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semidefinite infinite two variable Toeplitz. Arguing as in Example 8.1, it follows that

there is a scalar-valued two variable trigonometric polynomial

p= Z pj7kel]8€ikt
li]+1k|<2

that does not factor as p = g*q for g of the form
q= Z{Qj,keijseikt :0< j7 k;7 ] +k< 2}7

for any choice of compatible vectors g; . O
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