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ABSTRACT. Motivated by classical notions of bilinear matrix inequalities (BMIs) and partial
convexity, this article investigates partial convexity for noncommutative functions. It is shown
that noncommutative rational functions that are partially convex admit novel butterfly-type
realizations that necessitate square roots. A strengthening of partial convexity arising in
connection with BMIs — zy-convexity — is also considered. A characterization of xy-convex
polynomials is given.

1. INTRODUCTION

Convexity and its matricial analogs arise naturally in many mathematical and engineering
contexts. A function f : [a,b] — R is convex if

(55Y) £ 5U@ + )
for all z,y € [a,b]. Convex functions have good optimization properties. For example, local
minima are global, making them highly desirable in applications. The dimension-free or
scalable matrix analog of convexity appears in many modern applications, such as linear
systems engineering [BGFB94, SIGI8|, wireless communication [JB07], matrix means [And89,
And94, Han81], perspective functions [Eff09, ENE11], random matrices and free probability
[GS09] and noncommutative function theory [DK+, HMV06, HM04, DHM17, BM14]. Often
in systems engineering [{HMP09] problems have two classes of variables: known unknowns
a = (a1,...,an) and unknown unknowns x = (z1,...,xg). Linear system problems specified
by a signal flow diagram naturally give rise to matrix inequalities p(a,x) = 0, where p is a
polynomial, or more generally a rational function, in freely noncommuting variables. The
a variables represent system parameters whose size, which can be large, depends upon the
specific problem. The x variables represent the design variables. A key point is that p(a, z)
depends only upon the signal flow diagram. Thus a choice of a value A for a corresponds to
a specific problem governed by the given signal flow diagram and in that sense a is a known
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unknown. One then chooses the design variable X to optimize an objective and in that sense
x is an unknown unknown. Partial convexity in the unknown unknowns x is then sufficient
for reliable numerics and optimization.

A function f: (—1,1) — R is matrix convex if

X+Y 1
F(F5) = 5000 + 1)
for all hermitian matrices X,Y with spectrum in (—1,1). Matrix convex functions are
automatically real analytic and admit analytic realizations, such as the famous Kraus formula

[Kra36, Bha97]

(1.1) f(a:):a+bx+/11_|_—m

where a,b € R and p is a finite Borel measure on [—1, 1]. Conversely, functions of the form
(1.1) are readily seen to be matrix convex on (—1,1). As an example, the Kraus formula (1.1)
in conjunction with the asymptotics at infinity shows that 22 is matrix convex, but z* is not.

1 2
T,

In the noncommutative multivariable setting one considers noncommutative (nc) polyno-
mials, rational functions and their generalizations. An nc polynomial is a linear combination
of words in the freely noncommuting letters z = (1, ...,2,). For example,

(1.2) p(x) = x1m9 — 172071 + 4

is a nc (or free) polynomial. Noncommutative polynomials are naturally evaluated at tuples
of matrices of any size. For instance, to evaluate p(z) from (1.2) on

1 2 -1 -1
Xl:(:s 4)’ X2:<—1 —1)7
we substitute X; for the variable x;, that is,

p(Xl,Xg) = X1X2 - 17X2X1 + 4[2 = (g? gg) .
More generally, an nc rational function is a syntactically valid expression involving x, +, -, ()™
and scalars. Thus

r(z) =1+ (11 — zo(2129 — Tow1) ™)™

is an example of a nc rational function. It is evaluated at a tuple X = (X1, X3) of n x n
matrices for which X; X, — X, X is invertible and in turn X; — Xo(X1 Xy — XoX;) 7! is
invertible in the natural way to output an n x n matrix 7(X). A nc rational function r is
symmetric if r(X) = r(X)* for all hermitian tuples X in its domain.

Matrix convexity for multivariate nc functions is now well understood. Analogs of the
Kraus representation, the so-called butterfly realizations, were obtained in [HMV06] for
rational functions and in [PTD+] for more general nc functions. There is a paucity of matrix
convex polynomials: as first observed in [HM04] they are of degree at most two.

A main result of this paper, Theorem 1.2, is an analog of the Kraus representation
for partially convex nc rational functions. Specialized to polynomials, our results extend
and generalize results of [HHLMO8]. Moreover, we also investigate the stronger notion of
xy-convexity, modeled on the theory of bilinear matrix inequalities (BMIs) [KSVS04].
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1.1. Main results. For positive integers k and n, let S¢ = S¥(C) denote the k-tuples of
n X n hermitian matrices over C. A subset D = (D,,),, of S* is a sequence of sets such that
D,, C SE. This subset is free, or a free set, if it is closed under direct sums and unitary
conjugation: if Y € D,,, X € D,, and U is an n X n unitary matrix, then

X@Y: (XIEB}/ly ) Xk@n) - (()(()rl }(/)’1>7 3 ()ék }(/)1{)) EDTH—ma
UXU = (U*X,U, ..., U"X,U) € D,

It is open if each D, is open. (In general adjectives such as open and connected apply
term-wise to D.)

Since we are dividing our freely noncommuting variables into two classes a = (aq, ..., ay)
and x = (x1,...,2,), where g and h are positive integers, we take k = h + g and let
St =S" x S8 = (S x SB),,. We express elements of St as (A4, X ), where A € S* and X € S&.

The symmetric version [HMVO06, Proposition 4.3] of the well-known Schiitzenberger
[Scii61] state space similarity theorem implies that a symmetric nc rational function r(a, x)
that is regular at the origin (has 0 in its domain) admits a symmetric realization

g h
(1.3) r(a,z) =" (J — ZTﬂ?z — Z Sjaj)_lc,
i=1 =1

where, for some positive integer e, the e x e matrix J is a signature matrix (J? = I, J* = J),
the e x e matrices S;,T; are hermitian and ¢ € C°. In the case e is the smallest such positive
integer, the resulting realization is a symmetric minimal realization (SMR) of size e.
Any two SMRs that determine the same rational function are similar as explained in more
detail in Subsection 2.1. In particular, the definitions and results here stated in terms of an
SMR do not depend upon the choice of SMR. The results of [Vol17, K-VV09] justify defining
the domain of r as

g h
(1.4) domy = {(4,X) € 8% x § :det (J@ 1= Y T@ X — > 8; @ A;) # 0},
i=1 j=1

In particular, the domain of a rational function is a free open set. Let C{a,x} denote the
set of rational functions in the variables a and x.

1.1.1. The domain of partial convexity. An nc rational function r is matrix convex in x or
partially convex on D if

. (A, X;Y) < %(T’(A,X) L r(A,Y))

whenever (A, X), (A,Y), (A, X3X) € D. Sublevel sets of such functions have matrix convexity
properties, which we do not discuss here save to note that these sublevel sets are very
important in real and convex algebraic geometry, polynomial optimization, and the rapidly
emerging subject of noncommutative function theory [SSS18, Pop18, PSS18, PS19, K-VV14,

HM12, HL18, HKM17, HKM13b, EH19, Evel8, DDSS17, BMV16].
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Our first main theorem gives an effective easily computable criterion to determine where

r is convex in z. To state this result, let Vi denote the inclusion of the span of the ranges of
the Tj into C° and let

g h -1
(1.5) Ry(a,z) =V (J =Y T =) Sjaj> Vr.
i=1 j=1

Finally, let

(1.6) dom™ r := {(A, X) € domr : Rp(A, X) = 0}.
Given D C S" x S& and A € S,
(1.7) DIA] ={X €S} : (A, X) € D}.

A free set D is convex (resp. open) in x if D[A] is convex (resp. open) for each A € S".
Theorem 1.1 below, which is proved as Theorem 2.6, says that dom™ r deserves the moniker,
the domain of partial convexity of r. Generally, a free set D is a domain of partial convexity
for r if D is open in z, convex in x, and r is convex in x on D. It is a full domain of partial
convexity if in addition D contains a free open set U with U; # ().

Theorem 1.1. The set dom™ r is a domain of partial convexity for r.

Conversely, if D C domr is a full domain of partial convexity for r, then D C dom™ r
and dom™ r is also a full domain of partial convexity for r.

1.1.2. The root butterfly realization: a certificate of partial convexity. Our second main
theorem, the root butterfly realization, gives an algebraic certificate for partial convexity near
points in the domain of r of the form (A, 0). This realization differs from existing realizations
in that it contains a square root that appears difficult to avoid. A free set D is a vertebral
set if (A, X)) € D implies (A4, 0) € D. We denote the positive (semidefinite) square root of a
positive (semidefinite) matrix P by v/P. A vertebral free set D is a vertebral domain of
convexity for r provided D is open in z, convex in z, and if r is convex in  on D. If in
addition D contains a free open set U with U; # (), then D is a full vertebral domain of
convexity.

The vertebral domain of 7 is the set
domye, 7 = {(A, X) € domr : (A,0) € domr}.

Let
dom{ r = {(A,X) € dom* r: (A,0) € dom™ r}

Theorem 1.2 gives a realization tailored to partial convexity that provides an algebraic
certificate of convexity in z for an r € C€a,z¥. Given a subset D C S* x S8, let

(1.8) (D) ={A€S": (A, X) € D for some X € S&}.

Theorem 1.2 (Wurzelschmetterlingrealisierung). Suppose r € CLa, x> is a nc rational
function with the SMR as in (1.3). Then

(1) dom{  r is a vertebral domain of convezity for r;

ver

(2) if D is a full vertebral domain of convexity for r, then D C dom{,  r and dom{, r is a
also a full vertebral domain of convexity for r;
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ere exists a positive integer k, a tuple T € M, , and a symmetric rationa
3) th ists a positive integer k tuple T" € Mi(C)® d Y t t l

function w(a) € C€aP** defined on m,(domye 1) such that

g

dom{  r = {(A,X) € domye, r: w(A) =0, I —y/w(A) ZTZ- ® X | Jw(A) - 0};
i=1

(4) there exists a rational function {(a,x) € C£a,z3**', defined on dom,e v and linear

in x; and a symmetric rational function f(a,x) € CLa, x>, defined on domye, r and

affine linear in = such that v admits the following realization, valid on dom{, r :

ver

1

r=ta,e)yyfulo) (1= 3 \folfenful@) foto) o) + flao)

As a corollary we obtain the following simple representation for polynomials that are
convex in z. We use C(a, z) to denote the set of noncommutative polynomials in (a, x).

Corollary 1.3 ([HHLMO8, Proposition 3.1]). Suppose D is a free set that is open in z,
conver in x and contains a free open set U such that Uy # 0. A polynomial p(a,x) is convex
in x on D if and only if there exists {(a,x) € C(a,z) that is linear in x, and a symmetric
w(a) € Ca) that is positive semidefinite on m,(D) such that

p={l(a,z) w(a)l(a,x)+ f(a,x),

where f(a,x) € C{a,x) is affine linear in x and symmetric. In particular, if p is convex in x
on D, then p is convex in x on (D) x SE.

1.1.3. zy-convexity and BMIs. In this subsection we preview our results on xy-convexity and
BMIs. Like partial convexity, here we have two classes of variables. Unlike partial convexity,
the roles of the classes of variables appear symmetrically in xy-convexity. With that in mind,
we switch notation somewhat and consider freely noncommuting letters z1, ..., 2g, y1, ..., Un.

An expression of the form

g h gh gh
L(z,y) = Ao + Zijj + Z Byyr + Z CpgTpyq + Z Dypgyqp,
Jj=1 k=1 p,g=1 p,q=1

where A;, By, Cpq, Dpq are all matrices of the same size, is an zy-pencil. In the case A;, By,
are hermitian and Dy, = Cj,, L is a hermitian ry-pencil. If Ay = I, then L is monic.
For a monic hermitian zy-pencil L, the inequality L(X,Y) = 0 for (X,Y) € S& x S* is a
bilinear matrix inequality (BMI) [vAB00, GSLI6, KSVS04]. Domains D defined by BMIs

are convex in the x and y variables separately.

We say a function f of two freely noncommuting variables is xy-convex on a free
set D if f(V*(X,Y)V) X V*f(X,Y)V for all isometries V, and all X,Y € D satisfying
VHXY)V = (V*XV)(V*YV). Such a pair ((X,Y),V) is called an xy-pair. Sublevel
sets of xy-convex functions are delineated by (perhaps infinitely many) BMIs as proved in
[JKMMP21].

Symmetric polynomials in two freely noncommuting variables = and y (so g = 1 = h)
that are xy-convex essentially arise from BMIs. Here xy-convex means globally; that is, on

all of St x S*.
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Theorem 1.4. Suppose p is a symmetric polynomial in the two freely noncommauting variables
x,y. If p is xy-convez, then there exists a hermitian xy-pencil A\ € C{x,y), a positive integer
k and an xy-pencil A € C(x,y)**! such that

p=Mz,y) + Az,y)" Az, y).

The converse is easily seen to be true.

The notions of partial convexity and xy-convexity are two instantiations of I'-convexity
[JKMMP21]. Let D C S* x S8 be a given free open set that is also closed with respect to
restrictions to reducing subspaces; that is if (4, X) € D and V is an isometry whose range
reduces each A; and Xy, then V*(A, X)V € D. The set D is convex in z, or partially
convex, if for each A € S the slice D[A] (see (1.7)) is convex. Likewise D is a*-convex if
for each (A, X) € D,, and isometry V : C™ — C" such that V*A?V = (V*AV)? it follows
that V*(A, X)V € D. In [JKMMP21] it is shown that D is convex in z if and only if it is
a’-convex. A straightforward variation on the proof of that result establishes Proposition
1.5 below. A rational function r € C€a, x>} is a*~convex on D if, whenever (A, X) € D and
V : C™ — C" is an isometry such that V*AZV = (V*A;V)? and V*(A, X)V € D, we have
that

Vir(A, X))V = r(V*(A, X)V).

Proposition 1.5. If D C S® x S& is a free set that is closed with respect to reducing subspaces
and a*-convex, then an r € C€a, x>} is a*-convex on D if and only if it is convex in x on D.

A proof of Proposition 1.5 appears in appendix A.1.

2. PARTIAL CONVEXITY FOR NC RATIONAL FUNCTION

In this section we consider partial convexity of nc rational functions and establish
Theorems 1.1 and 1.2 as well as Corollary 1.3.

2.1. Preliminaries. Proposition 2.1 below is a version of the well known state space similar-
ity theorem due to Schiitzenberger [Scii61]; see also [BMGO05] or [HMV06, Proposition 4.3].

Proposition 2.1. If
-1

q(z) =a" (J - ZAj:Uj) a, q(x)=">" (K - ZBjx]) b

are two SMRs for the same rational function, then there is a unique matriz S such that

S*KS =J, SJA; = KB;S for1 <j <m and SJa = Kb.
A bit of algebra reveals that S*BS = A. Thus K — )" Bjz; = S*(J — > Ajz;)S and it

follows that the definitions of domr, dom™ r and dom*r are independent of the choice of

SMR.

Just as in the commutative case, it is well known that convexity properties of a free
rational functions can be characterized by positivity of a Hessian. See for instance [HM98].
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The z-partial Hessian of an SMR as in equation (1.3) is the rational function in 2g + h
freely noncommuting variables,

rez(a, x)[h] = 2¢* R(a, x)(z T:h;)R(a, x) (Z T;hi;)R(a,x)c

(2.1)
=2 [c*R(a,x)(Z T;hi)| Rr(a,x)

where R is the resolvent

(2.2) R(a,x) :=(J — ZTJSZJJ - ZSkak)fl,
Ap[h] = 375, Tjhy, and Rr(a,r) = ViR(a,2)Vr is defined as in (1.5). Compare with
[HMV06, Equation (5.3)] where the full Hessian of a SMR is computed in detail. The z-partial

Hessian is naturally evaluated at a tuple (A, X, H) € S® x S& x S& where (A4, X) € domr
with output a symmetric k£ x k& matrix.

> wR(a,x)c] ,

Proposition 2.2 is the partial convexity analog of the [HM98] characterization of convexity
in terms of Hessians. The proof is a straightforward modification of the one in [HMO98] so is
only sketched below.

Proposition 2.2. The rational function r is convex in x on a nonempty, open in x, and
convez in x set S C domr N (S} x S§) if and only if rpu(A, X)[H] = 0 for all (A, X) € S and
H e st

Sketch of proof. The rational function r is convex in  on S if and only if for each A € S}
and each positive linear functional A : S; — R the function fs, : S — R defined by
fax(X) =Xor(A,X) is convex. On the other hand, fa  is convex if and only if its Hessian
is positive; that is

0 < fANX)[H] = Aore (A, X)[H]
for all H. Thus f4 is convex for each A and positive A if and only if r,, (A, X)[H] = 0. =

2.2. dom™ r is open in  and convex in z. In this section we show that dom™ r is both
open in x and convex in x. Let positive integers m and n, a matrix D € S,, and a matrix
B € M, »(C) be given. Let V : C™ — C™ & C™ denote the inclusion,

Vi = (305) cCmaoC.

L(X) = (g g) .

Q={Xe€S,(C):det L(X) #0} and Q' ={X€Q:V*LX)"'V =0}

Lemma 2.3. The set Q1 is open, convex, and a connected component of ).

Define L : S,, = S;,4n by

Let

Before proving Lemma 2.3, we first establish the following result.

Lemma 2.4. There exists a subspace H C C™ and a self-adjoint operator F on H such that,
with W equal the inclusion of H into C™,
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(1) X € Q if and only if W*XW — F is invertible; and
(2) X € QF if and only if W*XW — F » 0.

Proof. The proof is straightforward in the case that D is invertible. Indeed, under the
assumption that D is invertible, a standard Schur complement result says L(X) is invertible
if and only if the Schur complement of D,

S(X) =X - BD'B*
is invertible and further, in that case,
VLX)V = S(X)7L

Thus the result holds with H = C™ and F = BD~!'B*.

The result also holds trivially if = () by choosing H = {0}. Thus, for the remainder of
this proof, assume D is not invertible and 2 # (). In particular, ker D Nker B # {0}.

With respect to the orthogonal direct sum C" = ker D @ ker D+,

0 0 X By B
D_<O D) and L(X)=|B; 0 0|,
0 B; 0 Dy
with Dg invertible. It follows that B; : ker D — C™ is one-one, as otherwise L(X) is never

invertible, violating the assumption €2 # ().
With respect to the orthogonal decomposition C™ = rng By @ rng By,

By = (Bévl) - ker D — C™.

In particular, By is invertible. In these coordinates (C™ = rng B; @ rng BlL and C" =
ker D & ker D),

Xi1 Xi2 Bigx Bia
Xio Xo2 0 By
Bf,l 0 0 0

L(x) =

Since Dy is invertible, L(X) is invertible if and only if the Schur complement of Dy,
Xi1 Xi2 Bia By
TX)= Xy X2 0 | —[Ba2| Dy! (Bfa Bs, 0),
By, 0 0 0

is invertible. Writing 7'(X) as
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observe that 7'(X) is invertible if and only if Xy — Cy 5 is invertible, proving item (1) with
H =g Bi and F = Cy5. Moreover,

0 0 B}
T(X>_1 = 0 (X2,2 — 02’2)_1 *
Bl_f * *

Since the upper 3 x 3 block of L(X)™!is T'(X)™!, it follows that

* —1 _ 0 0
VL)Y = (O . 02’2)_1> .

Hence X € Q7 if and only if X5, — Cy = 0, proving item (2) again with H = rng Bi- and
F = 02,2. |

Proof of Lemma 2.5. Since, by Lemma 2.4, X € Q" if and only if W*XW — F = 0, the set
QT is both open and convex. Since Q% is convex, to prove Q7 is a connected component of
Q, it suffices to prove Q% is closed in . To this end, suppose (X,), is a sequence from Q*
that converges to X € €). It follows from Lemma 2.4 that W*X,W — F' > 0 for each n and
hence, after taking a limit, W*XW — F' = 0. On the other hand, X € Q) implies W*XW — F
is invertible by Lemma 2.4. Hence W*XW — F' = 0 and therefore X € Q7 by yet another
application of Lemma 2.4. [

Proposition 2.5. Suppose r € CLa, x> is a nc rational function with the SMR as in (1.3)
and A € SE. The set
QA" ={X €S8 : (A, X) € dom™ r}

18 open, convexr and a connected component of the set

QA ={X €S8 : (A, X) €domr} C SE.

Proof. Let N denote the size of realization. Thus J € My (C). Without loss of generality, we
assume that tng 7' @ rng T+ decomposes CV as C* @ CP. Express J, S, T with respect to this
orthogonal decomposition as

(S Jie ([ Sko Sk (T O
J = <J;2 Jm) Ok = (s;,l Sie) =0 o)
Let B = J1’2 X I — Zsk,l & Ak € Mmb(C) & Sn and D = J272 & I — Zk Sk72 & Ak €
Sp ® S, C Sy, and define L : Sy, — Sgmisn by

LX) = ( X g)

and let V denote the inclusion of C* ® C" into (C* ® C") & C® ® C". Let Q = {X € Sam :
det L(X) # 0} and let

QOF={xeQ: VLX)V = 0}.

By Lemma 2.3, Q" is open, convex and a connected component of €. In particular, Q% is
closed in €.
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Define A : S& — S,,, by
AX)=(Jin®I— ZSk,O ® Ay) — ZTJ}O ® X;.
k J

Observe A is affine linear, Q[A] = A~1(Q) and Q[A]" = A~1(QT). Thus, since A is continuous
and Q7 is open, Q[A]T is open. Likewise, since A is affine linear and Q7 is convex, Q[A]" is
convex and thus connected. Finally, since Q[A]" connected, to show it is a component of

Q[A], it suffices to observe that it is closed since it is the inverse image under the continuous
map Algpa) : Q[A] = Q of the closed (in ) set QF. ]

2.3. Characterization of partial convexity. Throughout this section we fix an SMR (1.3)
for r, and let R(a,x) denote the resolvent of equation (2.2). Recall the definitions of Ry and
dom™ 7 of equations (1.5) and (1.6).

Theorem 2.6. If r € CLa, x> is a nc rational function with the SMR as in (1.3), then

(1) dom™ r is a domain of partial convexity for r;
(2) if D C domr is a full domain of partial convexity for v, then D C dom™ 7.

Corollary 2.7 ([HMV06]). Suppose r € CLx>. If r is convex in a free open set containing
0, then domgr, the component of domr containing 0, is convexr and r is conver on domgr.

It is straightforward to verify that dom™ 7 is a free set. That dom™ r is open in x and
convex in = was established in Proposition 2.5. Thus to prove dom™ r is a domain of partial
convexity for 7, it remains to prove that r is convex in # on dom™ 7, a statement that follows
from Proposition 2.8 below. Item (2) of Theorem 2.6 is an immediate consequence of the
converse portion of Proposition 2.8.

Proposition 2.8. Let r denote the rational function of (1.3) and suppose € C domr is a
free set that is open in x and convex in x.

If Ry =0 on &, then r is convex in x on E. Conversely, if £ contains a free open set U
with Uy # 0, and if v is convez in x on &, then Ry = 0 on &.

2.3.1. The CHSY Lemma. In this subsection we establish a variant of the CHSY Lemma
[CHSYO03] (see also [BK13, Vol18]) suitable for a proof of Proposition 2.8, starting with the
of independent interest Lemma 2.9 below.

Lemma 2.9. If &, ..., &k € CLx> are linearly independent rational functions in g variables,
m is a positive integer and U is a free open subset of S& with Uy # 0, then there exists a
positive integer M, an X € Uy and a matriz w € M, p(C) such that

wé (X
{ : veCMy=CcfeCm=Chtm
w g (X)v
Proof. Let = = col (&,...,&k) € Mk1(CLx>). Let S denote the set of pairs (z,Y'), where,
for some n, Y € U,, and z € M, ,(C). Given (2,Y) € S,, let

Vey)y ={Ig®2)E(Y)v:veC"} CCraC™.
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Given A= (z,Y) and A= (3,Y) both in S, let

A A= ((z z)(g g))

It is straightforward to verify that V, 1 = V4 + V3. Hence, there exists a (dominating) pair
(w, X) € S such that

(2.3) Viey) © Viw,x)

for all (z,Y) € S. Suppose a € V@X). From equation (2.3), it follows that « € Vé’y) for
all (2,Y) € S. Write @ € CF @ C™ as o = Y. «o; ® e, where {eq,..., ey} is the standard
orthonormal basis for C™ and «; € C*. We will show, for each 7, that Zﬁil m&s =0, and
hence, by the linear independence assumption, that each «;, and hence «, is zero. Accordingly,

fix j and let n and Y € U,, be given. Given a vector f € C", let wy = e]f Since o € Vwa

K
0=a"[lx ®@wfE(Y) = (aj ® [IEY) = f) (o

Thus, for each j, the rational function &€ = 3°% ()., vanishes on U. By hypothesis, U; # )
and U/ is an open free set. Hence, for each n, the set U, is nonempty and open and £ vanishes
identically on U. Hence ¢ is identically zero since there are no rational identities [Ber76];
cf. the definition of nc rational functions via matrix evaluations in [HMV06]. The desired
conclusion follows. [

Lemma 2.10. If the realization (1.3) is minimal and of size N and U is a free open subset
of domr, then, for each m € N, there exists an M, (A, X) e U, a w € My, ,(C) and an
H €S8, such that

Vaxmaw:={(In® w)(ZTi ® H)R(A, X)(c® Iyy)v | v e CMY = (mgT) ® C™.
Proof. Let K denote the dimension of rng 7" and U a unitary matrix mapping rng 7" into the

first K coordinates of CVV. The entries 7); of the N x 1 matrix R(a, x)c are linearly independent
nc rational functions by minimality of (1.3) and hence so are the entries of the g N x 1 matrix

hiR(a,x)c
Q(a,x,h) = :
heR(a,x)c
Thus there are {; € C{h, a, x> such that
> TihiR(a,z)c=[(Ty -+ Ty)] Qa,x,h) =U* col (&, ,&k,0,--+,0).
Further, since the entries of @) are linearly independent, the set {&;,..., &k} is linearly

independent. By Lemma 2.9, for each positive integer m, there exists a positive integer M, a
tuple (H, A, X) € S8, x Uy and a matrix w € My, (C) such that the conclusion of Lemma
2.9 holds, completing the proof. [
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2.3.2. Proof of Proposition 2.8. Observe that, from equation (2.1) it is evident that the
inequality Ry = 0 on £ implies r,, is positive semidefinite on £, equivalently 7 is convex in x
on & by Proposition 2.2.

Now suppose 7., is positive semidefinite on £. To prove that the inequality Ry > 0 holds
on &, disaggregate the variables, in the following way. Let

[zl 0 b (0 ki _(a; O
T\o 22) Tk 0) YT N0 a2)

where the 7, k; and a form a 2(2g +h) collection of freely noncommuting variables. In these
coordinates the (1,1) entry of r,, in (2.1) equals

(2.4) [cRa ot ZTk

ZT )c] .

We next apply Lemma 2.10. Given a positive integer m and (A%, X?) € &,,, choose M and
(AL, X1 € Uy, w € My, 1 (C) and H € S§; satisfying the conclusion of Lemma 2.10. Thus
(A, X) = (A'® A2 X' @ X?) € &y and hence 1., (A, X)[H] = 0. Choose K = wH €
M, 1(C). Substituting into (2.4) and observing that {[>" 7; ® K;|R(A', X')(¢® ) : v € C"}
spans rng 7' & C™, it now follows that Ry(A? X?) = 0. |

2.3.3. Proof of Theorem 2.6. For item (1), Proposition 2.5 says that dom™ r is open in z and
convex in z. The forward direction of Proposition 2.8 says that 7 is convex in « on dom™ 7.

The converse direction of Proposition 2.8 says, if D is a full domain of convexity for r,
then Ry = 0 on £. Thus £ C dom™ r. ]
2.4. Realizations for partial convexity.

Proposition 2.11. The rational function r € CLa, x¥ of equation (1.3) admits the realiza-
tion

(2.5)
= C*(J — Z Siai)_lc + C*<J — Z Siai)_l Z T’ll’l (J — Z Siai)_l
-1
+c(J — Z Sjaj)’l ZTia:i (J — Z Tix; — Z Skak> Z Tix;(J — Z Sia;) e
We will refer to a realization of the form (2.5) as a caterpillar realization.

Proof. Formula (2.5) follows from a routine calculation. |

Recall the definitions of V; and 7, (D) from equations (1.5) and (1.8) respectively.

Theorem 2.12 (Wurzelschmetterlingrealisierung). Suppose r € C€a, x> is symmetric with
SMR as in equation (1.3).

(1) The set dom?, r is a vertebral domain of convexity for r.
(2) If D C domr is a full vertebral domain of convexity for r, then D C dom{, r;
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Let fj = V7T;Vr and let k denote the dimension of tng 1. There exists a rational function
w(a) € My(C£a) defined on m,(domye, 1) and positive semidefinite on m,(dom,, r); rational

functions (;(a) € C€a}* for 1 < j < g, that are defined on domye, r; and a rational function
fla,x) that is affine linear in x and defined on domye, r such that, with

(2.6) la,x) =) ;t;(a),
(3) if (B,Y) € domye, 75 then I — (3 T; ® Y;)w(B) is invertible and

r(B,Y) = (B.Y)w(B) (I- (L TeYow(B) (B.Y)+ [(B.Y)

(4) dognjerr ={(A,X) € domye, 7 : w(A) = 0 and I — \Jw(A) [ZYA} ® X;] Vvw(A) > 0};
(2.7)

Plaom, (. 7) = (a,2)"/w(a) (1 —Jwla) Y. T, m) w(a) t(a, z) + f(a, v);

(5) If r is a polynomial and D is a full vertebral domain of convexity for r, then
(a) f, w, £ are also polynomials;
(b) r has the representation,

(2.8) r(a,z) = Ll(a,z) w(a)l(a,x) + f(a,zx),
and hence r is convex in x on m,(D) X S& and has degree at most two in .

Conversely, any (rational) function of the form (2.7) is convex in x on the set domy _r and

any polynomial of the form of equation (2.8) is convex in x on the free strip {A € S* : w(A) =
0} x Se.

Given the symmetric realization (1.3), express the matrices 7}, S; as block 2 x 2 matrices
with respect to the orthogonal decomposition tng T @ rng T+ as

o fj 0 L 5{1 5{2 (I Jie
29 (o) s (5 ) -0 m)

Proof of Theorem 2.12. By definition, dom, r is convex in x and a subset of dom™ r. Thus,

since r is convex in z on dom™ 7, it is also convex in x on dom{,, r. Thus item (1) holds.

If D C domr is full vertebral domain of convexity for r, then D is a full domain of partial
convexity for 7. Hence, by Theorem 1.1, D C dom™ r. If (4, X) € D, then (4,0) € D, since
D is a vertebral set. Thus both (A, X) and (A, 0) € dom™ r and hence (4, X) € dom}, 7,
proving item (2).

By Proposition 2.11, r admits the caterpillar realization (2.5) whose resolvent,
Rla,z) = (Jn ~ YT - Y Sha; Ju- X% 5{2%‘)

Jiy — 22 S0y Jo2 — 32 S0,
is defined on the domain of r. We obtain a free rational function W(a) = R(a,0) € CLa>.
Let w(a) = Vi R(a,0)Vy denote the (block) (1, 1)-entry of W (a). Likewise the domain of the

-1
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rational function
la,x) =V} ZTixiW(a)c
contains dom V.
Suppose (A, X) € domye, 7. Thus (A,0), (A, X) € domr, and hence

R™Y(A, X)W (A) = (J N Tex,-Y S Ak) W (A)

(2.10) :I—(§35®Xﬁﬂdm
_ ((I—ZT’]@X]-) w(A) *)
0 I

It follows that I — (> YA} ® X;)w(A) is invertible whenever (A, 0), (4, X) € domr, establishing
the first half of item ((3)). Moreover, in that case, from equation (2.10),

R(A, X) = W(A) <<[ - LT X ) w(A) *> o (w(A) (1-275 @ X)) w(4) *) B
0 i 0 ;

and thus »
Rr(a,z) = ViR(a, )V = w(a) (1 - ﬁxi)w(a)) .

Letting f denote the affine linear in x term from the caterpillar realization of equation (2.5),
~ -1
r(A,X) = (A, XY w(A) (T (CToe Xw(A)) €A, X) + F(A,X),

when (A, X) € domy,, r, proving item ((3)).

Given square matrices P and () of the same size, the eigenvalues of PQ) and QP
are the same. Now suppose (X, A) € domyer and w(A) = 0 and let T = 3. 7; @ X;.
Choosing P = Ty/w(A) and Q@ = y/w(A), it follows that Tw(A) and /w(A)T/w(A)
have the same eigenvalues. Thus, in view of item ((3)), if I — Jw(A)T\/w(A) > 0, then

I — \/w(A)T\/w(A) = 0. Hence

Re(A, X) = w(A)(I — Tw(A) ™! = /w(A) (1 — Jw(A)Ty /w(A)>_1 w(A) = 0

and therefore (A, X) € dom™ r. The assumption Ry(A4,0) = w(A) = 0 is equivalent to
(A,0) € dom™ r. Hence (A, X) € dom{ r

Conversely, if (4, X) € dom{, r, then w(A) = 0 and, since domy 7 is convex in  and
(A,0) € dom{ r, for each 0 <t < 1, the matrix I — tTw(A) is invertible and hence so is
M(t)=1— \/w(A)T/w(A). Since M (0) is positive and M(t) is invertible and self-adjoint
for 0 <t <1, it follows that M (1) > 0 and the proof of item ((4)) is complete.

In the case r is a polynomial, R(a,x) is globally defined (has no singularities) and is
therefore a (matrix-valued) polynomial by [KV17, Corollary 3.4]. Hence both w(a) and
{(a,x) are polynomials. By hypothesis, there is a free open set U C D with U; # 0.
Choose a point (a,x) € U; € R™ x R8 and consider the polynomial ¢(a,x) = r(a — a,z).
Let D' = {(A—al,X): (A, X) € D}. If (A, X) € D', then (A —al,X) € D and hence
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(A —al,0) € D and finally (A,0) € D'. Thus D’ is a vertebral domain of partial convexity
for ¢. Hence, without loss of generality, we assume from the outset that (0,0) € D. Then
w(0) = V;R(0,0)Vy is positive semidefinite by Theorem 2.6 since we have now convexity
in z in a neighborhood of 0. Next R(0,0) = J~! = J and so w(0) = J;; = 0. Since r is a
polynomial (and the realization is minimal), 7'J is (jointly) nilpotent by [KV17, Corollary

3.4]. But
TJ — T 0 Jin Jio _ TJn T
0 0 Jiy  Ja 0 0 )’
whence T'Jy5 is (jointly) nilpotent. Thus Y = /J11T}+/J11 is self-adjoint and nilpotent and
hence 0. Thus, from equation (2.7), r has the representation of equation (2.8). From this

representation it is immediate that r has degree (at most) two in x and is convex in x on the
set {(A, X) : w(A) = 0}, which includes 7,(D) x S&. |

Corollary 2.13. Let D be a vertebral set. Let r € CLa, x> be a nc rational function in two
classes of variables x = (x1,...,25) and a = (a1,...,an). Let r have a SMR (1.3). Consider

the matrices in block form based on rngT in equation (2.9) and let k denote the dimension
of pngT.

If Joo is invertible, then the function r is convex in x on D if and only if there exists a
rational function ¢(a,z) € C€a, 3" that is linear in x, and a rational function m(a) €
C€a, 3" such that

r={(a,x)" (m(a) - Zﬁ'ﬂ?i)il l(a,z) + f(a,x),

where f(a,z) € Ca,x¥ is affine linear in x, and the resolvent (m(a) — - Tya;) ™Y is positive
on a dense subset of D,, for large n.

Proof. This result follows by using the Schur complement form for the inverse of a block
matrix in Proposition 2.11, the positivity condition follows from Proposition 2.8. [

3. A POLYNOMIAL FACTORIZATION

In this section we introduce an auxiliary operation & on both matrices and polynomials
and in Theorem 3.3 provide a decomposition of symmetric polynomials p € My(C(z,y)) for
which &p is (matrix) positive. This result is a key ingredient in the proof of Theorem 1.4,
which appears in Section 4, characterizing zy-convex polynomials.

Given a pair of block 2 x 2 matrices A = (A4, ;) and B = (B;;) define
A® B = (Ai; ® Byj).
Thus A ® B is a mix of Schur product (*) and tensor product (®). It is known as the

Khatri-Rao product. Let V; = and V, = (?) with respect to the block decomposition

I
0
of A and define Wy, Wy similarly with respect to the block decomposition of B. Let
E=VioW;, V@ W,).

Lemma 3.1. With notation as above, A® B = E*[A® BJE.
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Proof. Note that
E'[A® BIE = ((V; @ W))[A® BI(Vi @ Wa))?,_,
and (V' @ Wi)[A® B](Vi, ® Wy,) = Aji ® By |

(%50 Sja
S] - S* S )
5,1 J2

where {s;; : 1 < j <2, 0 <k <2} are freely noncommuting variables with s;, and s,
symmetric; that is s7, = s;x for k =0, 2. For notational purposes, let

10
S(]:Ig:<0 1>

Suppose p = >, 1o Pjk TjTk, is @ 2 X 2 symmetric matrix polynomial of degree (at most)
two in two symmetric variables x = (x1, z3), where, for notation purposes, o = 1 (the unit
in C(z)), each p;x € My(C) and pj, = py,j. Let &p denote the matrix polynomial in the six
variables {s;0, ;1,552 : 1 < j < 2} defined by

Let, for j =1, 2,

2
Ep(s) = Z Dk ® S;jSk.

J,k=0
Such a polynomial is naturally evaluated at a pair of block 2 x 2 symmetric matrices,

_ (Sio Sia
(3.1) S, = (S;,1 Sﬂ) € M,(C) ® My(C)

using ® via
2
Ep(S) =D pix® Sk € M,(C) ® My(C).
j,k=0
By contrast,

p(S) = D pix ® S;Sk € Ma(C) ® M,(C) ® My(C).

J,k=0

However, p and &p are closely related, as the following lemma describes. Its proof is similar
to that of Lemma 3.1.

Lemma 3.2. With notations as above,

2
7,k=0

In particular, if p(S) = 0, then &p(S) = 0 too.

Theorem 3.3 is the main result of this section.
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Theorem 3.3. Suppose p(x) is a symmetric 2 x 2 polynomial of degree at most two in
the symmetric variables x = (x1,x3). If &p(S) = 0 for all positive integers m,n and pairs
S = (51,85,) € S of 2 x 2 block symmetric matrices, then there exists an N < 12 and

n+m

90, q1,q2 € My 2(C) such that
Gk = pik, 1 <7,k <2,
Qoq% + 9590 = Pro + pok, k=1,2,

(32) (QSQO)1,1 = (P0,0)1,1, (C]SCIO)2,2 = (Po,o)zg-

In particular, letting q denote the affine linear polynomial ¢ = Z?:o qjxj € C{x)N*2 there is
an r1 € C such that

_ x o 0 T1
p=qq+r, wherer—(riﬁ O)'

The remainder of this section is devoted to the proof of Theorem 3.3. Let {e;, €2} denote
the standard orthonormal basis for C? with resulting matrix units e,ej for 1 < a,b < 2. Let
(%1, z2)k denote the words in xy, x5 of length at most k. Thus (1, z9)1 = {x0, 21, z2}, where,
as above, Ty = 1. We will view C? as the span of (1, x5); with (1, z5); as an orthonormal basis
and M;5(C) as matrices indexed by (1, x2)1 X (21, 22)1. In this case z;z}, are the matrix units.

Let . denote the subspace of M5(C) ® M3(C) consisting of matrices
T = (Tap)

a,ﬁG(zl,LL‘2>1 ’
where T, 3 € M(C) satisty, for 8 € (1, z2)1,
Ts20 = Tuo sy Ty € sPan{eie], eaes}.

Thus T3, ., is diagonal and .’ is an operator system; that is, a self-adjoint subspace of
M5 (C) ® M3(C) that contains the identity.

Define ¢ : .¥ — M,(C) by
(3.3) O (Tap) = > pap*Tap= > pap®Top.
o, BE(x1,22)1 o,BE(x1,22)1
Proposition 3.4. The mapping ¢ of equation (3.3) is completely positive (cp).

Proof. To prove that 1 is cp, let a positive integer n and positive definite Z € M, (C) @ .%
be given. In particular,

z (Za’ﬂ)aﬁE(ml,xzh ’
€ My(C) @ My(C), (Zog)as € My(C) and

2
Zzo8 = LBaor  Laowo = Z(Zmo,mo)a,a ® €ty

a=1

2
a,b=1

where Z, 5 = ((Za,ﬁ)a,b)

Since Z is positive definite, Z} , = Zy, o and letting © = Z!, |

z0,
02 (Zos = Zaw©Zu0.8) oo = GG = (GaGh) gy »
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for some m and matrices

Go = ((Ga)ay)’ . € Mym(T) ® My(C).

a,j=1

In particular, for 1 < a,b < 2,

2
@ 0 *
(Za,ﬂ)a,b - |:Za,:c0 < 671 @2 2) Z$075:| . = Z(Ga)a,j (Gﬁ)b,ﬁ

j=1

where O ; = (Zggomo);J1 Thus, for |a| =1 = |f|,

2
Z ozxo a,j ]J woﬁjb+z ocaj(Gﬁ)Z,j:(Za,B)a,b

Jj=1 Jj=1
Let
U= (\Ijél \Ifgg> € My4m(C) ® My(C), where V¥,,= ((Zxo’(g)m)a’a [?n) € M, m(C).
Let, for j = 1,2,
(3.4)
Wi = ((W;)ap) € Mpsm(C)@M5(C), where (W;)ap = (((Zé(;ji}?zb (G%‘)avb) € My (C).

Since Zy 2o = Zao,o 18 self-adjoint, so is W;. By construction,

— sz a
(quj IWk‘)a,b — (( 55 k) ,b :) c Mn+m((c)

*x

Let
U Wi Wy
W = W1 Wl\IJ_IT/Vl Wl\If_IWQ € Mn+m(C) Q.
Wy WoU =W, Wol— 1,

and let V' € My(,4m)2n(C) denote the isometry whose adjoint is

x I, 0 0 O
V' = (0 0 In 0) EMQn,Q(n-‘rm)(C)a

From the definition (3.3) of ¥ (and letting ¢ also denote its ampliations ¢ ® I,, where I,
is the identity on M,(C)),

2
(3'5) w(W) = Paozo ® Y+ Prgay ® W1+ prgzy ® Wa + Z Pz, ® VVJ'\I/_IWk'

J,k=1
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By definition of the ® operation, given

_(Riq Rio
R= ( i RM) € Myyi(C) ® My(C)

RN RL2
1, 1,
11 T1,2
= ' ’ M,(C
T (7'2,1 t2,2) € M(C)

we have 7 ® R = (7,;R; ;) and hence
Viir@R|V = (n Rl ) =T @R,
where R = (Ri’})ij:l . Hence,
V= [pzoe0 ® V] V= pago0 ® Zao,o
V™ [pro; @ W] V = poy 0, ® Zoj
v [pxjvzk ® VVJ"Ij_ka] V= Paj ., ® ij,xk'
Thus, from equation (3.5)
VYWV = (2).
Hence, to prove ¢(Z) = 0 it suffices to show (W) = 0.
With R and 7 as in equation (3.6), given a block diagonal matrix

D 0
D= ( . DQ) € Myi(C) @ My(C),

we have

D; 0 Dy 0
Dir®R]| D= ( 01 D2> (1i;Rij) (01 DQ)
= (Ti,jDiRi,ij) =T7T® (DRD)
Hence, S; = \Il_%Wj‘I/_% € M,1m(C) ® My(C) are self-adjoint and
UTEP(W)TE = BT [y @ W] U7
ik
=" pik ® S;Sk = Ep(S).
ik
By hypothesis Ep(S) = 0 and hence (W) = 0. Thus ¢(Z) = 0 under the extra assumption
that Z > 0.

Now suppose Z € M,,(C) ® . is positive semidefinite. Since the identity is contained in
M,(C) ® .7, for each € > 0, the matrix Z + €l is positive definite and in M, (C) ® .. Thus,
by what has already been proved, 1)(Z + eI) »= 0 and hence, by letting € tend to 0, it follows
that ¢/(Z) > 0 and the proof is complete. [ ]
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Proof of Theorem 5.5. Since, by Proposition 3.4, ¢ is c¢p it extends, by the Arveson Extension
Theorem [Pau02, Theorem 7.5], to a cp map ¢ : My(C) ® M;3(C) — M,(C). By a well-known
result of Choi [Pau02, Theorem 3.14], its Choi matrix

2 2

Co= D D leati @2;31] @ [pleac; ® 757)] € M3(C) © My(C) @ Mp(C)

for some N (< 12) and N x 2 matrices Fj, and, in particular,

(3.7) F} Fop = pleas @ a25).

For q; = (Fjie1 Fjsez) € My(C), we have gjq, = (e;ﬂfthbeb)z’b:l € M,(C). So,
using (3.7), for a = 1,2,

(P0,0)a,a = (P00 ® €a€y), , = V(€aly @ T0TH)aa = P(€ay ® T02g)an = €, F5 o L0060 = (€590)aa-
Hence equation (3.2) holds. Next, for { =1,2 and 1 < a,b < 2,

(Poe + peo)as = € [(Poe + peo) ® eaty] € = et (eaey @ (Toxy + 427)) €
= ey (eqey @ (zoxy + 077)) €0 = €, [Fy o Fup + Fi o Foples
= (400 + 47 90)ap-

Thus g5qe + 470 = poe + pro-
Finally, we see that ¢, = pjx (for 1 < j,k < 2) by computing, for 1 <a,b <2,

(Pik)ab = €xlpjk ® eqcyler = egi(eqe; @ xjmy)ep

* * * * * *
= e p(eaey @ xiay)ey = enFr Frvey = (45 k) ab- m

4. THE CHARACTERIZATION OF zy-CONVEX POLYNOMIALS

In this section we prove Theorem 1.4. In Subsection 4.1 it is established that zy-convex
polynomials are biconvex (convex in z and y separately). Two applications of equation (2.8)
of Theorem 2.12 then significantly reduce the complexity of the problem of characterizing xy-
convex polynomials. The notion of the xy-Hessian of a polynomial is introduced in Subsection
4.2, where a border vector-middle matrix (see for instance [HKM13a]) representation
for this Hessian is established. Further, it is shown that this middle matrix is positive for
xy-convex polynomials. The proof of Theorem 1.4 concludes in Subsection 4.3 by combining
positivity of the middle matrix and Theorem 3.3.
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4.1. zy-convexity implies biconvexity. The notion of xy-convexity for polynomials has
a convenient concrete reformulation.

Proposition 4.1. A triple ((X,Y), V) is an zy-pair if and only if, up to unitary equivalence,
it has the block form

Xo A O Yo 0 C
(4.1) X=[A « x|, Y=[0 x =], V=( 0 0).
0 * = C* x %

Thus, a polynomial p(z,y) € M,(C(x,y)) is xy-convex if and only if for each xy-pair
(X,Y), V) of the form of equation (4.1), we have
(L, @ V)'p(X,Y)(I, ® V) — p(Xo, Yp) = 0.
Proof. Observe that (Xo, Yp) = V*(X,Y)V and ((X,Y),V) is an zy-pair; that is V*Y XV =
V*YVV*XV. Thus, if p is zy-convex, then
0=2 (L@ V)pX,Y)[,@V)—p(V(X,Y)V) = (L, @ V)'p(X,Y)(, ®V) — p(Xo, Yo).
To establish the reverse implication, given an xy-pair ((X,Y), V), decompose the space

(X,Y) act upon as rng V @ (rng V)* and note that, with respect to this orthogonal decom-
position, X and Y have the block form

_ 0o « _ (Yo 7
e- (2 5). - (53)

where X, Yy, 8,60 are hermitian. The relation V*Y XV = V*YVV*XV implies ay* = 0. But
then, a and ~y are, up to unitary equivalence, of the form (A 0) and (0 C), respectively. ®

Consider the following list of monomials:
(4.2) &L ={1,z,y,2% 9 vy, yx, 2y’ v x, 2y, y2?, xyz, yay, vyzy, yryr, vy, yry}.

Proposition 4.2. If p € C(x,y) is convez in both x and y (separately), then p has degree at
most two in both x and y (separately) and p contains no monomials of the form x*y* or y*x?,
only the monomials in the set L.

Proof. The degree bounds follow from Theorem 2.12. The representation of p in (2.8) and
that of £ in (2.6) imply p does not contain the monomials x?y? and y2x?. |

Let [.Z] denote the C-vector space with basis .Z of equation (4.2).
Lemma 4.3. If p € C(z,y) is zy-convez, then p is convez in both x and y. Hence p € [L].

Proof. Given (X1,Y) and (X5, Y), let V = % (I I)" and note (X; & X, Y @Y), V) is an
xy-pair. Since p is ry-convex,
<X1 + X5
P\

Thus p is convex in x. By symmetry p is convex in y. The conclusion of the lemma now
follows from Proposition 4.2. [

-

2

) =p V) S VLYV = S (p(X0,Y) +5(Xa,Y)
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4.2. The zy-Hessian. In view of Lemma 4.3, we now consider only symmetric polynomials
p € [Z]. Let {so,t0,, B,7,6; : 0 < j < 2} denote freely noncommuting variables with
S0, to, Bo, B2, 0g, 02 symmetric. Let, in view of Proposition 4.1,

s (a 0) to (0

7)
s = (a) (50 61> . t= (0) (50 51) , V=(1 0 0).
0 B B ol of 0
The xy-Hessian of p € C(zx,y), denoted H*p, is the quadratic in «, part of V*p(s,t)V —
p(V*(s,)V) = V*p(s,t)V — p(so, to). In particular, for p € [.Z],
H™p = V'p(s, )V — p(V*(s,1)V) = V"p(s, )V — p(so, o).
The proof of the following lemma is routine.

Lemma 4.4. If p=>" ., pyu € [ZL], then H*p is a function of {c, 7, s, to, 0o, 01, 1, B2}
with the explicit form

HYp = [p2aa” + pyyy'] 4 [Peya00@" + DyayYB2V" + Day2 (5077 + ad17)
+ Pya (Y7 50 + Y01 Q) 4 Pazy (@™ to + af1Y) + pyaz (oo™ +y87a”)]
+ [Payz (8077750 + 1780 + sov0 a4+ a(dg + 6167)a”)
+ Payay (@doa™to + adoS17" + so7 27" + b1 B27)
+ Dyaye (toadoa™ + 737 00a™ + vBay* 50 + 7B267 )
+ pyazy (o™ to + YBia*ty + toaSiy* + (6561 + B3)7")]
= & [Pa2 4 Payad0 + Pay2a (05 + 6107)] & 4 & [Pay2 + Dayayo] & to + to [Dyaz + Pyayado] @
+ 0 [Pry201 + Da2y B1 + Payay (0051 + 6152)] 7"
+ [py%&f + Dya2 51 + Pyaye (B1do + B361)]
+ 0 [Pay2201) VS0 + S0V [Pay2a07] @ + oo [Dyazy] @ to + Lot [Dyazy f1] Y
+ 7 [Pyary Bi] @ to + 7 [Py2 + PyayBa + Dyay (B B + B3)] 7 + 7 [Py + DyayaB2) 750
+ 507 [Pay? + PoyayBl V" + 507 [Pya2y] 7" S0

Lemma 4.5. If p € [£] and H"p = 0, then p is an xy-pencil. If p,q € [£] satisfy
H"p = H™q, then there is an xy-pencil A € C{x,y) such that p=q+ .

*

Proof. Since H* is a linear mapping, it suffices to show, if p = > . p,w satisfies H*p = 0,
then p is an xy-pencil. To this end, observe, if H*¥p = 0, then, in view of Lemma 4.4, p,, =0
for w in the set

{2%,9", wyx, yry, vy, y*x, 2y, ya?, wye, wyzy, yayr, ya®y}.

Hence the only possible nonzero coefficients of p are p1, ps, Dy, Day, Py and the result follows. =

The Hessian of a p € [.Z] has a border vector-middle matrix representation that we now
describe. Since p € [.Z],

p(e,y) = Mz, y) + Y pww,

WE Ly



NONCOMMUTATIVE PARTIALLY CONVEX RATIONAL FUNCTIONS 23

where A\(x,y) is an xy-pencil and

L. = {2y wyz,yay, ay?, y'e, y, y2? wy’e, wyzy, yeyr, yrtyt = L\ {1, 2,y, vy, yr}.
Since p is symmetric, there are relations among its coefficients. For instance, pyyz, Pyzy € R
and py,2 = Dy

Let B = B(so, to, a, y) denote the row vector-valued free polynomial,
B(so,to,,7) = (o toor vy s07).
We call 8 the zy-border vector, or simply the border vector.
For 1 <j k <2, let M, (51, B2, 00, 01) denote the 2 x 2 matrix polynomial,

My = <p:p2 + p:pyzéo + pxyzx(ég + (51(5{) Pa2y + p:}cyacy(so) 7

Pya2 + pymy:r(SO Pya2y
My, = <px2yﬁ1 +pxy2(51 +pa:yxy((5061 + 5152) pa:y2ac(51>
pyaﬂyﬁl 0 ’
_ pywzﬁik + py%af + Pyaya (BTCSO + 625;) pyxzyﬁf
My = pe :
Pzy2201 0
Moo = (py2 +pyxy62 +py~’02y(ﬁ22 + ﬁfﬁl) Py2z + pyzyazﬁZ) .
Pzy? + pxywyBZ Pzy2z

Let 9 = (9M;4)?,—, denote the resulting 4 x 4 (2 x 2 block matrix with 2 x 2 entries) matrix
polynomial. The matrix 91 is the xy-middle matrix, or simply the middle matrix, of p.

Lemma 4.6. If p € [.Z] is symmetric, then
H"p = BMB*.
Proposition 4.7 shows xy-convexity of p is equivalent to positivity of its middle matrix.

Proposition 4.7. If p(z,y) is zy-convex, then IM(By, By, Dy, D1) = 0 for all matrices
(B1, By, Do, D1) of compatible sizes.

Proof. Since p is zy-convex, H*p = 0. Let positive integers M, N and matrices Dy € M;(C),
By € My(C) and By, Dy € My 1(C) be given. Choose a vector h € C* and X, Yy € My(C)
such that {h, Xoh} and {h, Yoh} are linearly independent. Positivity of the Hessian gives

0 S h*nyp(XOaAvBla 327%7Ca DOa Dl)h
= [h*%(X(hAu%a C)] m(Bla BQyD()yDl) [h*%(X(hAu%a C)]*

On the other hand, given vectors fi, ..., fs € CM, there exists A € My 3/(C) and C € My (C)
such that

A*h I3
%(X07%aA7C) h = C*h - f3
C*Xoh fa

It follows that DJT(Bl, BQ, DO, Dl) > 0. |
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4.3. Proof of Theorem 1.4. The convexity assumption on p implies the middle matrix 9t
of its Hessian takes positive semidefinite values by Proposition 4.7.

Let 5 s
(& 5) (3 5)

Let ) denote the 2 x 2 matrix polynomial obtained from the first and third rows and columns
of M. Thus,
(4.3)
Q _ Q( b 5 b) ( Da2 + pxym50 +pzy21(53 + 615T) pr2y61 + pmyZ(sl +p:vyacy(6061 + 5162))
G Pya2 0] + Dy2207 + Pyaye (8700 + B207) Py2 + DyayP2 + pyﬂt%(ﬁ% + B151) ’

and, given S = (51,952) of the block form of equation (3.1), we have Q(S) > 0 since
m(SQJ, 5272, 5170, 5171) t 0 by Proposition 4. 7

Define a 2 x 2 polynomial P(xy,x2) =Y P,z (with 2o = 1 as usual) by setting

_ [ Dz2 0 _ _ 1 Payzr  Pzxy? _ _ 1 0 Da2y
PO,O - ( 0 pyz) ) PO,l — PLO - 9 (prz 0 5 P0,2 = P270 = 5 pyx2 pyajy

{0 Payay _ 0 O ~ (Pay2z O (0 0
PI,Q—(O 0 )7 P2’1_(pyxyx 0)7 Pl,l—( 0 0/’ P2,2— 0 pya:Qy

and observe &P (0) = Q(0). Thus &P(S) = 0 for all tuples of hermitian matrices of the form
(3.1). Hence Theorem 3.3 produces an N and F' = ) F}s;, where F; € My(C), and an

R= (72 6) such that F*F + R = P, where r € C. In particular,

(4.4)

FiF, =Py, 1 <j, k<2
FoFy + FpFy = Pyo+ Bog, k= 1,2
FiFy = Py + R,
FYFy = P11—( 0 O)’ FyFy = P22—(0 Pyazy )
Hence, letting {e, es} denote the standard orthonormal basis for C2, Fieo = 0 = Fyey. In
particular, e} F5Fy = 0. Now set A, = Fyei, Ay = Fyea, Ayy = Freyp and A, = Fyep and
verify,
A;Aw = GTFS(F()Gl = GTP07Q€1 = Pg2
ANy = esFgFoes = esPypea = pye
A;,EAQE + A*A yr — €TF*F0€1 + e’{F*Flel = €T(F*F0 + F*F1)61 = (2P1 0)1 1= pmy:p
A:yAy + A*Azy = €2F*F0€2 + €2F F2€2 = 62(F*F0 + F*F2)€2 = 62(2P2 0)62 Pyzy
A*Azy = €1F F2€2 (F*FQ + F*Fo)eg =€ <2P2 0)62 = pry

(45) A*Ayx = €2F*F1€1 = €2<F*F1 + F*F[))el 2<2P1 0) pyzx
A;yAx = €2F2*F0€1 = €2<F*F0 —+ F*Fg)el = ;(2]32 0)61 pny
Ay Ny = el FT Foeg = €1 (FT Fy + FoFY)eg = €1(2P10)ea = Paye

* * Tk *
AyxAyI = €1F1 F1€1 = €1P1’161 = pmme
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* Uk * N _

A:):yAZy = 62F2 F2€2 = €2P2’2€2 = Pya2y
* * * *

AwyAyx = ey Fie) = e5 P11 = Pypyas
* * * *

AyggA:cy = e[| Fhey = €1P1,2€2 = Dayxy-

Let
q =Mz, y,zy) Mz, y, zy),
where A denotes the zy-pencil

A=Az + Ny + Npyoy + Aoy,

A straightforward calculation, based on the identities of equation (4.5) and an appeal to the
formula for the zy-Hessian in Lemma 4.4, shows H*Yq = H*p. Hence, by Lemma 4.5, there
is a hermitian xy-pencil A such that p = ¢+ A = A*A + A, completing the proof. [

Remark 4.8. Note that AJA, + AJA, = R = (7?* 6) .
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APPENDIX A. NOT FOR PUBLICATION

A.1. Proof of Proposition 1.5. First suppose r € C£a, ¥} is a®>-convex on D C S* x S&.
To prove r is convex in & on D, suppose (A4, X), (A,Y). Consider the matrices

(382G 1) v- 50

Note that V reduces B. Equivalently V*B?V = (V*BV)2. Since V*(B,Z)V = (4, 2X) e D
(by the convexity hypothesis on D) and of course (B, Z) € D too,

SO(AX) (A Y) = VB2V =V (B.2)V) = r(A 5.

Hence r is convex in x on D.

Now suppose r is convex in z on D and (B, Z) € D,,, and V : C™ — C" is an isometry
such that V*B2?V = (V*BV)2. Thus the range of V reduces B and up to unitary equivalence,

o3 2): 2= (53 =)
(1 %)

Since U is unitary, D is a free set and (B, Z) € D, we have U*(B, Z)U € D. Since D is, by
hypothesis, convex in z,

. (B,Z)+(2J*(B,Z)U _ (B’ ()O( g))

S o) = (25 5))

Let

Because r is convex in z,

<T(V*(137 Z)V) )

V*(r(B,Z)+r(U"(B,2)U)V

V* (r(B, Z) + U*r(B, Z)U)V = V*r(B, Z)V.

Thus r is a’-convex. ]

A.2. Proof of Lemma 4.4. We provide the routine verification of the formula for H*¥w
for words w € .Z. The result then follows by linearity of H*Y.

It is clear that the xy-pencil terms (1, z,y, xy and yx) vanish under H*Y. The (1, 1) entry
of ? is t3 + yy*. Thus,
H™y? = t% + v = t% = yy*.
Similarly, the (1,1) entry of st? is sotZ + so7y* + «d;v*. Hence,
H"zy? = (sots + soyy* + adry*) — soty = soyy* + adiy*.
The (1, 1) entry of sts is (sotgse + adpa™) — sotoso. Hence,

H"zyr = adpa’™.
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The (1, 1) entry of stst is (sotoso + adpa®)ty + (dofB1 + (soy + @dy)P2)y* — sotosoto. Hence
H%zyry = adoaty + a(doB1 + 61682)7" + sovB27"
The (1, 1) entry of st?s is sot2so + So77y*s0 + ad17*so + soydfa* + a(6g + 6107 )a*. Thus,
H" gy = (sotgso + sov7* 50 + adiy*so + soydia* + a8y + 8167)a*) — sotaso
= 8077" 50 + ad1Y 80 + soydia’ 4+ a8y + 0107 ).

The remainder follow by symmetry in x and y. [

A.3. Examples.
Example A.1. Consider the polynomial
p(z,y) = 2* +y* + ay’s + 2(zyay + yryz) + yay

G0 36 ()
(5 )0

It is, by its very form, convex in z on the free set {(X,Y") : [—3Y? = 0} and it is convex in y on
the set {(X,Y): I —3X? = 0}. Thus p is biconvex on ¥ = {(X,Y) : [ —3X? [ —3Y? = 0}.
That the set & = {(X,Y): I —3X? I —3Y? = 0} is the largest open free set on which p is
biconvex follows from Theorem 2.12. |

Example A.2. Consider the polynomial p from Example A.1 and recall ¥ = {(X,Y) :
I —3X? I—3Y? =0} contains any free set on which p is biconvex. The middle matrix of
the xy-Hessian of p is given by

<1 + 03 + 010} 250> <2(50B1 + 6102) 51>

260 1 51 0
M(z,y) (2(5;50 + B207%) 51*) (I + B3 + 6161 252)
o3 0 23 I

Evidently 2t > 0 in a neighborhood of 0 and thus p is zy-convex in a neighborhood of 0. On
the other hand, 90t is not positive semidefinite on all of & and thus, arguing as in the proof
of Theorem 1.4, p is not xy-convex on the interior of Z. [

A.4. Equivalence of positivity of 9t and &P. In this subsection we show directly that
positivity of 9t is equivalent to positivity of &P = @), where P and () are defined in equations
(4.4) and (4.3). Of course that positivity of 9t implies positivity of @) is immediate. On the
other hand, the proof of Theorem 1.4 only required the, a priori weaker, condition &P > 0
and hence this latter condition implies positivity of the middle matrix 9.

Assume @ takes positive semidefinite values. Given 01, 1 € M,,,,(C), &y € M, (C) and
Bo € M,,(C), make the replacements,

N (50 0n><m T 51 Onxn n o /81 2fIn n o 52 0m><n
% = <0mm omxm>’ 0= (tfm om> 51—<0mxm Omen) " 2 \Onsms Oprms )



30 M.T. JURY, I. KLEP, M.E. MANCUSO, S. MCCULLOUGH, AND J.E. PASCOE

Substituing into @ gives, Q(f,d) = (Qj,k)jkzl , where

01, = Pa2 + Dayalo + Pay2a (05 + 0107) tDay2201
b tpxy%cé)lk Da2 + t2pa:y2x
Ql o = paﬂyﬁl + pa:yz(sl + pxyzy((s[)ﬁl + 6152) t(pxzy + pxywy(SO) _ Q*
’ t<pxy2 + pxyxyﬁQ) 0 2,1

QQ 9 = (py2 + pywyﬂ2 + py:ﬂy(ﬁ% + 6?61) tpyﬂyﬁi‘ ) )

0 1

Now conjugate each block with (
¢

1 O) and let ¢t tend to infinity to deduce that Q' =

( ;k)jkzl = 0, where

Q/ _ (p:c2 + p:cyx50 + pxy2ar(5(2) + 516;) pwy2x51>
L1 pxyzx(si Pzy2z
Q/ _ (pochﬁl +pxy251 + pxyxy(aoﬁl + 5162) Da2y +pxya:y50) _ (Q/ )*
12 Pzy2? + pxyxyﬂ? 0 1,2
Q/ _ (py2 + pymyﬂ2 + pyaﬁy(ﬂ% + 6;61) pyaﬂyﬂf) )
22 py:ﬁyﬁl Pya2y

Finally, ()’ is unitarily equivalent to 9t via the permutation that interchanges the second and
fourth rows and columns.
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a’-convex, 6
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xy-border vector, 23
zy-middle matrix, 23
Ty-pair, 5
zy-pencil, 5

bilinear matrix inequality, 5
border vector-middle matrix, 20

caterpillar realization, 12

closed under direct sums, 3

closed under unitary conjugation, 3
convex in x, 4, 6

domain, 3
domain of partial convexity, 4

evaluated, 7

free, 3

free set, 3

full domain of partial convexity, 4
full vertebral domain of convexity, 4

hermitian xy-pencil, 5

matrix convex in x, 3
monic, 5

open in x, 4
operator system, 17

partially convex, 3, 6
regular, 3

symmetric, 2
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