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ABSTRACT. This paper studies Positivstellenséitze and moment problems for sets K that are given by uni-
versal quantifiers. Let @ C R™ be a closed set and let g = (g1,...,9s) be a tuple of polynomials in two
vector variables x = (x1,...,%n) and y = (y1,...,¥m). Then K is described as the set of all points z € R™
such that each g;(z,y) > 0 for all y € Q. Fix a finite nonnegative Borel measure v on R™ with supp(v) = Q,
and assume it satisfies the multivariate Carleman condition.

The first main result of the paper is a Positivstellensatz with universal quantifiers: if a polynomial
f(x) is positive on K, then f(x) belongs to the quadratic module QM]g, v] associated to (g,v), under the
archimedeanness assumption on QM|g, v|. Here, QM][g, v] denotes the quadratic module of polynomials in x
that can be represented as

0 + [ 7yl dv) + o+ [ g xw) dvlo),

where each 7; is a sum of squares polynomial.

Second, necessary and sufficient conditions for a full (or truncated) multisequence to admit a representing
measure supported in K are given. In particular, the classical flat extension theorem of Curto and Fialkow
is generalized to truncated moment problems on such a set K.

Third, we present applications of the above Positivstellensatz and moment problems in semi-infinite opti-
mization, whose feasible sets are given by infinitely many constraints with universal quantifiers. This results
in a new hierarchy of Moment-SOS relaxations. Its convergence is shown under some usual assumptions.
The quantifier set Q is allowed to be non-semialgebraic, which makes it possible to solve some optimization
problems with non-semialgebraic constraints.

1. INTRODUCTION

Positivstellensétze and moment problems are pillars of real algebraic geometry [BCRIS,
Lau09, Sce09] and are of broad interest in computational and applied mathematics. This pa-
per concerns these two topics when the constraining sets are given by universal quantifiers.
Let x = (x1,...,%,) and y = (y1, ..., ¥m) be tuples of variables. We are interested in subsets
K of R™ that are given by inequalities in x, with y as a universal quantifier (see [Lasl15]). Let
Q) C R™ be a given closed set. For a tuple g = (g1, ..., gs) of polynomials in R|x, y|, consider
the following set given by the universal quantifier y:

(1.1) K={zeR": gi1(z,y) >0,...,94(x,y) >0 Vy € Q}.

When there is no universal quantifier y, the set K is a classical basic closed semialgebraic
set. By Tarski’s transfer principle [BCR98], if the quantifier set @ is semialgebraic, then K
is semialgebraic. A quantifier-free description for K can be obtained by applying symbolic
computations like cylindrical algebraic decompositions (see [BPR]). However, computing a
quantifier-free description is typically computationally expensive. In this paper, the set @) is
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allowed to be non-semialgebraic, so K may also be non-semialgebraic. For instance, when
() = Z™ (Z denotes the set of integers), the set K is defined by countably many constraints.

e For Q =7" and g(x,y) = (x1 + y)* + y* — x3 > 0, the set K is given by
for k=142, ...

e For Q = Z' and g(x,y) = %o — 2yx; + y? > 0, the set K is a convex polygon with
infinitely many sides.

e For Q = Z, (the set of positive integers) and g(x,y) = 4y* — 1 — y*(2y? — 1)x} —
v2(2y? 4+ 1)x3 > 0, the set K is the intersection of infinitely many ellipses:

2 2
Ty €Ty
<1 for k=1,2,....
2+k:—2+2—k—2— o T

Positivstellensétze concern representations of polynomials that are positive (or nonnega-
tive) on a set K. Equivalently, for a given polynomial f € R[x], what is a test or certificate for
f > 0on K7 When does such a certificate hold necessarily?” When K has no universal quan-
tifier y (i.e., the polynomials g; in (1.1) do not depend on y), Positivstellensitze have been
extensively studied, see, e.g., the surveys and books [BCR98, HKL20, Las15, Lau09, Nie23,
Sce09] or the following small sample of recent papers [CKS09, EP20, Fri21, GKKS15, LPR20,
MNR23, PV99, Riel6, SS24, Scw03] and the references therein. For instance, consider the
Putinar certificate

(1.2) [ =o00+0191+ 4 0sgs,

where all o; are sum-of-squares (SOS) polynomials in R[x|. Clearly, if f has a representation
of the form (1.2), then f > 0 on the set K. When the quadratic module of ¢ is archimedean,
if f > 0on K, then by Putinar’s Positivstellensatz [Put93] a representation of the form (1.2)
must hold. A representation more general than (1.2) is given by the Schmiidgen Positivstel-
lensatz [Smii91], which uses the preordering of g. All these classical results assume that K is
a basic closed semialgebraic set. However, when K depends on quantifiers as in (1.1), there
is little work on Positivstellensidtze. This is remedied in the present paper.

Closely related to Positivstellensdtze are moment problems. Let N denote the set of non-
negative integers and N" denote the set of nonnegative integer vectors of length n. For a
given multisequence z = (24)aenn, 1.€., z is a vector whose entries are labelled by nonnega-
tive integer vectors in N, the moment problem concerns the existence of a nonnegative Borel
measure! ;1 on R” such that

(1.3) Zo = /xo‘ dp(r) VaeN™.

In the above, z* = 7" --- 2% for the multiindex o = (ay,...,a,). The sequence z is
said to be a moment sequence if such a Borel measure u exists, and in this case p is called

LAIl our measures will be assumed finite.
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a representing measure for z. We refer the reader to the surveys [Ber87, Fial6], books
[Akh65, Smiil7], or papers [BS16, BL20, CMN11, CGIK23, IK17, IKKM22, IKKM23, KW13,
Net08, PS01] and the references therein for more details about moment problems.

In many applications, the support of the measure p is often required to be contained in
a set K, i.e., supp(u) € K. Then z is called a K-moment sequence and p is called a K-
representing measure for z, if (1.3) holds for a Borel measure p with supp(p) € K. When K
is described without quantifiers, this is the classical K-moment problem (see [Fial6, Smiil7]).
However, there is little work on the K-moment problem when K depends on the quantifier
y. This is the second main topic of the present paper.

Positivstellensatze and moment problems with universal quantifiers are useful for solving
semi-infinite optimization problems. A typical problem of semi-infinite optimization is

{ min f(x)

zeX

(1.4)
st. g(r,y) >0 VyeQ.

Here, the constraining function g depends on both = and y as is the case for the g; in (1.1),
and X C R" is another given constraining set for x that does not depend on the quantifier y.
The quantifier set @ in (1.4) need not be a basic closed semialgebraic set. Solving this kind
of semi-infinite optimization problem is typically a highly challenging task. However, Pos-
itivstellensitze and moment problems with universal quantifiers are powerful mathematical
tools for solving them. This is the third main topic of our paper.

Contributions. The new contribution of this paper is to solve the three above mentioned
major problems.

Our first contribution is a Positivstellensatz for sets K defined with universal quantifiers
as in (1.1). If a polynomial f € R[x| has the representation

(15) £ = o) + Y- [ (x 0 ,0) )

where ¢ is an SOS polynomial in x, 7,...,7s are SOS polynomials in (x,y) and v is a
Borel measure on R™ such that supp(r) C @, then we clearly have f > 0 on K. The
Positivstellensatz ensures that the reverse implication is essentially true. The set of all
polynomials in R[x] that can be written as in (1.5) is denoted by QM][g,v]. It is called
the quadratic module generated by g and v. Assume v is a Borel measure on R™ such that
supp(v) = @ and v satisfies the Carleman condition

o0

(1.6) Z (/y?ddl/(y))zld =o0 for j=1,...,m.

d=0

We show in Theorem 3.4 that if f > 0 on K and QM][g, | is archimedean (i.e., N — x? —

- — x2 € QM]g, v] for some positive integer N), then f € QM][g,r] must hold. This is
a generalization of Putinar’s Positivstellensatz to sets given by universal quantifiers. Since
the truncations of the quadratic module QM|g, v| for given degrees can be represented by
semidefinite programs (SDPs), Theorem 3.4 gives rise to a Moment-SOS hierarchy of SDP
relaxations to optimize a polynomial over K.
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Our second contribution is about K-moment problems for sets K defined by universal
quantifiers as in (1.1). A key tool for studying moment problems is the Riesz functional. A
multisequence z = (2, )aenn gives rise to the linear functional:

£, Rx] > R, x%— z,.

This is equivalent to Z.(f) = _,, faza for the polynomial f =" f,x®. The functional %,
is called the Riesz functional of z. If u is a representing measure for z, then

B.(f) = / F@)du(z) forall fe Rl
If in addition, supp(u) C K, then
(1.7) R.(f) >0 forall feR[x|: flgx>0.

We say the Riesz functional %, is K-positive if (1.7) holds. The Riesz functional Z, is
simply said to be positive if it is R™-positive. The K-positivity is necessary for z to have
a K-representing measure. For a closed set K, being K-positive is also sufficient. This is a
classical result of M. Riesz (n = 1) and Haviland (n > 1); see the works [Akh65, Ber87, Fial6,
Havi36, Riesz, Smiil7] for details. When the quadratic module QM[g, v| is archimedean, we
show in Section 4 that z is a K-moment sequence if and only if Z,(f) > 0 for all f € QM]|g, v/|.
Moreover, we also give concrete conditions for Z, > 0 on QM|g, v] in terms of moment and
localizing matrices (see Theorem 4.4).
Our third contribution is on semi-infinite optimization. Suppose the constraining set

X = {2z eR": cy(x) =0, cin(z) > 0},

for two tuples cq, ¢in, of polynomials in x. We refer to (2.1) for the definition of the ideal
Ideal[c.,| generated by c., and refer to (2.1) for the quadratic module QM]|¢;,,] generated by
Cin. When QM[g, v] + Ideal[ce,] + QM]c;y,] is archimedean, we show in Section 5 that the
semi-infinite optimization problem (1.4) is equivalent to

min - Z.(f)
(1.8) st. Z.>0 on QMg v]+ Idealc.,] + QM]cin].
Z.(1) = 1.

When the ideals and quadratic modules are truncated by degrees, the above produces a hier-
archy of Moment-SOS type semidefinite programming relaxations. We prove the convergence
property for this hierarchy in Theorem 5.2. Finally, we also discuss how to estimate moments
of the measure v by sampling when the moments are not known explicitly. We remark that
the quantifier set @) is allowed to be non-semialgebraic. So this makes it possible to solve
some semi-infinite optimization problems with non-semialgebraic constraints.

The paper is organized as follows. Notation is fixed and some background on polynomial
optimization and moment problems is given in Section 2. Positivstellensatze, moment prob-
lems and semi-infinite optimization for sets given by universal quantifiers are respectively
presented in Section 3, Section 4, and Section 5. Some computational experiments are pre-
sented in Section 6. Finally, in Section 7, we present our conclusions and engage in a detailed
discussion of our findings.
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2. PRELIMINARIES

2.1. Notation. The symbol R[x] = R[xy,...,x,]| denotes the ring of polynomials in x =
(%X1,...,%,) with real coefficients. The symbol R, stands for the set of nonnegative real
numbers. For a symmetric matrix W, W > 0 means that W is positive semidefinite. For
a vector u, |lu|| denotes its standard Euclidean norm. The notation I,, denotes the n x n
identity matrix. The superscript 7 denotes the transpose of a matrix or vector. The symbol e

denotes the vector of all ones, i.e., e = (1,...,1). We use ® to denote the classical Kronecker
product.
For x = (x1,...,%,) and o = (aq,...,q,) € N, the notation x* :== x7" - - - x%" stands for

the monomial of x with power a. We denote the power set
bt={aeN' g+ - +a, <d}

Denote by R the space of real vectors that are labeled by o € N%. For a positive integer
d, the vector of all monomials in x of degrees at most d, ordered with respect to the graded
lexicographic ordering, is denoted as

T
Xa=01 = - % % xx - xI) .

A polynomial o € R[x]| is said to be a sum of squares (SOS) polynomial if ¢ = 02 +- - -+ 07}
for some oy,...,0, € R[x] and k € N\ {0}. The symbol ¥%[x] denotes the cone of SOS
polynomials in x. An interesting fact is that SOS polynomials can be represented through
semidefinite programming [Lasl5, Nie23]. Clearly, each SOS polynomial is nonnegative,
while not every nonnegative polynomial is SOS. The approximation performance of SOS
polynomials is given in [Niel2]. Moreover, SOS polynomials are also very useful in tensor
optimization [Niel7, NZ18].

For two sets S, T C R[x|, their product and addition are defined as

S-T={pg:peS,qeT}, S+T={p+q:peS,qeT}.
In particular, if S = {p} is a singleton, then we also use
p-T={pg: qeT}, p+T={p+q:qeT}
A polynomial tuple h = (hy, ..., h;) in R[x] generates the ideal
(2.1) Ideal[h] = hy - R[] + -+ h, - R[x],

which is the smallest ideal containing all h;. For k € Nand k > deg(h) := max{deg(hy),...,deg(hn)},
the kth truncation of Ideallh]| is

Ideal[h]i = h1 - R[2]r—deg(h1) + =+ + Pum - R[] k—deg(him)-

A tuple ¢ = (qi,...,q) of polynomials in R[x] gives rise to the quadratic module (let
qO = 1)

(2.2) QMg = {Zaz‘%‘

o; € 22[}{]}.
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For k € N with 2k > deg(q), the kth truncation of QM][q] is

QM[Q]2k = {Z%‘q@'
i=0

The quadratic module QM|q] is said to be archimedean if there exists an integer N > 0 such
that

o; € ¥2[x], deg (03q;) < Zk}.

N —x]—-..—x2 € QM[q].

n

Quadratic modules are basic concepts in polynomial optimization and moment problems. We
refer to [HKL20, Las15, Lau09, Nie23, Sce09] for recent work in this area.

Let @ C R™ be a closed set and v be a nonnegative Borel measure on R™ such that
supp(v) = Q. We let L*(R™,v) denote the Hilbert space of all L?-integrable functions ¢ on
Q, i.e., [¢(y)*dv(y) < oo. The inner product on L*(R™, v) is given by

(6,0) 2 = / S dvly), 6 € LAR™ v).

A linear functional ¢ on Rly], with y = (y1,...,¥m), is said to satisfy the multivariate
Carleman condition if

- ~3d

(2.3) Z <€(y§d)> =00 for j=1,...,m.

d=0

3. POSITIVSTELLENSATZE WITH UNIVERSAL QUANTIFIERS

This section proves a Positivstellensatz for polynomials f positive on a set K given by a
universal quantifier as in (1.1). Let @ C R™ be a given closed set. We fix a nonnegative
Borel measure v on R™ satisfying the following assumption.

Assumption 3.1. The nonnegative Borel measure v has the support supp(v) = Q and it
satisfies the multivariate Carleman condition

(3.1) i(/y?ddy(y)>_;d:oo for j=1,....m.

d=0

A measure v satisfying (3.1) is known to be determinate (i.e., it is uniquely determined by
its moments [ y*dv(y)) by Nussbaum’s theorem [Nuss], and it is strictly determinate (i.e.,
R[y] is dense in L?*(R™, v)). See, e.g., [Smiil7, Section 14.4] for details and proofs. It is inter-
esting to remark that the Carleman condition (3.1) is automatically satisfied if ) = supp(v)
is bounded.

3.1. Density of SOS polynomials. In this subsection we prove the following strengthening
of the above-mentioned Nussbaum theorem:

Proposition 3.2. Let v be a nonnegative Borel measure satisfying Assumption 3.1. Then
SOS polynomials are dense in the cone of nonnegative functions in L*(R™, v).
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Proof. Suppose that the conclusion is not true. Then there exists a nonnegative function
¢ € L*(R™,v) that is not in the L?-closure of the convex cone ¥?[y]. By the Hahn-Banach
separation theorem (see [Bar02, Theorem III.3.4]), there is a continuous linear functional
¢: L*(R™,v) — R satisfying

(3.2) () SRy, 6(6) <0,

By adding a small multiple of the linear functional f +— [ fdv to ¢, we can without loss of
generality assume there exists ¢ > 0 such that

(o) >e>0 forall o € X?[y] with ||o| 2 =1.

The Riesz representation theorem implies there is h € L?(R™,v) such that

ﬁf)=<ﬁhhz=t/fhm/

for all f € L?*(R™,v). Since Assumption 3.1 holds, R[y] is dense in L*(R™,v) (see, e.g.,
[Smiil7, Theorem 14.2, Section 14.4]). Hence there is a sequence of polynomials {p,}5>, C

R[y] that converges to h in the L?-norm. Applying the Cauchy-Schwartz inequality yields

<f7 h>L2 - <f7 pn>L2

= |{F b= pase| < I1flse llh = pallee
Hence, for n large enough, the continuous linear functional

(33) gn . f = <fa pn)L2

also satisfies (3.2), i.e., £, is nonnegative on X?[y] while it is negative at ¢.

We now adapt the argument in [Smiil7, Theorem 14.25] to show that p, > 0 on supp(v).
The restriction ¢, : Rly] — R is a positive linear functional and satisfies the multivariate
Carleman condition (see [Smiil7, Corollary 14.22]). Hence, by Nussbaum’s theorem, ¢, is of
the form

Glf) = [ ar. v Rl
for some nonnegative Borel measure 7 on R™. Set
My ={y eR™ [pa(y) =2 0}, M_:=R"\M,.

Let x4, x_ denote the characteristic functions of M, M_ respectively. Then define positive
Borel measures

dvy = x4dv, dve =x_dv, dO, =p,dv,, df_ = —p,dv_.

By definition, v = v, +v_, so

/y?k dvy (y) < /yjmc dv(y) for all j,k € N,
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whence v, satisfies the Carleman condition (3.1). Hence, so does 6, again by [Smiil7, Corol-
lary 14.22]. In particular, the measure 6, is determinate. Since df, — df_ = p,dv, we have

/y"‘ b (y) = /y“ dé_(y) +/y“ dr(y) = /y”‘ d(0- +7)(y).
Thus, by determinacy, #, = 6_ + 7. This yields
0=0,(M_)>0_(M)>0,

so_(M_)=0and f_ =0.
Next, assume, for the sake of contradiction, that p,(yo) < 0 for some yo € supp(v). Then
—pn(y) > 6 > 0 for all y in a small ball B around yo. This yields the contradiction

0=6_(B) = / (—paly)) dv_(y) = / (—puly)) du(y) = 6u(B) > 0,

SO pn > 0 on supp(v). Finally, this again leads to the contradiction

0> 0,(6) =/¢pnduzo,

which completes the proof. O

3.2. The Positivstellensatz. Now we consider the set K’ C R™ as in (1.1). Since K is
defined by the universal quantifier y in ), one can equivalently write K as the intersection

(34) K= (){zeR" 1 gi(z,y) >0,...,0:(x,y) > 0}.
yeQ

Clearly, K is closed since each g; is a polynomial. If the quantifier set () is semialgebraic,
then so is K by Tarski’s transfer principle [BCR98]. If @ is not semialgebraic, then K may
not be semialgebraic.

For notational convenience, denote

Jdo = ]-7 g = (.907917"'798)-

For f € R[x], if there exist SOS polynomials 79, 7, ..., Ts € 3?[x, y] such that
(35) 19 =3 [ 7i6x. ) vty
=0

then f(z) > 0 for all z € K since supp(v) = @ by Assumption 3.1. The set of all polynomials
in R[x] that can be represented as in (3.5) is

(3.6) QMlg, v] = {Z/Tj(x,y)gj(x,y) dv(y) | each 7; € Ez[x,Y]}-
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The set QM[g, v| is a convex cone in R[x]. Tt is called the quadratic module associated to g
and v, since
1€ QMlg,v], QMlg,v]+ QM[g,v] € QM]g, ],
2] - QM[g, v] € QMg, v].
Apparently, all polynomials in QM]|g, v] are nonnegative on K. The Positivstellensatz con-
cerns the reverse of this implication. We start with the key Proposition 3.3 stating that the
positivity domain of QM][g, v| is K.

Proposition 3.3. Let v be a nonnegative Borel measure satisfying Assumption 3.1, then we
have

K ={z eR"| f(z) > 0 Vf € QMg,v]}.

Proof. By the definition (3.6), every polynomial in QM[g,v] is nonnegative on K, whence
K C{zeR"|VfeQMg,v]: f(z) >0} = D.

To establish the converse inclusion, assume & ¢ K. Then there is a § € @ and a j €
{1,...,s} such that g;(#,9) < 0. In a small open disk B, (Z,9) of radius ; > 0 about (z, )
in R™™ g:(x,y) < —\ for some A > 0. Consider a continuous function ¢ positive on the
open ball B (g) € R™ and zero outside of the closed ball E% (9). Clearly,

w&%—é¢@%&wNMMGRM

is negative at .
By Proposition 3.2, there is a sequence (0}); in 3?[y] that converges to ¢ in the L*-norm.
Hence, for each z, as k — oo, we have

/ or(y)g;(x,y) dv(y) — / o(y)gj(z,y) dv(y) = ¥(x).
Q Q

In particular, for k large enough,
109 = | oo 9) ) € QMoo

is negative at . That is, £ € D, whence D C K and we are done. 0

3.3. Bounded K. In Positivstellensatze, we typically require that f > 0 on K and the
quadratic module associated to K is archimedean. Since K is given by a universal quantifier
over y € @, we form the quadratic module QM][g, v| and we assume it is archimedean, i.e.,
there exists an integer N > 0 such that

N —x}—...—x2 € QM]g,v].

Clearly, the archimedeanness of QM|[g, v| implies that K is bounded (so it is compact since
it is closed). Conversely, if K is bounded, we can generally assume QM][g, v/] is archimedean,
because one can add the inequality N — >~ z? > 0 (no y) to the description of the set K as

i=1
in (1.1). The following is a generalization of the Putinar Positivstellensatz to sets given by

universal quantifiers.
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Theorem 3.4. Let K C R" be as in (1.1) and assume the measure v satisfies Assumption 3.1.
Suppose QM|g, v| is archimedean. For a polynomial f € R[x], if f > 0 on K, then we have

f € QM]g,v].

Proof. We shall apply Jacobi’s [Jacobi]| strengthening of Putinar’s Positivstellensatz as pre-
sented in [Mar08, Chapter 5|. Consider the archimedean quadratic module M = QM]g, v/|.
By Proposition 3.3, its positivity domain (K, in Marshall’s notation) is equal to K. Hence,
the Jacobi-Putinar Positivstellensatz presented by Marshall in [Mar08, Theorem 5.4.4] im-
plies that every polynomial positive on K,; = K belongs to the quadratic module M =
QM(g, v]. [

Theorem 3.4 clearly yields the following two corollaries.

Corollary 3.5. Let K,QM|g,v] be as in Theorem 3.4 with v satisfying Assumption 3.1.
Then the following are equivalent for f € R[x]:

(i) f >0 on K;

(ii) for alle >0, f+ec € QM][g, v].

Corollary 3.6. Let K,QM|g,v] be as in Theorem 3.4 with v satisfying Assumption 3.1.
Then the following are equivalent:

(i) K =9;

(i) —1 € QM]g, v].

3.4. The non-archimedean case. When the quadratic module QM|[g, V] is not archimedean
(e.g., this is the case when K is unbounded), the conclusion of Theorem 3.4 may not hold.
However, Proposition 3.3 allows us to get a perturbation type Positivstellensatz as in Lasserre-
Netzer [LNO7], for all (including unbounded) K. For r € N, denote

r 2

Q, = ZZ% € R[x].

j=1 k=0
We now have the following Positivstellensatz.

Corollary 3.7. Let K CR" be as in (1.1) and with v satisfying Assumption 3.1. Then the
following are equivalent for f € R[x]:

(i) f >0 on K;
(11) for all e > 0, there exists r € N such that f +£Q, € QM]g, v].

Proof. We shall apply a strengthening of the Lasserre-Netzer perturbative Positivstellensatz
[LNO07, Corollary 3.6] proved in [KMV+] that can handle arbitrary constraints, and is proved
as a corollary of more general results on “moment” polynomials, i.e., polynomials in x and
their formal moments with regard to a probability measure.

Consider the constraint set S = QM][g,v|. In the notation of [KMV+], K(S) = K and
Q(S) = QM|g, v]. Now we simply apply [KMV+, Corollary 6.13] (polynomials nonnegative
on K (S) are up to a perturbation as in (ii) contained in Q(S)) to deduce Corollary 3.7. [
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3.5. Some illustrative examples. In the following examples, the measure v is the classical
Lebesgue measure. Recall that gy = 1.

Example 3.8. Consider f(x) = —x} — x3 + $xIxo + §x1%3 4 8x] 4 8x3 and the set K given

as in (3.4) with
(gl(x,y)) _ ( 1 —xiy] — x3y3 )
g2(x,y) X1Y5 + Xo¥; — 3X1X2¥1Y2

Y1+ y2 <1, }

and Q= {(yhyZ) Y1 20,9220

Note that the Lebesgue measure fulfills Assumption 3.1 when @) is compact. A Positivstel-
lensatz certificate for f € QM][g, v| is

(3.7) Z/ / (%, )9:(x,y) dyrdys,

where the SOS polynomials 7;(x,y) are

0= (25 — x1)* + (2% — %)% + 5(x1 + x2)7,
T = 60(X1Y1 - X2Y2)27
Ty = 20(x1y2 — Xoy1)* + 4(x7 + x3).

One can check the representation (3.7) by a direct evaluation of integrals there.

We remark that a Positivstellensatz certificate for f € QM|g, v] can be computed numeri-
cally by solving a semidefinite program. The following is such an example.

Example 3.9. Consider f(x) = x3x, — x1X3 + X2 + x5 and the set K given as in (3.4) with

<91(X7 Y)) _ <X%Y2 +Xoy] — X1 + X2 — Yl)
92(x,y) Xo¥5 — X3y1 — X1¥2 + X2¥1
and Q= {(y1,92) : |n1] + |yo| < 1}.

Notice that the Lebesgue measure fulfills Assumption 3.1 since () is compact. A Positivstel-
lensatz certificate f € QM|g, v] is

2

(3.8) 169 =3 [ e v)aiten) dy
i=0 /@

where 7;(x,y) are SOS polynomials. We can represent them as

TO(X) = [X]{XO[X]M Tl<X7Y) = [X> Y]F{Xl[& Y]b TQ(X7Y) = [X> Y]F{XQ[)Q Y]lv

where X, X1, Xy are symmetric positive semidefinite matrices. By comparing coefficients
of monomials of x in both sides of (3.8), we get a set of linear equations on Xy, Xi, Xs.
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The matrices Xy, X, X5 satisfying these conditions can be found by solving a semi-definite
program. By using the software SeDuMi, we obtained that

177 [0.0288  0.0988 —0.0265] [1
o= x| | 00988 03385 —0.0909| x|,
x| [—0.0265 —0.0909 0.0244 | |x;
177 [0.0905 —0.0988 0.0455 0.0865 —0.2965] [ 1]
x| [—0.0988 0.1080 —0.0497 —0.0945 0.3239 | |x

7= |x| | 00455 —0.0497 0.0229 0.0435 —0.1492| |x, |,
yi| | 00865 —0.0945 0.0435 0.0827 —0.2835| |y,
v2| [—0.2065 0.3230 —0.1492 —0.2835 0.9717 | |y.]
— T ~

1 0.3787 04577  0.0895  0.5813 —0.1114] [1
x| | 04577  1.9459 —0.0505 1.0328 —0.1879| |x,
7= |x| | 00895 —0.0505 0.0392 0.0998 —0.0203| |x,
yi| | 05813 1.0328 0.0998 0.9704 —0.1836| |y,
ly2] |-0.1114 —0.1879 —0.0203 —0.1836 0.0348 | |ya]

The above matrices in the middle are all positive semidefinite. For neatness, only four decimal
digits are shown (the errors for matching coefficients are in the order of 107!1).

Example 3.10. Consider f(x) =4 — x? — x2 and the set K given as in (3.4) with
gi(xy) = 4y' = 1=y (2y" = Dx] —y*(2y" + 1)x;
and Q=7Z,=1{1,2,...}.

We select the measure v supported on () such that

1 1
V({k'}):gy, for k:1,2,
One can directly calculate that
: 1 = K 1-1 if j=0
J — _ R e ’
/de(y)—e il {Bj it > 1
k=1
In the above, B; denotes the jth Bell number ([FS09, Section I1.3] or [Stal2, p. 82]), which
counts the number of partitions of the set [j] = {1,...,5}. It is interesting to remark that

B; < j!, which can be seen as follows. We assign to each partition [j] = S1U- - -USj a different
permutation as follows: sort each .S; in increasing order, and relabel S; so that the lowest
number in S; is smaller than the lowest number in S;,;. Then each .S; yields a permutation
when it is viewed as a cycle, and the product of the disjoint cycles assigned to the S;’s is a
permutation of [j]. We now claim that v satisfies the Carleman condition (3.1). Indeed, by
Stirling’s approximation for factorials (see, e.g., [FS09, Section 1.2] or [? ]), n! ~ v/27n (g)n,
we have
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The set K is the intersection of infinitely many ellipses. The Positivstellensatz certificate
f € QMg,v] is
f(x) = / To(x, y)dy + / n1(x,y)1(x,y) dy
Q Q

where 79(x,y), 71(%,y) are SOS polynomials. By solving a semidefinite program, we can get

70 ~ 0.1671 + 0.6336y + 0.0990x3 + 0.6005y?,
71 ~ 0.0053 — 0.0100y + 0.0047y>.

For neatness, only four decimal digits are shown in the above (the errors for matching coef-
ficients are in the order of 10712).

In Example 3.10 the set K is compact. Now consider the same () = Z, and the measure
v as in the above example. If g(x,y) = x5 — 2yx; + y?, then the set K D {x; < 0,25 >
0}U{z; > 0,29—2? > 0} is an unbounded convex region, and the quadratic module QM]|g, V|
cannot be archimedean.

4. MOMENT PROBLEMS WITH UNIVERSAL QUANTIFIERS

This section considers K-moment problems for the set K given by a universal quantifier
as in (1.1). Recall from the introduction that a multisequence z = (z,)aene gives rise to the
Riesz functional

(4.1) Z.: Rlx] > R, x% z,.

B D fax®) = D faza

where f, € R are real coefficients. If p is a representing measure for z, then

XZ.(f) = /f(x) dp(z) forall f e Rx].

Equivalently,

If supp(p) € K, then z must satisfy
(4.2) Z.(f) >0 forall feR[x: flx>0.

The multisequence z is said to be K-positive if (4.2) holds. Clearly, being K-positive is
a necessary condition for z to have a K-representing measure. When the set K is closed
(this is the case if K is given as in (1.1)), being K-positive as in (4.2) is also sufficient for
z to be a K-moment sequence. This is a classical result of Riesz and Haviland. The reader
is referred to the surveys [Ber87, Fial6] and books [Akh65, Smiil7] for more details about
classical moment problems.

Using the quadratic module QM[g, ] introduced in (3.6), we have the following character-
ization of a K-moment sequence.

Theorem 4.1. Let K C R™ be as in (1.1) and suppose the measure v satisfies Assump-
tion 3.1. Assume the quadratic module QM|g,v| is archimedean. Then the multisequence
z is a K-moment sequence if and only if the Riesz functional Z, > 0 on QM]|g,v]|, i.e.,

A.(f) > 0 for all f € QM]g,v].
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Proof. (=) If f € QM]g,v], then f|x > 0. Hence (4.2) implies Z. > 0 on QM]g,v].
Conversely, if Z, > 0 on QM|g, V], then Z, is also nonnegative on each f € R[x]| that is
nonnegative on K by Theorem 3.4 or Corollary 3.5. The implication (<) now follows by the
Riesz-Haviland theorem mentioned above. 0

As pointed out by one of the referees, an alternate proof of Theorem 4.1 can be given using
the Jacobi-Putinar Positivstellensatz, cf. [Mar08, Section 5.6].

Corollary 4.2. Let K C R" be as in (1.1) and suppose the measure v satisfies Assump-
tion 3.1. Then the multisequence z is a K-moment sequence if and only if the Riesz func-
tional Z, satisfies Z.(f) > 0 for all f € R[x] with the following property: for all € > 0 there
ezists r € N with f + €, € QM|g, v].

Proof. (=) is obvious since a polynomial f satisfying the perturbation condition in the
statement of the corollary, is nonnegative on K (cf. Proposition 3.3 or Corollary 3.7). For
the converse implication (<) note that f is nonnegative on K if and only if it satisfies
this perturbation condition (again by Corollary 3.7). The conclusion now follows by the
Riesz-Haviland theorem. U

Remark 4.3. As pointed out by one of the referees, a strengthening of Theorem 4.1 holds.
Namely, assume K C R” is as in (1.1), and the measure v satisfies Assumption 3.1. Then,
if the multisequence z itself satisfies the multivariate Carleman condition, then it is a K-
moment sequence iff Z, > 0 on QM|g, v]. Indeed, the proof is essentially the same as that
of Theorem 4.1, but at the final step one applies [IKKM22, Theorem 3.16], a far reaching
extension of the Nussbaum theorem.

In the sequel, we determine concrete conditions on z for Z, > 0 on QM|g, v].

4.1. Moment and localizing matrices. The multisequence z = (z,)aen» gives rise to the
infinite matrix

H[Z] = <2a+5)a75€Nn.
That is, H[z] is the matrix labelled by nonnegative integer vectors «, 5 € N" and

H[Z]oz,ﬁ = Za+p

for all a, 5. It is called the moment matriz or multivariate Hankel matriz of the multisequence
z. For a vector u = (U )aen» with finitely many nonzero entries, we have

u'H[z]u = Z. <u(x)2), where u(x) = Z UaX™.

Hence, if Z, > 0 on %?[x], then H[z] = 0. For a degree k, we denote the truncation
HW[z] = (2a+8)a,8eny -

One can easily verify that H®[z] = 0 if Z. > 0 on ¥2[x] N R[x].
Next we give localizing matrices for the quadratic module QM]|g, v]. For a given multi-

sequence z, ,@Z<fp(x, Y)29;(x,v) du(y)) is a quadratic form in the vector of coefficients of
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p(x,y). For convenience, we use p to denote the vector of coefficients of p(x,y). Let Ll(,'f;,é) (]

be the matrix associated to this quadratic form. Here superscripts k, [ denote degree bounds
on x and y, respectively, so that

. [ pxPa ) ) = o7 (L),
for all p(x,y) € R[x,y] with degrees

(4.3) deg, (p(x,y)%g;(x,y)) < 2k, deg,(p(x,y)°g;(x,y)) < 2L.

Explicit expressions for L gj)[ | can be given as follows. For convenience, denote

(4.4) K=k — [deg,(g;(x,y))/2], U'=1—[degy(g;(x,y))/2].
Then we can write
p(x,y) = p" ([ @ [ylr)
where [x];, denotes the vector of all monomials in x of degrees at most k, and likewise for [y];.
The constraining polynomial g;(x,y) can be written in the form

x,y) = Zgji(x)h] (¥)

for some polynomials g;; € R[x] and hj; € R[y]. Then, one can see that

e ® [yl (il © [y)7 do(y) )
[x]k/[ J£>® ylelylf dv(y) )p
Tdv(y)) @ #-(9;:(x) K<L ) p.

(In the above, when &, is applied to a matrix, it means that it is applied entrywise, for
convenience of notation.) Denote the matrices

v /
@s) ¥ = [l ). LR = 2 (50K
Then we get the expression
v /
(4.6) LEDE] = S vS) @ L.
Note that &’,1" are the degrees defined in (4.4). Observe that ng;)[z] is the localizing matrix
)

for the polynomial g;; € R[x|, and is independent of v. Similarly, the matrices Yyﬁh are

Ji

independent of z. In particular, for gy = 1, we get

(47) LR = ([l ary) o BOLL
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4.2. The full moment problem. We give a full characterization for K-moment sequences
when K is defined by universal quantifiers.

Theorem 4.4. Let K C R" be as in (1.1) and assume the measure v satisfies Assumption 3.1.
Then, for a multisequence z, we have Z, > 0 on QM|g, V] if and only if for all j = 0,1,...,s,

(4.8) LED2) =0, k=1,2,...,1=1,2,....

v,g;5

Moreover, when QM|g,v| is archimedean, then z is a K-moment sequence if and only if it
satisfies (4.8).

Proof. Observe that Z, > 0 on QM|g, v| if and only if

%( / p(x,9)°g;(%,9) dV(?J)) >0

for all 7 and for all p(x,y) € R[x,y]. When p is restricted to have degrees as in (4.3), then

(4.8) follows from the definition of L,(ffg}lj) [z] for all k£ and I. When QM]g, | is archimedean,
the last statement follows from Theorem 4.1. O

When K is given without quantifiers, there is a classical flat extension theorem [CF96,
CF05] that recognizes K-moment sequences. Here, we give a similar flat extension theorem
for sets K defined with universal quantifiers. Let

(4.9) d, = max{1l,deg,(9)}.

Theorem 4.5. Let K C R" be as in (1.1) and assume the measure v satisfies Assumption 3.1.
Let z be a multisequence satisfying (4.8). If there exists k > d, such that

7= rank H¥~%)[;] = rank H®[2],

then z admits an r-atomic measure ju supported in K and  is the unique representing measure
for z.

Proof. By the flat extension theorem [CF96, CF05], we know that z admits an r-atomic
representing measure, say, . Moreover, the p is the unique representing measure for z.
Since z satisfies (4.8), #Z, > 0 on QM]g,v|. Pick an arbitrary f € QM]g,v], then (4.8)
implies that

L¥[2] = 0
for all k = 1,2,.... As in [CF96, CF05], we have supp(p) C {z : f(z) > 0}. As this holds
for all f € QM|g, v|, Proposition 3.3 implies that supp(u) C K. O

4.3. The truncated moment problem. Now we consider w = (wa)aeN;d, a truncated mul-
tisequence of even degree 2d. We look for concrete conditions under which w is a K-moment
sequence, with a representing measure p supported in K. As in the above calculations, for
w to be a K-moment sequence, it must satisfy

(4.10) %’w< / p(x,9)*g;(x,y) dV(y)> >0
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for all j and for all p(x,y) € R[x,y| with the degree

deg, (p(x,y)%g;(x,y)) < 2d.
Note that (4.10) is equivalent to

(4.11) LEDw] =0, k=1,2,...d, 1=1,2,....

v,gj
The following is a generalization of the flat extension theorem in [CF96, CF05].

Theorem 4.6. Let K C R" be as in (1.1) and assume the measure v satisfies Assumption 3.1.
Let w € RN2a be a truncated multisequence satisfying (4.11). If there exists a positive integer
k <d—d, such that

(412) r o= rankH(k)[w] — rankH(d)[w],

then w admits an r-atomic measure p supported in K and p is the unique representing
measure for w.

Proof. By the flatness condition (4.12), the truncated multisequence w can be extended to
a full multisequence z = (24)aene with rank H[z] = r that represents an r-atomic measure
(see Corollary 1.4 of [Lau05]). Moreover, y is the unique representing measure for w (and
also for z). This can be implied by Theorems 1.2 and 1.6 of [Lau05] (also see [CF96]). It
now remains to show that supp(u) C K. For all a(x) € R[x]; and b(y) € R]y];, it holds that

Ao [ 0)s05.) d0(w) = o [ alxPb(0)P5.0) () 2

Since z is an extension of w, which is represented by u, we get

(160 [ oy 9) () = 0

for all f € R[x]. This implies that for each j,

supp(p) C {ﬂf €R" /b(y)ng(x,y) dv(y) > 0} :

The above is true for all b € R[y]; and { = 1,2, .... Hence, as in the proof of Proposition 3.3,
we can infer that the intersection over j of the right-hand side sets in the above equation is
equal to K. That is, supp(u) C K, which completes the proof. O

We remark that the rank condition (4.12) implies that the truncated multisequence w
admits a unique r-atomic representing measure pu, say, w = Aj[ug]ag + -+ + Ap[tr]eq, for
distinct points wy, ..., u, and positive scalars Ay, ..., \,, as in [CF96, CF05]. The condition
(4.11) ensures that all uy,...,u, € K. Note that (4.11) requires it to hold for all l = 1,2,....
If this is not checkable, one can verify u; € K by checking nonnegativity of g(u;,y) on Q.
The following is such an example.
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Example 4.7. For the set
K={zeR*|1-2"y>0 VyeR*:y/ +y, <1},

we consider the truncated multisequence w € RN given such that

- 2 2 5 177
3 0 3 3 18 18
0o 2 _5 _2 1B 1
3 18 9 54 108
2 _5 17 13 7 8
3 18 18 54 108 27
H®[w] =
[w] 2 2 1B 2 23 61
3 9 54 9 162 324
5 13 7 _2 6 _ 17
18 54 108 162 324 648
77 8 6L _ 17 209
L 18 108 27 324 648 648

One can check that rank HY[w] = rank H®) [w] = 3, so the condition (4.12) of Theorem 4.6
holds. As in [CF05], we obtain w = [u1]4 + [u2]4 + [us]4 for the points

21 1 2 1 1
w = —=, = Ug = [ =, = ug = -,—= ).
1 3727 2 3,37 3 3a 9

It is easily seen (e.g., by Holder’s inequality) that these three points belong to the set K.

5. SEMI-INFINITE OPTIMIZATION

An important application of Positivstellensidtze and moment problems with universal quan-
tifiers is to solve semi-infinite optimization. Consider the semi-infinite program (SIP):

{ min f(x)

zeX

(5.1)
st. glr,y) >0 Yyeq.

The constraining function g in (5.1) is the s-dimensional vector of polynomials,

9(x,7) = (1(x. )., 95(x,¥)),

f € R[x], and X C R" is another given constraining set that does not depend on y € R™.
We assume X is given as

(5.2) X={zeR"|¢x)=00€T), c;(x) >0 eT)}.

Here, all ¢;, ¢; are polynomials in x and Z, J are disjoint finite label sets. For convenience
of notation, we denote the polynomial tuples:

Ceq = (ci)ier, Cin = (Cj)jeJ~

Semi-infinite optimization has broad applications, such as Chebyshev approximation [L.S07]
and robustness support vector machines [XCMO09]. Classical methods for solving semi-
infinite optimization include Karush-Kuhn—Tucker multipliers [SS12], discretization methods



POSITIVSTELLENSATZE AND MOMENT PROBLEMS WITH QUANTIFIERS 19

[DM17], and Moment-SOS relaxations [HuN23, WG14]. In this section, we show how to use
Positivstellensiatze and moment problems with universal quantifiers to solve SIPs.

As before, we let v be a nonnegative Borel measure on R™ satisfying Assumption 3.1. We
assume the moments fQ y*dr(y) are available. Then truncations for given degrees of the
quadratic module QM[g, ] can be represented by semidefinite programs.

Proposition 5.1. Let K be as in (1.1) and let v be a Borel measure satisfying Assumption
3.1. Assume that the quadratic module QM|[g, v] + Ideal[c.y] + QM][cin] is archimedean. Then
the optimal value fuim of (5.1) is equal to the optimal value of the following optimization
problem

min Z,(f)
(5.3) st. Z.>0 on QM]|g,v]+ Ideal[c.,] + QM[c;n ],
#.(1) =1, zeRY.

Proof. The feasible set of (5.1) is X N K, where K is as in (1.1). Note that

Ceq(T)
—Ceq(T)

cmzx)

9(x,y)

XNK=<zeR" >0Vy eq

The polynomials ¢; can also be viewed as depending on y trivially. Observe that
QM[(Ceq; _Ceq; Cin, g)7 V] = QM{gu V] + Ideal[ceq] + QM[Cm}

Since QM]|g, v|+1deal[ce,| +QM]c;y,] is archimedean, the set X NK is bounded (cf. Proposition
3.3). Thus the optimal value fu;, is finite, i.e., fmin € R. Hence, fiin equals the minimum
value of the expectation [, . f(z)du(z), over all probability measures y supported in X NK.
When z is a multisequence satisfying the constraints in (5.3), Theorem 4.1 implies that z is
the moment sequence of such a probability measure p. Therefore, fi, is also the minimum

value of (5.3). O

Proposition 5.1 can be used to give Moment-SOS type relaxations for solving the semi-
infinite optimization (5.1). The full multisequence z € RY" can be approximated by its
truncations

w = (Za)aeNgk )

for a degree k. Note that %Z,, > 0 on QM|g, s if and only if
LED[w] =0

v,g; -

for all [ =1,2,... (cf. Theorem 4.4). The constraining polynomials ¢; do not depend on y,

SO
L) = ([ 1avw) - L)
(k,0)

In computational practice, we typically scale v so that [1dv(y) = 1, whence Lyg/ [w] =
ng) [w]. It is also interesting to note that Z, > 0 on QM]|g, v| + Ideal[c.,] + QM]c;,,] if and
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only if Z. > 0 on each of the QM|g, V], Ideal[c,], QM][c;n]. Moreover, Z, > 0 on Ideal|c,]| if
and only if Z, = 0 on Ideal[c,,], since Ideal|c.,] is a subspace of R[x]. Note that %, = 0 on

Ideal[ceq]or is equivalent to L [w] =0, for each i € Z.
Suppose deg(c;) < 2k for each i. Let ”//ngk) [w] denote the vector such that

(5.4) Ro(ci(x)u(x)) = (V2 [w]) u

Ci

for all u(x) € R[x|ok—deg(c;)- The VA [w] is called the localizing vector of the polynomial ¢;,

generated by the truncated multisequence w. It is important to observe that %E%) [w] =0 if
w has a representing measure supported on ¢;(x) = 0.

To get a finite dimensional optimization problem, we choose a finite value for [, e.g., [ = k.
Recall that

%w(f) = Zfawa for f(X) = Zfaxa-

In particular, wy = %, (1) = 1. Therefore, the kth order truncation of (5.3) is

(

Ve =min Y fawe
st’%mm]O@eﬂ,

(5.5) LB [w] = 0(j € 7),

LB ] = 0(j = 0,1,..., s),

wo =1, w & RNV,

\

Note go = 1 in the above. For each given k, (5.5) is a semidefinite program. The length of

the moment vector w is (";r]?k) The vector 7. [w] has length (”;;f;f;a?)) The matrix

Lg;) [w] has length ("Zﬁ?d(s;(i(jﬁﬂ). The length of Ll(,,fé/;) [w] is (™) - ("*). The following is the

convergence property of the moment relaxations (5.5).

Theorem 5.2. Let K be as in (1.1) and suppose the measure v satisfies Assumption 3.1.
Assume QM|g, v] + Ideal[ce,] + QM|cin] s archimedean. Then the sequence (i), of (5.5) is
monotonically increasing and

Ve — fuin as k — oo.

Proof. Clearly, the sequence v is monotonically increasing and v, < fui, for all k. For all
e > 0, the polynomial f(x) — fuin +€>00n X N K, so

f(x) = fmin + € € QM[g, V]ax + Ideal[ceq]or + QM[Cin]2k,
for k large enough, by Theorem 3.4. For each truncated multisequence w that is feasible in
(5.5), we have
R (f(x) = (frin —€)1) 2 0
This implies that
Rw(f) = (froin — €)Zuw(1) = finin — €.

So the optimal value v, > fiin — €. Since € > 0 can be arbitrarily small, the limit of v, must
be fmin- O
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5.1. Sampling. In the expression for the localizing matrix Ll(,k? [w] in (5.5), we need the

matrix Yj(il/), which then requires the moments [ y*dy(y), for the chosen measure v with
supp(v) = Q. If Q is a well-known and understood set (e.g., a box [—1,1]", a simplex, a unit
ball or a sphere), the moments can be given by explicit formulas, such as for the uniformly
distributed probability measure. If @ is not such a convenient set, the moments |, oY dv(y)
may not be readily available. However, this issue can be fixed by sampling.

For a given degree [, the moment vector [[y]y dr(y) can always be written as a sample
average, i.e., there exist points uy,...,uy € @ such that

N

/[?J]m dv(y) = %Z[Ui]%

=1

This is guaranteed by Caratheodory’s theorem [Bar02, Theorem 1.2.3]. To get such sample
points u; can be tricky for some (). In our computation, we assume they are available from the
description of ). Properties for them to satisfy are discussed in Theorem 5.3. Interestingly,
the above sample average is actually the moment sequence of a certain measure whose support
equals supp(v) = @ if the sample size N is large enough. We refer to Remark 5.4 for how
large the sample size N should be. For a given degree d, consider the cone of all possible
moment sequences

(5.6) Py = {/[y]d du(y) ‘ w is a Borel measure on R™, supp(u) C Q}.

Denote the relative interior of Py by relint(Py).

Theorem 5.3. Let Q) be a closed set and let Py be as above. For every & € relint(Py), there
exists a measure v on R™ such that

57) ¢ = [Wadvly). swp() =@
Moreover, for points uy,...,up € Q, if dim Span{[ui]a, ..., [upls} = dim Py, then the sample
average
1
A(ul, Ce ,UD) = 5([U1]d + -+ [uD]d)

belongs to the relative interior relint(Py).

Proof. Consider the subcone

P, = { /[y]d du(y) ‘ p is a Borel measure on R™, supp(u) = Q}~

We show that P, is contained in the relative interior of P;. Let T denote the embedding
Euclidean space of [y]q over all possible y € R™. Then P/, C P, are both convex cones in T.
Let ¢ be any linear functional such that

(>0 on Py, () =0 for some n e P,
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Since £ > 0 on P, and [y]g € P, for all y € @, it is evident that the polynomial p(y) =
is nonnegative on Q. Let p be the Borel measure such that n = [[y]s du(y) and supp(u

Then
0={(n /£ /p(y) du(y).

Since p(y) > 0 on @ and supp(u) = @, the above implies that p(y) = 0 on @, i.e., £ =0
on Py. This shows that every supporting hyperplane of P, passing through any point of P,
must also contain Py entirely. So P, lies in the relative interior of P;. We remark that P} is
dense in P,. To see this, fix a measure v such that supp(v) = Q. Then for every £ € P, and
each integer k£ > 0, we have § + L [yladv(y) € P and it converges to € as k goes to infinity.
Since P} is dense in Py, they have the same relative interior.

So, every & € relint(Py) is the expectation of [y for a certain measure v whose support
equals Q. Let ¢ be a linear functional such that ¢ > 0 on Py. If /(A(us,...,up)) =0, then

Span{[u1]a, ..., [upla} C ker.
If dim Span{[ui]q, ..., [up|a} = dim Py, then
Py C ker L.

f(@/])
)

This implies that ¢ = 0 on P;. The above is true for every linear functional ¢ > 0 on Pjy.
Therefore, A(uy,...,up) lies in the relative interior of P,. O

Remark 5.4. Note that the measure v in (5.7) automatically satisfies the Carleman condition
(3.1) if @ is bounded. However, for unbounded @, we are not sure if (3.1) still holds. For the
case of unbounded (), we may apply the homogenization trick to transform to bounded sets.
We refer to the work [HNY23a, HNY23b] for how to do this. To summarize, to formulate

the localizing matrix Lf,’fé,? [w] in (4.6), we can select sample points uy, ..., uy € @ such that
Span{[uq]a, - . ., [un]z} has maximum dimension, and then let
;N
(5.8) Yie) = 5 2 ) e
t=1

6. NUMERICAL EXPERIMENTS

This section reports numerical examples to show the hierarchy of moment relaxations (5.5)
for solving the SIP (5.1). The computations are implemented in MATLAB R2023b on a
laptop equipped with a 10th Generation Intel®) Core™ 17-10510U processor and 16GB mem-
ory. The moment relaxations are implemented by the software Gloptipoly [HLL09], which
calls the software SeDuMi [StrO1] to solve the corresponding semidefinite programs. For the
SIP (5.1), we use z* and f* to denote the global minimizer and the global minimum value
respectively. The relaxation order is labelled by k. For each k, we use w®) to denote the
minimizer of (5.5). The minimum value of (5.5) is denoted as 7, which is a lower bound for
the SIP (5.1).

The flat extension condition (4.12) can also be used to get minimizers. However, this works
only if the moment relaxation (5.5) is tight for solving the SIP. When (4.12) fails, a practical
way to get an approximate minimizer is to let

Zp = (W w).
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The feasibility of the computed point Z; is measured as the function value
Ok = ryréicrzlgj(:i:k,y), j=1,...,s.

Then 7z satisfies the inequality constraint in (5.1) if and only if

(Sk ‘= min 5k,j > 0.
j€ls]
For each example, if the measure v is not specified, we set it to be the normalized Lebesgue
measure so that v(Q) = 1. The consumed computational time is denoted as time. For
neatness of the presentation, all computational results are displayed with four decimal digits.

Example 6.1. (i) Consider the following SIP from [CG85, WY15]:

zeR?2

61) min 2% + 23 + 324
' st —(I—a2?)’ +z2+22—2,>0 Wyeq,

where @@ = [0, 1]. Computational results for Problem (6.1) are shown in Table 1. The true

T Vi O time(s)
(—0.8433, —0.6041) 0.1803 —0.0310 0.4503
(—0.7847,—-0.6140) 0.1899 —0.0090 0.4991
(—0.7650, —0.6164) 0.1926 —0.0036 0.5749
(— )
(= )

0.7574,—-0.6173) 0.1935  —0.0017 0.9063
0.7541,—0.6176) 0.1940 —9.46-10~* 1.8849

~N O Ot = W

TABLE 1. Computational results for SIP (6.1).

minimizer is x* ~ (—0.7500, —0.6180) with the minimum value f* ~ 0.1945.
(ii) Consider the following SIP:

zeX

62) min (21 — x2) (1 — 1) + (2o — 1) (22 — 1) + (1 — 1) (29 — 1) + 23 + 23
' s.b. miyye — (w122 + 23 4 0.01) (y1ys + 2 + 1) — adyoys >0 Vy € Q,

where the sets are
X =[-10,10* N {(z1,22) : T1x2 + 21 + 1 > 0},
Q={yeR’: 9 >0,42>0,y3>0,1—y1 —yo—y3 > 0}.
As in [Las21], we have the moment formula:

6061!0[2!0[3!
o1, 02,08 o — )
/le S (TR ]

Computational results for Problem (6.2) are shown in Table 2. The true minimizer is z* ~
(0.3705, —0.0371) with the minimum value f* ~ 0.8697.
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k Ty Vi O time(s)
2 (0.3643,—0.0327) 0.8624 —0.0017 0.4783
3 (0.3661,—0.0340) 0.8645 —0.0012 0.6968
4 (0.3671,—0.0347) 0.8658 —9.28 - 1074 3.1540
5 (0.3677,—0.0351) 0.8665 —7.71- 107* 66.2828

TABLE 2. Computational results for SIP (6.2).

Example 6.2. (i) Consider the following SIP:

mﬁg —22(100 — 7y — ) + 23 + 222
SIS

(6.3) St 5251?/2% — $21x2?J1y22 — x9x3y5 + 0.1 >0 Ve,
z3(y7 — v3) + 2312 + T1y2 + 0.1

where Q = {(y1,v2) : yi + v = 1}. We use the sampling as in (5.8) to get moments for v.
Computational results for for Problem (6.3) are shown in Table 3.

Tk Ve (0k,1,0k,2) time(s)
0.1253, —0.0078, —0.0000) —1.5728 (—0.0254, —0.0253) 0.4407
0.1128,—0.0062, —0.0000) —1.2747 (—0.0129, —0.0128) 0.7351

—1.0340 (—0.0016, —0.0016) 4.3025
—1.0247 (—9.52,-9.03) - 10™* 104.4387

U W N &
— — — —

(_
(_
(—0.1016, —0.0051, —0.0000
(—0.1009, —0.0049, —0.0000

TABLE 3. Computational results for SIP (6.3).

The true minimizer is x* ~ (—0.1000, —0.0018,0.0000), with minimum value f* ~ —1.0010.
(ii) Consider the following SIP:

1
min (=2 ) + a2l + adad + wax] — 22l + z120wsny + 1173
xe i=1

(6.4) T2 — o3 T+ ToTy TE— 1T
st yl oy + 20wy 1 — 22 1—ela |y>0 Vyeq,

2 —mzy 1—elz  zme+ 1374

\
where X = {z € R*: 4 — 272 > 0} and
Q={yeR: 1-y"y=0y>0}.

We apply the sampling as in (5.8) to get moments of v. Computational results for Prob-
lem (6.4) are shown in Table 4.
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k T Vi O time(s)
3 (1.3903,—0.0000,—0.7310,0.0000) —16.1250 —3.12- 107 2.0730
4 (0.1252,0.0000, —1.9961,0.0000) —16.1250 2.62- 107 192.2331

TABLE 4. Computational results for SIP (6.4).

The true minimizer is z* ~ (0.1252,0.0000, —1.9961,0.0000), and the minimum value is
f*~ —16.1250.

The following are examples where the quantifier set () is not semialgebraic. For such @,
we typically need sampling to get moments of v. We refer to Remark 5.4 for this issue. Gen-
erally, we pick sample points ui, ..., uy € @ such that Span{[ui]y, ..., [uy]e} has maximum
dimension.

Example 6.3. (i) Consider the following SIP

(6.5) Il’ll)I(l —X1Tox3 + T3 + 23 + T3
. Te
st. (ziwe + Dys + (eT2)ydys + (21 + 20m3)y7 — 0.1 >0 Vy € Q,

where the sets

179 — I3 Z 0

_ 3
X—{xER g3 _1>0

Y A > _y2_y2>
S5—xtx >0, }7 Q:{yERQ 4 — 3% 32_0,}

We apply the sampling as in (5.8) to get moments of v. Computational results for Prob-
lem (6.5) are shown in Table 5.

i‘k Yk 5k time(s)
(—2.0115, —0.6861, —0.6951) —7.4037  —2.7956 0.4233
(0.4350, —0.3706, —2.1618)  —2.2907 —7.89-10~* 0.5196
(0.4350, —0.3706, —2.1618)  —2.2907 —7.71-107* 1.4434
(0.4350, —0.3707, —2.1618)  —2.2907 —6.25-10"% 19.9535

T W N &

TABLE 5. Computational results for SIP (6.5).

The true minimizer is z* ~ (0.4353, —0.3710, —2.1617), and the minimum value is f* ~
—2.2907. They are estimated by applying the 6th order Taylor expansion of the exponential
function.

(ii) Consider the following SIP:

zeX

(6.:6) min 2% — 23 + 7123 + (73 + 23)?
' st T123Y2ys + T1%2Y3 + Toxzyr + (1 + 222 + 23) (1y2 + 2y3) > 0 Yy € Q,
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where X = [—1.5,1.5]* and

— Ty >
Qz{y€R3 2-y"y >0, }

Qs QU1 _ 92 > ()

We apply the sampling as in (5.8) to get moments of v. Computational results are shown in
Table 6.

k i‘k Yk (Sk time(s)
3 (=1.5000, 1.5000, —0.0000) —4.5000 —6.76-10"% 0.7619
4 (—=1.5000, 1.5000, —0.0000) —4.5000 —7.99-107°% 14.9845

TABLE 6. Computational results for SIP (6.6).

The true minimizer is * ~ (—1.5000, 1.5000, 0.0000) and f* ~ —4.5000. They are estimated
by applying the 6th order Taylor expansion of exponential functions.

(iii) Consider the following SIP:

(6.7) { min 7% + 73

st dyt —1— 2202 — a2 — 2 (22 + )22 >0 Yy e,
where () = Z,. We select the same measure v as in Example 3.10. The computational
results are shown in Table 7. For this SIP, the true minimum value f* ~ —2.8284 and the
true minimizer x* ~ (—1.4142,0.0000). We remark that there are numerical issues for solving
the moment relaxation (5.5) when the relaxation order k > 7.

Tp Vi time(s)
(—1.4561,—-0.0000) —3.0874 0.7859
(—1.4322,—-0.0000) —2.9375 0.9379
(—1.4246,—-0.0000) —2.8915 0.8905
(—1.4211,-0.0000) —2.8701 1.0247
(= )
(= )
(= )

1.4191,-0.0000) —2.8581 1.4835
1.4179,—-0.0002) —2.8506 2.4642
1.4156, —0.0002) —2.8424 5.8728

00 ~J O UL = W N

TABLE 7. Computational results for the SIP (6.7).

The following are examples where the quantifier set () is a union of several closed sets, say,
Q=Q1U---UQ, foreach @; CR™.

For each i, let v be a measure on R™ such that supp(v;) = @Q;. Then v =11 +--- 4+ 1y, is a
measure such that supp(v) = @. By the definition, one can see that

QM[97 V] = QM[Q,Vl] +eet QM[97 Vl]'
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Example 6.4. (i) Consider the following SIP:
min (23 + 1.822) + z120w3 + 23 — 225 — 43

TER3
6.8 _ 2\ _
(6.8) ot ( T1ToY1Y2 — T2x3(y1 + U3) 0-01)> >0 VYyeo,

23y} — adyays + 23 (g1 +y5 — 0.1
where () = Q)1 U ()5 is the union of the following two sets:

Q= {yeR:(mn—-17+@—1)°"+ (-1 <1},
Q= {yeR: (-1 +y+ (ys — 1> <1}

We apply the sampling as in (5.8) to get moments of v. Computational results are shown in
Table 8.

k .’fﬁk Yk (5k,1; 5k,2) time(s)
2 (1.8793,2.2691, —0.2007) —3.7910 (—4.4703, —6.6000) 0.5968
3
4

(0.0047,—0.0231,0.6758) —2.0274 (—4.44,—0.58)-107% 1.1363
(0.0047, —0.0230, 0.6758) —2.0274 (—4.42,—0.58) - 1073 48.7642

TABLE 8. Computational results for SIP (6.8).

(ii) Consider the following SIP:

zeX

(6.9 min (23 — x9)? — 3zy23 + 323
' st —ziwe(y? 4+ 293) + 23 (y1 — Youys) + 213 —eTx — 1.4 >0 VyeQ,

where X = {z € R?: 8 — 27z > 0} and

10 —yTy >0
Q= {y € R3 - .
lyal + [yl + lys| =1 =0
Note that () is a union of 8 basic closed semialgebraic sets, that is,
10 —y"y >0,
Q = U Qs1 55 = (Y € R?| 5191 > 0, 59y5 > 0, 5395 > 0,
s1,82,s3€{—1,1} S1Y1 + S22 + S3Ys — 1 2 0

We apply the sampling as in (5.8) to get moments of v. Computational results are shown in
Table 9.

We remark that the flat extension condition (4.12) can also be used to get minimizers when
it holds. This happens only if the moment relaxation is tight for solving the SIP. See the
following example.
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k T Vi Ok time(s)
2 (—24791,0.7284) —12.4135 —6.46 - 107%  0.4755
3 (—2.4791,0.7284) —12.4135 —6.33- 1074 0.7434
4 (-
5 (—

2.4791,0.7284) —12.4135 —6.36-10"* 2.8389
2.4779,0.7272) —12.4099 4.01-10"* 53.6131

— — — —

TABLE 9. Computational results for SIP (6.9).

Example 6.5. Consider the following SIP:

min —x3r
zeX

(6.10) )
sit. (x1+mo)ys — (12 +1) >0 Vy € Q,
where X = {z € R? : 1 — 272 > 0} and

Q={y eR*: || +|yo| <1}

For the relaxation order £ = 2, we get the optimal w* such that

00 L
0 L -1 0 0 o0
e O
40 0 4 -
FEEENa

They are both minimizers for this SIP.

7. CONCLUSIONS AND DISCUSSIONS

We study Positivstellensatze and moment problems for sets that are given by universal
quantifiers. For the set K as in (1.1) given by a universal quantifier y € @, we discuss
representation of polynomials that are positive on K. Let v be a measure satisfying the
Carleman condition (3.1). When the quadratic module QM]|g, v] is archimedean, we show
in Theorem 3.4 that a polynomial f(x) positive on K as in (1.1) must be in QM][g,v]. For
the non-archimedean case, we give a similar result in Corollary 3.7. We also study K-
moment problems for the set K. Necessary and sufficient conditions for a full (or truncated)
multisequence to admit a representing measure supported in K are given. In particular, the
classical flat extension theorem is generalized for truncated moment problems with such a
set K. These results are presented in Theorems 4.1, 4.4 and 4.6, respectively. These new
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Positivstellensatze and moment problems can be applied to solve semi-infinite optimization
(SIP). For the SIP (5.1), a hierarchy of moment relaxations (5.5) is proposed to solve it. Its
convergence is shown in Theorem 5.2. Various examples for semi-infinite optimization are
demonstrated in Section 6.

Our work leads to many intriguing questions to explore in the future. For instance, without
assuming archimedeanness, is there a preordering version of Theorem 3.47 Equivalently,
does there exist a clean algebraic reformulation of the compactness (or emptiness) of the
set K given with a universal quantifier as in (1.1)7 Is there an analog of the Krivine-
Stengle Positivstellensatz for such sets K7 It would also be interesting to establish the
universal Positivstellensitze for matrix-valued polynomials and matrix-valued constraints.
In Theorem 4.6, the condition (4.11) is assumed to hold for all [ = 1,2,.... If it holds for
only finitely many [, the conclusion of Theorem 4.6 may not hold. It would be interesting to
find a finite set of conditions for a truncated multisequence to admit a representing measure
supported in K. Finally, in their previous joint work, the second and third author [KN20]
gave Positivstellenséitze and solvability criteria for moment problems for sets given with
existential quantifiers. A major future task will be to give a common extension of the results
from [KN20] and the present paper, that is, Positivstellensétze and moment problems for
sets given with a combination of universal and existential quantifiers.
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