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Abstract. We prove a Positivstellensatz for operator-valued noncommutative polynomials that
are positive on matrix convex sets. Specifically, let p P BpHq b Cxxy be an operator-valued poly-
nomial of degree at most 2d ` 1, where H is separable and infinite-dimensional. Let Lpxq “

I `
řg

j“1 Ajxj be a monic linear operator pencil, and let DL “ tX | LpXq ľ 0u be the associated
matrix convex set. We show that p is positive on DL if and only if

p “ r˚r ` q˚πpLqq,

where q, r P BpHq b Cxxy have degree at most d, and π is a unital completely positive map
on the operator system generated by the coefficients of L. The proof combines a Hahn–Banach
separation argument with a tailored GNS construction. The main challenge in implementing the
GNS construction in the present context is that the separation occurs in the product ultraweak
topology, so boundedness of the resulting GNS operators is not automatic. We first handle the case
of bounded matrix convex sets, using the closedness of the cone of weighted squares (in the product
ultraweak topology) as the key technical input, and then pass to the general unbounded case via
an approximation argument.

Finally, we apply this convex Positivstellensatz to prove an operator-valued noncommutative
Fejér–Riesz theorem on free products of finite abelian groups. The key additional ingredients are
the universal ˚-algebra povmpnq associated with POVMs, a ‘perfect’ Positivstellensatz for povmpnq,
and Boca’s theorem on free products of completely positive maps. As a consequence, every positive
operator-valued trigonometric polynomial on a free product of finite abelian groups admits a sum-
of-squares factorization with explicit complexity bounds.
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1. Introduction

Positivity and sums of squares lie at the heart of operator theory and real algebraic geometry.
In the commutative setting, the quest for positivity certificates via sums of squares goes back to
Hilbert’s 17th problem in 1900 and is closely intertwined with the development of moment theory
and the Positivstellensätze of Schmüdgen [Scm91] and Putinar [Put93]; for classical results and
modern treatments see [BCR98, Mar08, Sce24].

In the 21st century, ideas from linear systems theory and optimization [SIG98, dOHMP09,
WM21], quantum physics [BCPSW14, NPA07, NPA08], and free probability [MiSp17, VDN92]
helped drive the development of the free, or noncommutative, analog into a broad area of non-
commutative function theory [KVV14, MuSo11, AM15, BMV16, PTD22, Voi04, Voi10]. Among
its central themes are factorization and Positivstellensätze for noncommutative polynomials. An
early milestone is Helton’s theorem showing that positive scalar-valued noncommutative polyno-
mials are sums of squares [Hel02] (see also [McC01]). Recently, Volčič [Vol21] established a proper
noncommutative analog of Artin’s solution to Hilbert’s 17th problem. See also [HM04, HMP04,
Pop95, JM12, JMS21] and the references therein for further developments.

In the noncommutative setting, sums of squares and positivity are often much more closely
aligned than in the classical one. This phenomenon is illustrated by convex Positivstellensätze
[HKM12, HKM17], which give algebraic certificates for polynomials that are positive on free spec-
trahedra, that is, on sets defined by linear matrix inequalities [HM12, Zal17]. Such results now play a
central role in free analysis and matrix convexity [Kri19, ANT19, Pas22, Vol24], and are closely tied
to the theory of completely positive maps and operator systems [Pau03, EW97, DDSS17, FHL18,
EPŠ24]. Similar rigidity is observed in various noncommutative factorization theorems in the style
of Fejér–Riesz [DR10, GW05], e.g., for positivity in free group algebras [McC01, BT07, Oza13] and
virtually-free groups [NT13, KLM+]. We also note limitations of algorithmic approaches to non-
commutative positivity: positivity is undecidable in certain tensor-product settings [MSZ+, Lin+],
and related non-attainment phenomena occur in the commuting-operator setting [FKMPRSZ+].

1.1. Main results. Motivated by these developments, this paper considers positivity for operator-
valued noncommutative polynomials from two complementary perspectives. Our first main result,
Theorem A, is a convex Positivstellensatz. Roughly speaking, it says that if an operator-valued
noncommutative polynomial is positive on a matrix convex set (defined by a linear operator pencil),
then it admits a weighted sum-of-squares certificate of optimal half-degree type. The certificate
involves a ucp map applied to the pencil, reflecting the operator-valued nature of the problem.
The second main result, Theorem B, applies Theorem A to free products of finite abelian groups
and yields an operator-valued noncommutative Fejér–Riesz theorem: every positive trigonometric
polynomial on such a free product admits a representation as a sum of hermitian squares, together
with explicit bounds on the complexity of that representation. Connections between these results
and related work in the literature are outlined in remarks accompanying their statements and in
Subsection 1.2.

We are grateful to Mehta–Slofstra–Zhao [MSZ] for communicating to us an argument that plays
a key role in the proof of Theorem B.

1.1.1. Noncommutative polynomials and linear pencils. Fix a positive integer g. Let xxy

denote the free monoid on the g letters of the alphabet x “ tx1, . . . , xgu. Its multiplicative identity
is the empty word ∅. We endow xxy with the graded lexicographic order. The length of a word
w P xxy is denoted by |w|. The set of all elements (words) of xxy of length (or degree) at most d is
xxyd. Its cardinality is Npdq “

řd
i“0 gi.
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Unless explicitly stated otherwise, H will be a fixed complex separable (infinite-dimensional)
Hilbert space. Let BpHq denote the space of all bounded linear operators on H, and let A denote
the free semigroup BpHq-algebra on x; that is, A “ BpHq b Cxxy “ BpHqxxy. An element p of A
is of the form,

p “

finite
ÿ

wPxxy

Pww, (1.1)

where Pw P BpHq, and is referred to as an (operator-valued) polynomial in x. Let Cxxyd Ă Cxxy

denote the complex-valued polynomials of degree at most d and Ad denote the elements of A of
degree at most d.

Equip A with the involution ˚: on letters, x˚
j “ xj , on a word w “ xi1 ¨ ¨ ¨xin P xxy,

w˚ “ xin ¨ ¨ ¨xi1 ;

and, on a polynomial p as in (1.1),
p˚ “

ÿ

P ˚
ww

˚,

where P ˚
w is the adjoint of the operator Pw in BpHq.

Let X “ pX1, . . . , Xgq be a tuple of bounded operators on some Hilbert space. The evaluation
of p at X is defined as

ppXq “
ÿ

Pw bXw,

where Xw “ Xi1 . . . Xin for w “ xi1 . . . xin . In general, ppXq˚ (the adjoint of ppXq) and p˚pXq are
not the same. They coincide if X is a tuple of self-adjoint operators.

As a special case of an operator-valued polynomial, let K be a Hilbert space, and let L denote
the linear operator pencil (affine linear polynomial)

Lpxq “ P0 `

g
ÿ

j“1
Pjxj ,

where P0, . . . , Pg are bounded self-adjoint operators on K. In the case P0 “ IK, the polynomial L
is a monic linear operator pencil.

For a bounded operator T on a Hilbert space, the notation T ľ 0 means that the operator T is
positive semidefinite (psd). The operator inequality

LpXq :“ P0 b I `

g
ÿ

j“1
Pj bXj ľ 0

is called a linear operator inequality (LOI). Let DL denote the collection of all g-tuples of self-
adjoint matrices X “ pX1, . . . , Xgq of any order such that LpXq ľ 0. We say that DL is bounded
if there exists a natural number N such that supt}Xj} : X P DLu ď N for all j “ 1, . . . , g, where
} ¨ } denotes the operator norm.

Throughout this article, unless explicitly stated otherwise, we fix a monic linear pencil

Lpxq “ I `

g
ÿ

j“1
Ajxj , (1.2)

where the Aj are self-adjoint operators on the Hilbert space K. Let SL Ă BpKq denote the (unital)
operator system spanned by A1, . . . ,Ag, and let C˚pSLq Ă BpKq denote the C˚-algebra generated
by SL. Note that SL is finite-dimensional, and C˚pSLq is separable. We write UCPpSL, BpHqq
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for the set of unital completely positive (ucp) maps from SL into BpHq. For π P UCPpSL, BpHqq,
the linear pencil

πpLq :“ πpIq `

g
ÿ

j“1
πpAjqxj

is monic. If X P DL, then X P DπpLq. Indeed, for such X,

πpLqpXq “ πpIq b I `

g
ÿ

j“1
πpAjq bXj “ pπ b idqpLpXqq ľ 0.

We are now in a position to present our first main result. By the Effros-Winkler Hahn-Banach
theorem [EW97, HM12] combined with a routine density argument, every closed matrix convex set
is of the form DL for a LOI L. Accordingly, Theorem A yields a Positivstellensatz for operator-
valued polynomials that are positive on a closed matrix convex set:

Theorem A. Let H be a separable infinite-dimensional Hilbert space. Let p P BpHq b Cxxy be an
operator-valued polynomial of degree at most 2d ` 1, and let

L “ I `

g
ÿ

j“1
Ajxj P BpKq b Cxxy

be a monic linear pencil. Then the following are equivalent:
(i) For any n P N and any g-tuple of self-adjoint matrices X “ pX1, . . . , Xgq P MnpCqg,

ppXq ľ 0 whenever LpXq ľ 0;
(ii) There exist q, r P Ad and a ucp map π : SL Ñ BpHq such that

p “ r˚r ` q˚πpLqq,

where SL Ă BpKq is the unital operator system spanned by A1, . . . ,Ag.

Remark 1.1. Several remarks related to Theorem A are in order.
(a) Theorem A is stated and proved under the assumption that H is infinite dimensional, so

the finite-dimensional cases are not obtained by a direct specialization of Theorem A.
(b) Nevertheless, when both H and K are finite-dimensional, one recovers [HKM12, Theorem

1.1] after an additional argument; see Theorem 6.1 item (ii). Likewise, when H is finite-
dimensional and K is arbitrary, one recovers [Zal17, Theorem 1.5]; see Theorem 6.1(i).

(c) No assumption is imposed on the dimension of K in Theorem A. However, if K is finite-
dimensional, then one can obtain the sharper representation

p “ r˚r ` q˚pIE b Lqq,

for an auxiliary Hilbert space E ; see Theorem 6.1(iii).
(d) Theorem A is proved in Section 5. The following reformulation of Theorem A is convenient.

Let rΣd,L denote the cone of weighted squares of polynomials of degree at most d,

rΣd,L :“ t r˚r ` q˚πpLqq : r, q P Ad, π P UCPpSL, BpHqq u Ă A2d`1.

With this notation, Theorem A says if p P A2d`1, then p ľ 0 on DL if and only if p P rΣd,L.
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1.1.2. Free products of finite abelian groups. Fix a positive integer m. Let

W “ G1 ˚ G2 ˚ ¨ ¨ ¨ ˚ Gm,

be the free product of finite abelian groups G1, . . . ,Gm.
Every nontrivial w P W admits a unique representation as a reduced word, i.e., w is of the form

w “ g1g2 ¨ ¨ ¨ gk,

where, for each ℓ “ 1, . . . , k, one has gℓ P Giℓ
zteu, and consecutive letters come from different

factors, that is, iℓ ‰ iℓ`1, ℓ “ 1, . . . , k ´ 1. The extent of w is k.
Let E be any separable (finite- or infinite-dimensional) Hilbert space. An element p of BpEq b

CrWs is an operator-valued polynomial of the form (1.1) with Pw P BpEq and each w P W. The
extent of p is the largest extent of a (reduced) word appearing in the sum in equation (1.1).

There is a natural involution ˚ on W. On a word w “ g1g2 ¨ ¨ ¨ gk P W,

w˚ “ g´1
k ¨ ¨ ¨ g´1

2 g´1
1 .

This involution extends to BpEq b CrWs by linearity,

p˚ “
ÿ

P ˚
w w

˚,

where P ˚
w is the adjoint of the operator Pw in BpEq and doing so makes BpEq b CrWs a ˚-algebra.

A polynomial p is hermitian if p˚ “ p. In particular, if p P BpEq b CrWs, then p` p˚ is hermitian.
Given a unitary representation τ of W on a Hilbert space, the evaluation of a polynomial p P

BpEq b CrWs at τ is defined by

ppτq :“
finite
ÿ

wPW
Pw b τpwq.

Note that

ppτq˚ “

finite
ÿ

wPW
P ˚

w b τpwq˚ “ p˚pτq.

Let ΠpWq denote the class of all unitary representations of W on separable Hilbert space. A
polynomial p is called positive, written p ľ 0, if ppτq is positive semidefinite for every τ P ΠpWq.
Thus BpEq b CrWs becomes an ordered ˚-algebra. Moreover, p is hermitian if and only if ppτq is
hermitian for every τ P ΠpWq.

The second main result, Theorem B, is a noncommutative Fejér–Riesz theorem and provides
a sum-of-squares representation for positive operator-valued trigonometric polynomials on a free
product of finite abelian groups. It generalizes [KLM+] (cf. [NT13]) and identifies extent as the
appropriate notion of complexity for optimal positivity certificates. Its proof is given in Section 9 as
a corollary of Theorem A and Boca’s theorem [Boc91]. The argument follows an outline generously
shared with us by Mehta-Slofstra-Zhao [MSZ] (see also [MSZ+]) adapted to handle the operator,
as opposed to scalar, coefficients appearing here.

Theorem B. Let E be any separable (finite or infinite-dimensional) Hilbert space. If p P BpEq b

CrWs is a polynomial of extent d, then the following are equivalent:
(i) For any τ P ΠpWq, ppτq ľ 0;

(ii) There exist a positive integer N and polynomials q1, . . . , qN P BpEq b CrWs of extent at
most td

2 u ` 1 such that

p “

N
ÿ

i“1
q˚

i qi. (1.3)
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Remark 1.2. The following remarks concern Theorem B.
(a) Item (ii) can also be phrased as a factorization result. Letting q “ colpq1, ¨ ¨ ¨ , qN q P

BpE , EN q b CrWs, (1.3) simply states

p “ q˚q.

In particular, if E is infinite-dimensional, then N in (1.3) can be chosen to be one.
In the case that E is finite dimensional the bound N on the number of summands in

(1.3) can be chosen at most pdim Eq p
řm

j“1 |Gj |qNpdq. In particular, it depends only on the
degree of p, the dimension of E and the cardinalities of the Gj .

(b) The proof of Theorem B reduces to the case of finite cyclic groups, Gi “ Zni . (See Subsec-
tion 9.1.) In that case there is a natural notion of degree for polynomials based on placing
the shortlex order on reduced words: given a word w, a polynomial has degree at most w
if it is a BpHq-combination of words u´1v where u, v ď w and has analytic degree at most
w if it is a linear combination of words of length at most w. A slightly stronger version
of Theorem B was proved in [KLM+] for the case where each Gj “ Z2, in that a priori
optimal bounds are obtained. Namely, if p has degree at most w, then p “ q˚q, for some q
with analytic degree at most w. (Here u˚ “ u´1 for a word u.) Since, in this case, degree
at most w implies extent at most |w| (the length of w), it follows that if p has extent at
most 2d, then it factors as p “ q˚q where q has extent at most d. In general, such simple
bounds fail; for instance, see [KLM+, Example 8.1] for Z2 ˚Z3, where it is shown, letting x
denote the generator of Z2 and y a generator of Z3, there is a polynomial of degree y that
does not factor as q˚q for a q of analytic degree at most y.

(c) A scalar-valued variant of Theorem B was suggested in [NT13, Section 6] and proved in
[GoC23, Theorem 3.2.1], but to the best of our knowledge, these proofs do not give rise to
bounds in (1.3) nor do they extend to operator-valued coefficients.

1.2. What’s new.
(1) Recall that, in Theorem A, the polynomials and the pencil L have coefficients in BpHq and

BpKq respectively. The special case where both H and K are finite-dimensional is due to [HKM12],
and its generalization to infinite-dimensional K but still finite-dimensional H is given in [Zal17].
While our proof of Theorem A follows the now-standard sum-of-squares (sos) strategy, the passage
to coefficients in BpHq with H infinite-dimensional introduces new difficulties.

Suppose that a polynomial p P A2d`1 does not belong to the corresponding cone of weighted
squares rΣ2d,L. The Hahn–Banach separation theorem yields a linear functional φ that is nonnega-
tive on that cone and negative on p. In the present operator-valued setting the relevant closedness,
and thus separation, is only available in the product ultraweak topology. To prove this closedness,
we use a canonical tuple A arising from truncated left creation operators on Fock space, together
with coefficient-extraction estimates and uniform control of Gram-type representations. Further,
additional structure arising from completely positive (cp) maps and topologies on spaces of cp maps
is utilized.

The topological considerations and the need to consider cp maps make the representation-
theoretic GNS step more delicate: boundedness of the resulting representing tuple is no longer
automatic. To overcome this, we develop a GNS construction adapted to such ultraweakly contin-
uous separating functionals, where the boundedness of the representing tuple is established within
the construction itself. We first do this when DL is bounded, using the structure of the cone and
coefficient-extraction estimates, and then reduce the general unbounded case to the bounded one
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by approximation. In this way, the GNS construction produces a tuple Y P DL and a representing
vector γ such that

φppq “ xppY qγ, γy ă 0,
certifying p is not positive on DL.

(2) The second part of the paper employs Theorem A to establish a “perfect” Positivstellensatz
for the universal ˚-algebra povmpnq associated with POVMs on t1, 2, . . . , nu (See Theorem 8.5).
Since a group C˚-algebra CrGs of a finite abelian group G depends only on the order |G| of the group
G, it suffices to prove Theorem B for a free product of finite cyclic groups. Free product methods
and Boca’s theorem [Boc91] are then invoked to obtain the desired sum-of-squares representation
for positive operator-valued polynomials on free products of finite cyclic groups.

1.3. Reader’s guide. The paper is structured as follows. Section 2 collects the preliminary ma-
terial used throughout the paper. In particular, we recall some results about completely positive
maps, introduce the cones of weighted squares (appearing in item (ii) of Theorem A), and review
the Fock-space coefficient-extraction machinery from [JKM26]. In Section 3 we introduce the prod-
uct weak operator and product ultraweak topologies on Ad and prove the closedness of the cones
of weighted squares in the product ultraweak topology, see Proposition 3.4. The fact that the cone
is closed allows for an application of the Hahn–Banach Separation Theorem.

Section 4 contains a GNS-type construction. Starting from an ultraweakly continuous linear
functional (obtained from the Hahn–Banach separation) that is nonnegative on the cone of weighted
squares, we construct a Hilbert space, a self-adjoint operator tuple, and a cyclic vector realizing
the functional by evaluation. This construction is the main representation-theoretic ingredient in
the proof of Theorem A. Section 5 then proves Theorem A by combining the closedness results of
Section 3 with the GNS construction from Section 4 and a finite-dimensional compression argument.
In Section 6, we explain how Theorem A recovers, as special cases, earlier results of Helton–Klep–
McCullough [HKM12] and Zalar [Zal17].

Section 7 treats non-monic linear pencils by an affine linear change of variables, and then applies
this framework to a special linear pencil that is used later in the proof of Theorem 8.5. Sec-
tion 8 introduces the ˚-algebra povmpnq, develops its free-product structure, and proves a perfect
Positivstellensatz for its positive elements. Finally, Section 9 combines this Positivstellensatz and
Boca’s theorem to prove Theorem B for operator-valued polynomials on free products of finite
abelian groups.

2. Preliminaries

We combine two classical results about cp maps, namely the Arveson Extension Theorem and
Stinespring Dilation Theorem, in a form that we will use repeatedly throughout the paper. For a
more detailed discussion and for the proofs, we refer the reader to [Dav25, Pau03].

Theorem 2.1 (Stinespring-Arveson). If S Ă A is an operator system contained in a C˚-algebra
A, if E is a Hilbert space, and if π : S Ñ BpEq is a cp map, then there is a Hilbert space F , a ˚-
representation τ : C˚pS q Ñ BpFq and a bounded linear map T : E Ñ F such that πpaq “ T ˚τpaqT,
where C˚pS q is the C˚-algebra generated by S . Moreover, if π is ucp, then T is an isometry; and
if S is finite dimensional and E is separable, then F can be chosen separable as well.

Remark 2.2. A separable choice of F is possible since C˚pS q and E are both separable. In fact,
the conclusions of Theorem 2.1 hold with S replaced by any operator system S 1 Ą S for which
C˚pS 1q is separable.
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2.1. Convex cone of weighted squares. Index HNpdq and ANpdq

d (the algebraic direct sum of Ad
with itself Npdq times) by xxyd. For positive integers µ, let Vµ P AN

d denote the Veronese column
vector whose w P xxyd entry is w (adopting the usual convention of viewing w as the BpHq-valued
polynomial IHw). For instance, if g “ 2 and d “ 2, then

V2 “ col
`

1 x1 x2 x2
1 x1x2 x2x1 x2

2
˘

.

Let Σd denote the cone of squares of polynomials of degree at most d,

Σd :“ t r˚r : r P Ad u Ă A2d. (2.1)

Given r P Ad, the row vector R with w entry Rw is called the coefficient vector of r since r “ RVd.
In particular,

r˚r “ V ˚
d R

˚RVd

so that r˚r has a representation as V ˚
d GVd for a psd block matrix G. It was proved in [JKM26,

Proposition 2.2] (see also [JKM26, Remark 2.4]) that Σd is a convex cone.
We introduce two new cones of weighted squares. Let rΣd,L denote the cone of weighted squares

of polynomials of degree at most d,

rΣd,L :“ t r˚r ` q˚πpLqq : r, q P Ad, π P UCPpSL, BpHqq u Ă A2d`1, (2.2)

and
rΣd`1,d,L :“ t r˚r ` q˚πpLqq : r P Ad`1, q P Ad, π P UCPpSL, BpHqq u Ă A2d`2. (2.3)

It is clear that rΣd,L Ă rΣd`1,d,L. We will suppress the subscript L when it is clear from the context.

Proposition 2.3. The cones of weighted squares rΣd and rΣd`1,d defined in (2.2) and (2.3), respec-
tively, are closed under addition.

Proof. We establish the result for rΣd, the case of rΣd`1,d being similar.
It is enough to show that

q˚
1π1pLqq1 ` q˚

2π2pLqq2 P rΣd

for any q1, q2 P Ad and π1, π2 P UCPpSL, BpHqq. Because H is infinite dimensional there is a
unitary U : H ‘ H Ñ H. The result now follows from the identity,

q˚
1π1pLqq1 ` q˚

2π2pLqq2 “
“

q˚
1 q˚

2
‰

„

π1pLq 0
0 π2pLq

ȷ „

q1
q2

ȷ

“
“

q˚
1 q˚

2
‰

U˚U

„

π1pLq 0
0 π2pLq

ȷ

U˚U

„

q1
q2

ȷ

“ q˚πpLqq,

where q “ U

„

q1
q2

ȷ

P Ad and π “ U

„

π1 0
0 π2

ȷ

U˚ P UCPpSL, BpHqq. □

2.2. Fock space and coefficient extraction. This subsection reviews the full Fock space and the
creation operators, introduces their symmetrized versions in (2.5) (compressed to a suitable finite-
dimensional subspace), and summarizes relevant results from [JKM26, Section 3]. One difference
here is that we (implicitly) work with a scaled version of the creation operators. See equation (2.6).

The full Fock space can be defined over any Hilbert space. The full Fock space over Cg, denoted
F2

g , is:

F2
g “

8
à

n“0
pCgqbn,
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where pCgqb0 :“ C represents the vacuum vector Ω. Thus elements of F2
g are sequences pψ0, ψ1, ψ2, . . . q

with ψn P pCgqbn and }pψ0, ψ1, ψ2, . . . q}2 “
8
ř

n“0
}ψn}2 ă 8.

2.2.1. Left creation operators. Let te1, . . . , egu be any orthonormal basis of Cg. With any w “

xi1 . . . xin P xxy, associate a vector
ew “ ei1 b ¨ ¨ ¨ b ein P pCgqbn.

The set tew : w P xxyu forms an orthonormal basis for F2
g , with e∅ corresponding to the vacuum

vector Ω.
For each j “ 1, . . . , g, define the left creation operator Cj on F2

g by

Cjpewq “ exjw P pCgqbp|w|`1q, pw P xxyq. (2.4)
Clearly, each Cj is an isometry. Moreover C˚

i Cj “ 0 if i ‰ j.

Fix a positive integer d ě 2d ` 2. Let F2
g,d denote the subspace of F2

g spanned by tew : w P xxydu

and ι “ ιd : F2
g,d Ñ F2

g the inclusion. Thus, for instance, for |w| ď d,

ι˚Cjιew “ ι˚Cjew “

#

exjw if |w| ă d

0 if |w| “ d.

Similarly, if |v| ď d, then

ι˚C˚
j ιev “ ι˚C˚

j ev “

#

eu if v “ xju

0 otherwise.

Let A “ pA1, ¨ ¨ ¨ , Agq be defined as
Aj “ ι˚pCj ` C˚

j qι. (2.5)
Because

LptAq “ I ` t

g
ÿ

j“1
Aj bAj ľ

1
2I

for all sufficiently small t ą 0, a rescaling of the variables x ÞÑ tx allows us to assume, without loss
of generality, that

LpAq ľ
1
2I. (2.6)

To streamline the exposition, we suppress the corresponding scaling factors in the sequel.

Lemma 2.4 ([JKM26, Lemma 3.2]). The Npdq ˆNpdq scalar matrix Ed with transpose

EJ
d “

“

xAwΩ, evy
‰

v,wPxxyd

is invertible.

2.2.2. Extraction formula for coefficients. Let q “
ř

Qww P Ad, and let Q be the coefficient
row vector of q. For v P xxyd define the linear functional

Ωv : BpF2
g,dq Ñ C; ΩvpT q “ xTΩ, evy.

The operator coefficients Qv are obtained from qpAq by solving the linear system

Zvpqq :“ pidBpHq b ΩvqqpAq “
ÿ

w

Qw b ΩvpAwq

“
ÿ

w

xAwΩ, evyQw “
ÿ

w

rEJ
d sv,wQw,
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where rEJ
d sv,w is the pv, wq entry of the matrix EJ

d . In short,

Zpqq “ QEd, (2.7)

where Zpqq and Q are row vectors with Zvpqq and Qv as the vth entry of Z and Q, respectively.
Since, by Lemma 2.4, Ed is invertible,

Q “ ZpqqE´1
d . (2.8)

We refer to E as the extraction matrix, and equation (2.8) as the extraction formula for the coeffi-
cients of q. Note that the extraction formula depends only upon qpAq; that is, the coefficients of q
are determined uniquely by qpAq.

It follows from equation (2.8) that there exists a positive constant λd (independent of q) such
that

}Qw} ď λd }qpAq} for all w P xxyd. (2.9)
Recall the Veronese column vector Vµ from the outset of Subsection 2.1. Given a p P Σd, set

Γp “ tG P BpHqNpdqˆNpdq : G ľ 0, V ˚
d GVd “ p u. (2.10)

Proposition 2.5 ([JKM26, Proposition 3.3]). For p P Σd the set Γp is non-empty and norm
bounded pwith respect to the operator norm on BpHNpdqqq. More precisely, there exists a constant
µd pdepending only on d and g and not on pq such that, for all G P Γp,

}G} ď µd }ppAq}.

3. Topologies on Ad

In this section we introduce two topologies on Ad used in the sequel and prove that the cone of
weighted squares rΣd`1,d is closed in the product ultraweak topology, defined immediately below.

Identify each polynomial p “
ř

wPxxyd
Pww P Ad with its coefficient tuple pPwqwPxxyd

P BpHqxxyd .
We equip Ad with the product weak operator topology (WOT) and the product ultraweak topology
inherited from BpHqxxyd . Thus a net of polynomials

pα “
ÿ

wPxxyd

Pα,ww

converges to a polynomial p “
ř

w Pww if and only if Pα,w Ñ Pw for each w P xxyd in the WOT,
respectively in the ultraweak topology. In either case, Ad is a locally convex topological vector
space.

3.1. Point-WOT. To pass to limits of completely positive maps, we use the following topology.
Let E be a closed subspace of a C˚-algebra and K a Hilbert space. A net pπαqα in BpE, BpKqq

converges to π in the point-WOT topology if παpaq Ñ πpaq in the WOT for all a P E. Complete
positivity is preserved under point-WOT limits. The closed unit ball of BpE, BpKqq is compact
Hausdorff in the point-WOT; see [Dav25, Definition 14.7.6].

3.2. Closedness of the cone rΣd`1,d. Recall that A has been scaled so that LpAq ľ 1
2 ; see (2.6).

Let T pHq denote the trace-class operators on H. The space T pHqxxyd , equipped with the norm

}pTwqw}1 “
ÿ

wPxxyd

}Tw}1,

is a Banach space. Its dual is BpHqxxyd with norm

}pBwqw} “ max
wPxxyd

}Bw}.
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Under this identification, the weak-˚ topology induced by T pHqxxyd coincides with the product
ultraweak topology. Accordingly, for

p “
ÿ

wPxxyd

Pww P Ad,

we define
}p} :“ max

wPxxyd

}Pw}.

This norm is relevant only for this subsection.

Proposition 3.1. For any t ą 0, the set
rΣd`1,d,t :“ t p P rΣd`1,d : }p} ď tu

is closed in the product ultraweak topology on Ad. The same holds with rΣd`1,d,t replaced by rΣd,t.

The proof uses the following two lemmas.

Lemma 3.2. Let H be a fixed separable infinite-dimensional Hilbert space. If S is a finite-
dimensional unital operator system, E is a separable (infinite-dimensional) Hilbert space and ψ :
S Ñ BpEq is completely positive (cp), then there is a ucp map π : S Ñ BpHq and a bounded
operator V : E Ñ H such that

ψpXq “ V ˚πpXqV

for all X P S .

Proof. By Theorem 2.1, there exists a separable (infinite-dimensional) Hilbert space F , a ˚-representation
τ : C˚pS q Ñ BpFq, and a bounded operator T : E Ñ F such that ψpXq “ T ˚τpXqT. Since H and
F are both separable and infinite dimensional, there is a unitary operator U : F Ñ H. The map
π : S Ñ BpHq defined by

πpXq “ UτpXqU˚

is cp. Setting V “ UT gives,

ψpXq “ T ˚τpXqT “ T ˚U˚πpXqUT “ V ˚πpXqV. □

Lemma 3.3. Let S “ spantI,B1, . . . , Bhu be a finite-dimensional operator system with Bj self-
adjoint and h ě g. Let pΛαqα be a net of monic linear pencils

Λαpxq “ I `

g
ÿ

j“1
Dα,jxj ,

such that ΛαpAq ľ 1
2 and Dα,j P spantB1, . . . , Bhu. Suppose Dα,j Ñ Dj in norm for each j, and

set

Λpxq “ I `

g
ÿ

j“1
Djxj .

Let rα P Σd`1, qα P Ad, and πα P UCPpS , BpHqq, and define

pα “ rα ` q˚
απαpΛαqqα.

If there exists κ ą 0 such that }pα} ď κ for all α and ppαqα converges to p in the product ultraweak
topology, then there exist r P Σd`1, q P Ad, and π P UCPpS , BpHqq such that

p “ r ` q˚πpΛqq.

The same conclusion holds with Σd`1 replaced by Σd.
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Proof. Recall the tuple A from equation (2.5) derived from the creation operators and scaled so
that LpAq ľ 1

2 . Choose K ě κ
ř

wPxxy2d`2
}Aw} and note,

}pαpAq} ď }pα}
ÿ

wPxxy2d`2

}Aw} ď K.

Since rα P Σd`1 and παpΛαqpAq ľ 1
2 ,

0 ĺ rαpAq,
1
2q

˚
αqαpAq ĺ pαpAq,

and hence }rαpAq}, }qαpAq} ď K.
Let Gα P Γrα . By Proposition 2.5, the family pGαqα is uniformly bounded. By Banach–Alaoglu,

there exists a subnet pGβqβ converging ultraweakly to some G ľ 0. Set r “ V ˚
d`1GVd`1, where

Vd`1 is the Veronese column vector from Subsection 2.1. Using (2.8), evaluation at A determines
coefficients, hence rβ Ñ r in the product ultraweak topology.

Let Qβ denote the coefficient row vector of qβ so that qβ “ QβVd. The maps

ψβ : S Ñ BpHNpdqq; X ÞÑ Q˚
βπβpXqQβ

are cp. By equations (2.9) and the uniform bound on }qαpAq},

sup
β

}Qβ} ă 8.

Thus the net of cp maps pψβqβ is uniformly bounded in the operator norm. Therefore, there exists
a subnet pψγqγ of pψβqβ that converges to some cp map say ψ : S Ñ BpHNpdqq in the point-WOT.
By Lemma 3.2, there exists a ucp map π : S Ñ BpHq and a bounded operator Q : HNpdq Ñ H
such that

ψpXq “ Q˚πpXqQ.

Since pψγqγ converges to ψ in the point-WOT, the net ψγpIKq “ Q˚
γQγ converges to ψpIKq “ Q˚Q

in the WOT. Likewise, since also the nets pDγ,jqγ norm converge to Dj and the maps ψγ are
uniformly norm bounded, the net ψγpDγ,jq converges to ψpDjq in the WOT for each j. Hence, from
the identity,

q˚
γπγpΛγqqγ “ V ˚

d Q
˚
γ

´

IH `

g
ÿ

j“1
πγpDγ,jqxj

¯

QγVd

“ V ˚
d Q

˚
γQγVd ` V ˚

d

´

g
ÿ

j“1
ψγpDγ,jqxj

¯

Vd,

it follows that q˚
γπγpΛγqqγ converges in the product WOT on Ad to

V ˚
d Q

˚QVd ` V ˚
d

´

g
ÿ

j“1
ψpDjqxj

¯

Vd “ V ˚
d Q

˚QVd ` V ˚
d Q

˚
´

g
ÿ

j“1
πpDjqxj

¯

QVd

“ V ˚
d Q

˚πpΛqQVd “ q˚πpΛqq,

where q “ QVd P Ad. Hence pγ “ rγ ` q˚
γπpΛγqqγ converges to r` q˚πpΛqq P rΣd`1,d in the product

WOT on Ad. Since, by assumption, ppαq also converges in the product ultraweak topology to p, it
follows that p “ r ` q˚πpΛqq as desired. □
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Proof of Proposition 3.1. Let pα P rΣd`1,d,t converge ultraweakly to p. Since Ad is a dual space, the
norm is weak-˚ lower semicontinuous, hence }p} ď t. It remains to show p P rΣd`1,d.

Write pα “ rα ` q˚
απαpLqqα for some rα P Σd`1, qα P Ad, and πα P UCPpSL, BpHqq. Choosing,

in Lemma 3.3, S “ SL, each Λα “ L and each Dα,j “ Aj , the net ppαq satisfies the hypotheses of
that lemma with Λ “ L. Hence, there exists r P Σd`1, q P Ad and π P UCPpSL, BpHqq such that

p “ r ` q˚πpLqq P rΣd`1,d. □

Since A2d`1 is closed in Ad in the product ultraweak topology, the result for rΣd,t follows by
noting that

rΣd,t “ rΣd`1,d,t X A2d`1,

see Lemma 5.2.

Proposition 3.4. The cone rΣd`1,d is closed in the product ultraweak topology on Ad. The same
holds for rΣd.

Proof. Combine Proposition 3.1 and the Krein–Smulian theorem [Dav25, Theorem 3.6.2]. □

4. GNS construction

This section is devoted to the proof of the GNS-inspired result Theorem 4.1 below.

Theorem 4.1. Suppose DL is bounded. If φ : A2d`2 Ñ C is a continuous (in the product ultraweak
topology) linear functional such that, for all q P rΣd`1,d,

φpqq ě 0,
then there exist a separable Hilbert space E, a g-tuple Y “ pY1, . . . , Ygq of bounded self-adjoint
operators on E, and a vector γ P H b E such that LpY q ľ 0, and

φpq˚rq “
@

rpY qγ, qpY qγ
D

HbE for all r P Ad`1 and q P Ad. (4.1)
Therefore, for all p P A2d`1,

φppq “ xppY qγ, γy.

Remark 4.2. While the construction of the auxiliary Hilbert spaces and coordinate maps in
Subsections 4.1 and 4.2 proceeds without topological assumptions on DL, the boundedness of DL

is strictly necessary to ensure the boundedness of the left-multiplication operators Yj defined in
Subsection 4.3. More precisely, this assumption is used in the Subsubsection 4.3.1.

We begin with a brief outline of the argument. We first encode the linear functional φ by an
Npd ` 1q ˆNpd ` 1q positive trace-class block matrix S “ rSu,vsu,vPxxyd`1 , which induces a positive
sesquilinear form on the vector space V “

À

wPxxyd`1
H. Passing to the quotient by the null space

and completing, we obtain an auxiliary Hilbert space M.

For each word w P xxyd`1, we consider the “coordinate” map Φpwq : H Ñ M that places a vector
first in the w-th component in V followed by the canonical projection V Ñ M. The Hilbert space
E Ď M is then obtained as the closure of the subspace generated by the ranges of the coordinate
maps corresponding to words of degree at most d. We then define operators Y1, . . . , Yg on E via
left-multiplication maps. Using the positivity of φ on rΣd`1,d, we show that each Yj is well-defined,
bounded, and self-adjoint.

Next, using the coordinate map corresponding to the empty word, we construct a vector γ P HbE
that satisfies (4.1). Moreover, the set t qpY qγ : q P Ad u is dense in HbE . Finally, using this density
together with the assumption that φ is nonnegative on rΣd`1,d, we show, by testing against ucp
maps, that LpY q ě 0.
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We now carry out this construction in detail. The proof proceeds in five steps.

4.1. The positive block matrix S and an auxiliary Hilbert space M. We begin by encoding
the functional φ into a positive block operator matrix S and using S to construct a Hilbert space.

Since φ is ultraweak continuous, there exist trace class operators Sw pw P xxy2d`2q in BpHq such
that

φppq “
ÿ

wPxxy2d`2

Tr pSwPwq,

where p “
ř

wPxxy2d`2
Pww. Denote by S the Npd ` 1q ˆNpd ` 1q block matrix whose pv, wq entry

is Sw˚v. For r “
ř

vPxxyd`1
Rvv and r1 “

ř

wPxxyd`1
R1

ww, we have

φpr˚r1q “
ÿ

v,wPxxyd`1

Tr pSv˚wR
˚
vR

1
wq. (4.2)

Letting R denote the row operator R : HNpd`1q Ñ H, with Ru as the u-th element, gives

φpr˚rq “
ÿ

v,wPxxyd`1

Tr pSv˚wR
˚
vRwq “

ÿ

v,wPxxyd`1

Tr p rSsw,vrR˚Rsv,w q “ Tr pSR˚Rq.

Given a psd operator T P BpHNpd`1qq, factor T “ R˚R for some R : HNpd`1q Ñ H (using H is
infinite-dimensional), let r “

ř

Ruu, where Ru is the uth element of the row operator R and note

Tr pST q “ Tr pSR˚Rq “ φpr˚rq ě 0.

It follows that S ľ 0.
We now use the operator S to define a Hilbert space via a GNS-type construction. Consider the

vector space
V “

à

wPxxyd`1

H.

Equip V with the sesquilinear form

xpξwqw, pηvqvyV :“ xSpξwqw, pηvqvyHNpd`1q “
ÿ

vPxxyd`1

A

ÿ

wPxxyd`1

rSsv,wξw, ηv

E

H

“
ÿ

v,wPxxyd`1

xSw˚vξw, ηvyH “
ÿ

v,wPxxyd`1

xξw, Sv˚w ηvyH.

This form is psd by the positivity of S. Let

N “ tz P V : xz, zyV “ 0u

denote its subspace of null vectors, and let M denote the Hilbert space obtained by the completion
of the quotient space V{N . Clearly, M is separable. Let ρ : V Ñ M denote the quotient map
(followed by the inclusion of V{N into M).

4.2. The coordinate maps Φpwq and the Hilbert space E. We now introduce coordinate maps
that allow us to identify coefficient vectors inside the Hilbert space M and use them to construct
the Hilbert space E as a subspace of M.

For each word w P xxyd`1, define a linear map

Φpwq : H Ñ V; ξ ÞÑ
“

pδv,wξqvPxxyd`1

‰

,

where δv,w denotes the Kronecker delta. Thus, for all v, w P xxyd`1 and ξ, η P H,
@

Φpwqξ, Φpvqη
D

V “ xξ, Sv˚w ηyH. (4.3)
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For later use, observe, identifying Φpwq with ρ ˝ Φpwq, equation (4.3) gives Φpwq˚Φpwq “ Sw˚w.
Since Sw˚w is trace class, each Φpwq is a Hilbert–Schmidt operator and moreover,

Φpwq˚Φpvq “ Sv˚w. (4.4)

We define the Hilbert space E as

E :“ span
␣

pρ ˝ Φpwqqphq : |w| ď d, h P H
(

Ď M.

The Hilbert space E will serve as the space on which the operators Y1, . . . , Yg act.

4.3. The operator tuple Y . We now define operators corresponding to the noncommuting vari-
ables and show that they act as bounded self-adjoint operators on E .

We consider a subspace of the vector space V. Let

D :“ spant Φpwqξ : w P xxyd , ξ P Hu Ă V.

Note that the Hilbert space E is the closure of ρpDq in M. For each j “ 1, ¨ ¨ ¨ , g, define a linear
map ∆j : D Ñ V by

∆jpΦpwqζq “ Φpxjwqζ.

We first show that ∆j behaves well with the null vectors in D X N . Suppose f “
ř

wPxxyd
Φpwqξw P

D X N . Given v P xxyd and η P H an application of equation (4.4) gives,
@

∆jpfq, Φpvqη
D

V “
ÿ

wPxxyd

xξw, Sv˚xjwηyH “
ÿ

wPxxyd

xξw, Spxjvq˚wηyH “
@

f, Φpxjvqη
D

V “ 0.

It follows that x∆jf, gyV “ 0 for f P D X N and g P D .

Let PE denote the projection of M onto E . The computation above says that if f P D X N , then
PEρp∆jpfqq “ 0. Hence, for each j “ 1, ¨ ¨ ¨ , g, we obtain a linear map p∆j : D Ñ E defined by

p∆jf “ PEρp∆jfq (4.5)

that maps D X N to 0. Finally, for each j “ 1, ¨ ¨ ¨ , g, we define a linear map Yj : D{pN X Dq Ñ E
by

Yjρpfq “ PEρp∆jpfqq,

for f P D .

4.3.1. The Yj are bounded. The boundedness of the Yj rests on the following fact.

Lemma 4.3. If DL is bounded, then there exists a constant c ą 0 such that c ˘ xj P rΣd for any
d ě 0. Moreover, the constant c does not depend on d.

Proof. Since DL is bounded, there exists a constant c ą 0 such that sup
XPDL

}Xj} ď c for all j “

1, . . . , g. Fix j P t1, . . . , gu. Let

Ljpxq “ IH ´
1
c
xj .

Since DL Ď DLj , an application of [DDSS17, Theorem 5.13] (see also [Zal17, Theorem 1.1]), pro-
duces a ucp map πj : SL Ñ SLj Ă BpHq such that

πjpAiq “ ´ δi,j
1
c
IH,

where δi,j is the Kronecker delta. It follows that πjpLq “ I ´ 1
cxj P rΣd as desired. □
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We now show that Yj is bounded. For f P D , we have

xYjρpfq, ρpfqyE ď c xρpfq, ρpfqyE ,

with c as in Lemma 4.3. Indeed, for f “
ř

wPxxyd

Φpwqξw P D ,

A

Yj ρ
´

ÿ

wPxxyd

Φpwqξw

¯

, ρ
´

ÿ

wPxxyd

Φpwqξw

¯E

E
“

ÿ

v,wPxxyd

x ρpΦpxjwqξwq, ρpΦpvqξvqyM

“
ÿ

v,wPxxyd

xΦpxjwqξw,ΦpvqξvyV “
ÿ

v,wPxxyd

xξw, Sv˚xjwξvyH

“
ÿ

v,wPxxyd

xSw˚xjvξw, ξvyH “
ÿ

v,wPxxyd

Tr pSw˚xjv ξwξ
˚
v q

“
ÿ

v,wPxxyd

φ pξwξ
˚
v w

˚xjvq “ φ
´

ÿ

v,wPxxyd

ξwξ
˚
v w

˚xjv
¯

“ φ
´

ÿ

v,wPxxyd

R˚
wRvw

˚xjv
¯

“ φpr˚xjrq,

where r “
ř

wPxxyd
Rww, and Rw is the rank-one operator that maps h P H to xh, ξwy e for some

fixed unit vector e in H. An application of Lemma 4.3 (with c´ xj P rΣd) gives,
A

Yj ρ
´

ÿ

wPxxyd

Φpwqξw

¯

, ρ
´

ÿ

wPxxyd

Φpwqξw

¯E

“ φpr˚xjrq ď c φpr˚rq.

Essentially the same calculation also gives,

φpr˚rq “

›

›

›
ρ
´

ÿ

wPxxyd

Φpwqξw

¯›

›

›

2
.

Hence xYjρpfq, ρpfqyE ď c xρpfq, ρpfqyE for all f P D . The same argument (with instead c`xj P rΣd)
also shows ´c xf, fyE ď xYjf, fyE . Since xYjf, fy is real for all f, it follows from polarization that
Yj is self-adjoint. Because |xYjf, fy| ď c}f} for all f and Yj is self-adjoint, Yj is bounded with
}Yj} ď c. Finally, Yj extends to a bounded self-adjoint operator on E .

We now give the details of the polarization argument sketched above. For f, g P D , by the
polarization identity for sesquilinear forms we get

xYjρpfq, ρpgqy “
1
4

3
ÿ

k“0
ιk
@

Yjρpf ` ιkgq, ρpf ` ιkgq
D

.

Thus,

| xYjρpfq, ρpgqy | ď
c

4

3
ÿ

k“0
}ρpf ` ιkgq}2 “ c p}ρpfq}2 ` }ρpgq}2q.

We claim that | xYjρpfq, ρpgqy | ď 2c }ρpfq} }ρpgq} for all f, g P D . If ρpfq “ 0, then this is trivially
true. Assume ρpfq ‰ 0. For any real number t ą 0, we have

| xYjρpfq,
1
t
ρpgqy | ď cp}ρpfq}2 `

1
t2

}ρpgq}2q.

This implies that

| xYjρpfq, ρpgqy | ď cpt}ρpfq}2 `
1
t

}ρpgq}2q
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for all t ą 0. By the AM-GM inequality, we get that

t}ρpfq}2 `
1
t

}ρpgq}2 ď 2 }ρpfq} }ρpgq},

where equality holds when t “ }ρpgq}{}ρpfq}. Finally, we get that

| xYjρpfq, ρpgqy | ď 2c }ρpfq} }ρpgq}

for all f, g P D . This proves that Yj are bounded on D{pN X Dq, and hence, can be extended to
bounded operators on E .

4.3.2. The Yj are self-adjoint. If v, w P xxyd and ξ, η P H, then
@

YjρpΦpwqξq, ρpΦpvqηq
D

E “
@

ρp∆xj Φpwqξq, PEρpΦpvqηq
D

M “
@

Φpxjwqξ,Φpvqη
D

V

“ xξ, Sv˚xjwηyH “ xξ, Spxjvq˚wηyH “
@

Φpwqξ, ∆xj Φpvqη
D

V

“
@

Y ˚
j ρpΦpwqξq, ρpΦpvqηq

D

E .

This proves that Yj are self-adjoint.

4.4. The representing vector and evaluation. We now construct a vector γ P H b E that
realizes the functional φ.

Let HSpH, Eq denote the Hilbert-Schmidt operators from the Hilbert space H to the Hilbert
space E . For a fixed orthonormal basis penqn of H, the vectorization map, vec : HSpH, Eq Ñ H b E
is defined, for T P HSpH, Eq, by

vecpT q “
ÿ

n

en b Ten.

We define
γ :“ vec

`

PEρΦp∅q
˘

“
ÿ

n

en b PEρpΦp∅qenq P H b E ,

where, as usual, ∅ is the empty word. Consider a word w “ xi1 ¨ ¨ ¨xik
with k ď d ` 1. We claim

that
Y wPEρΦp∅q “ PEρΦpwq.

Indeed, for ξ P H, a word |v| ď d, and 1 ď j ď g,

YjPEρpΦpvqξq “ YjρpΦpvqξq “ PEρp∆xj Φpvqξq “ PEρpΦpxjvqξq,

since ρpΦpvqξq P E . Hence, a finite induction argument gives,

Y wPEρpΦp∅qξq “ Yi1 . . . Yik
ρpΦp∅qξq

“ Yi1 . . . Yik´1PEρp∆xk
Φp∅qξq

“ Yi1 . . . Yik´1ρpΦpxkqξq

“ Yi1ρpΦpxi2 ¨ ¨ ¨xik
qξq

“ PEρpΦpwqξq.

Thus for any word w P xxyd`1, we have

pIHbY wq γ “ pIHbY wq

´

ÿ

n

enbPEρpΦp∅qenq

¯

“
ÿ

n

enbPEρpΦpwqenq “ vec
`

PEρΦpwq
˘

. (4.6)

Let r “
ř

wPxxyd`1
Rw w and q “

ř

vPxxyd
Qv v. From the standard vectorization identity

@

pT b IqvecpAq, pR b IqvecpBq
D

“ Tr
`

TA˚BR˚
˘

,
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and using (4.3) and (4.6), we obtain
@

rpY qγ, qpY qγ
D

“
ÿ

wPxxyd`1

ÿ

vPxxyd

@

pRw b Iq vecpPEρΦpwqq, pQv b Iq vecpPEρΦpvqq
D

“
ÿ

wPxxyd`1

ÿ

vPxxyd

Tr
`

Rw pρΦpwqq˚PEρΦpvqQ˚
v

˘

“
ÿ

wPxxyd`1

ÿ

vPxxyd

ÿ

n

xPEρΦpvqQ˚
ven, ρΦpwqR˚

weny

“
ÿ

wPxxyd`1

ÿ

vPxxyd

ÿ

n

xQ˚
ven, Sw˚vR

˚
weny.

We now rewrite the last expression in terms of trace and use the definition of the block matrix
S to recover the linear functional:

@

rpY qγ, qpY qγ
D

“
ÿ

wPxxyd`1

ÿ

vPxxyd

ÿ

n

xRwSv˚wQ
˚
ven, eny

“
ÿ

wPxxyd`1

ÿ

vPxxyd

Tr
`

RwSv˚wQ
˚
v

˘

“
ÿ

wPxxyd`1

ÿ

vPxxyd

Tr
`

Sv˚wQ
˚
vRw

˘

.

By (4.2), the right-hand side equals φpq˚rq, and hence

φpq˚rq “ xrpY qγ, qpY qγy,

for all r P Ad`1 and q P Ad.

4.5. Positivity of LpY q. First we show that the subspace

t qpY qγ : q P Ad u Ď H b E

is dense in H b E .
Fix k P N, a word w P xxyd, and a vector h P H. Let q P Ad denote the polynomial

q “ ekh
˚ w.

Using (4.6) in the second equality, we compute:

qpY qγ “ pekh
˚ b Iq

`

pI b Y wq γ
˘

“ pekh
˚ b Iq vec

`

PEρΦpwq
˘

“ vec
`

PEρΦpwqhe˚
k

˘

“
ÿ

n

en b PEρΦpwqh e˚
ken

“ ek b PEρΦpwqh.

Since vectors of the form PEρΦpwqh are dense in E , and the vectors pekq span H, it follows that

t qpY qγ : q P Ad u

is dense in H b E .
We now prove that LpY q ě 0. By assumption, the linear functional φ satisfies

φpq˚πpLq qq ě 0
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for all q P Ad and π P UCPpSL, BpHqq. Fix such a π. Expanding πpLq and using linearity of φ,
we obtain

φpq˚πpLqqq “ φpq˚qq `

g
ÿ

j“1
φ
`

q˚πpAjqxjq
˘

ě 0, q P Ad. (4.7)

We now apply the representation formula from Subsection 4.4. For the first term,

φpq˚qq “
@

qpY qγ, qpY qγ
D

HbE .

For each j “ 1, ¨ ¨ ¨ , g, define qj :“ pπpAjqxjqq P Ad`1. Then

φpq˚πpAjqxjqq “ φpq˚qjq “
@

qjpY qγ, qpY qγ
D

HbE “
@

pπpAjq b Yjq qpY qγ, qpY qγ
D

HbE .

Substituting into (4.7), we obtain

@

qpY qγ, qpY qγ
D

`

g
ÿ

j“1

@

pπpAjq b Yjq qpY qγ, qpY qγ
D

ě 0.

Equivalently,
A´

IHbE `

g
ÿ

j“1
pπpAjq b Yjq

¯

qpY qγ, qpY qγ
E

HbE
ě 0.

Since

IHbE `

g
ÿ

j“1
pπpAjq b Yjq “ pπ b idqpLpY qq,

this shows that
@

pπ b idqpLpY qq ζ, ζ
D

ě 0,
for all ζ of the form ζ “ qpY qγ. Since the subspace t qpY qγ : q P Ad u is dense in H b E , it follows
that pπ b idqpLpY qq ľ 0. As π P UCPpSL, BpHqq was arbitrary, LpY q ľ 0. □

5. Proof of Theorem A

Since L is a monic pencil, DL has nonempty interior, i.e., it contains a neighborhood of 0. Thus
the positivity of p on DL implies that p is self-adjoint. Thus, Theorem A can be reformulated as
the following proposition.

Proposition 5.1. Suppose p P A2d`1 is self-adjoint. If p R rΣd, then there exist a finite-dimensional
Hilbert space En, a self-adjoint g-tuple X “ pX1, . . . , Xgq on En, and a vector γn P H b En such that

LpXq ľ 0, xppXqγn, γny ă 0.

The proof of Proposition 5.1 proceeds in two stages. First, we reduce to a restricted setting. We
then prove the proposition under this restriction.

5.1. Reductions. We begin with a simple degree reduction.

Lemma 5.2. If p P A2d`1 and p P rΣd`1,d, then p P rΣd.

Proof. Since p P rΣd`1,d, we can write

p “ r˚r ` q˚πpLqq

for some r P Ad`1 and q P Ad. The term q˚πpLqq has degree at most 2d ` 1, and hence cannot
cancel any degree 2d ` 2 contribution coming from r˚r, since p has degree at most 2d ` 1. It follows
that r P Ad and thus p P rΣd. □



POSITIVSTELLENSATZ FOR MATRIX CONVEX SETS 21

We now show that if Proposition 5.1 holds under the additional assumption that DL is bounded,
then it also holds when DL is unbounded.

Let S “ pS1, . . . , Sgq denote the g-tuple of 2g ˆ 2g self-adjoint matrices where the p2j ´ 1, 2jq
and p2j, 2j ´ 1q entries of Sj are 1, and all other entries of Sj are 0. Let S denote the operator
system spanned by

tIK b I2g, A1 ‘ 0, ¨ ¨ ¨ ,Ag ‘ 0, 0 ‘ S1, . . . , 0 ‘ Sgu.

For positive integers n and 1 ď j ď g, let

Dn,j “ Aj ‘
1
n
Sj P S

and let Λn denote the monic linear pencil,

Λn “ I `

g
ÿ

j“1
Dn,jxj .

There is an N sufficiently large so that ΛnpAq ľ 1
2 for all n ě N. From here on we consider only

n ě N. The sequence pΛnq converges coefficient-wise in the operator norm to the monic linear
pencil

Λ “ I `

g
ÿ

j“1
Djxj ,

where Dj “ Aj ‘ 0.
Since SΛ and SΛn are both subsets of S , and a cp map on either space with values in BpHq

extends to a cp map on S ,

rΣd,Λ0 “ t r˚r ` q˚πpΛ0qq : r, q P Ad, π P UCPpS , BpHqqu,

for Λ0 “ Λ or Λn.

Lemma 5.3. With notations as above,
(1) DL “ DΛ;

(2) rΣd,L “ rΣd,Λ; and

(3) XněN
rΣd,Λn “ rΣd,Λ.

Proof. Item (1) is evident from the definitions. To prove item (2), first let q P Ad and π P

UCPpSL, BpHqq be given. Define rπ : S Ñ BpHq by

rπpIq “ I, rπpAj ‘ 0q “ πpAjq, rπp0 ‘ Sjq “ 0.

We now show that rπ is completely positive. An element Y P S bMℓpCq has the form

Y “ I bX0 `

g
ÿ

j“1
pAj ‘ 0q bXj `

g
ÿ

k“1
p0 ‘ Skq bXg`k

for a tuple X “ pX0, X1, . . . , X2gq of ℓ ˆ ℓ matrices. If Y ľ 0 in S b MℓpCq then, by item (1), it
follows that

Z “ IK bX0 `

g
ÿ

j“1
Aj bXj ľ 0

in SL bMℓpCq. Since π is ucp, we obtain

prπ b IℓqpY q “ pπ b IℓqpZq ľ 0.
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Thus rπ P UCPpS , BpHqq, and
q˚
rπpΛ˚qq “ q˚πpLqq,

where Λ˚ denotes either Λ or Λn. Thus rΣd,L Ď rΣd,Λ˚
in either case.

Next let π P UCPpS , BpHqq and q P Ad be given. Let ĂS denote the finite-dimensional operator
system spanned by S Y tI ‘ 0u. Since π is ucp on S it extends to a ucp map, still denoted π, on
ĂS . Define ψ : SL Ñ BpHq by ψpIq “ πpI ‘ 0q and ψpAjq “ πpAj ‘ 0q. Since π is cp, ψ is cp.

Indeed, if X “ pX0, X1, . . . , Xgq is a tuple of ℓˆ ℓ matrices such that

Z “ I bX0 `

g
ÿ

j“1
Aj bXj ľ 0,

in SL bMℓpCq, then

Y “ pI ‘ 0q bX0 `

g
ÿ

j“1
pAj ‘ 0q bXj ľ 0,

in S bMℓpCq, and thus,
pψ b IℓqpZq “ pπ b IℓqpY q ľ 0.

By Lemma 3.2, there is a bounded operator T : H Ñ H and a ucp map rπ P UCPpSL, BpHqq

such that ψpXq “ T ˚
rπpXqT. Since

q˚πpΛqq “ q˚
´

πpI ‘ 0q ´
ÿ

πpAj ‘ 0qxj

¯

q ` q˚πp0 ‘ Iqq

“ pTqq˚
rπpLqpTqq ` r˚r,

where r “ pπp0 ‘ Iqq
1
2 q P Ad, it follows that q˚πpΛqq P rΣd,L. Thus rΣd,L “ rΣd,Λ, as claimed.

Note at this point it has also been demonstrated that rΣd,Λ Ď rΣd,Λn for all n ě N.

To complete the proof, let p P XněN
rΣd,Λn be given. For each n there exists rn, qn P Ad and

πn P UCPpS , BpHqq such that p “ r˚
nrn `q˚

nπnpΛnqqn. Trivially the sequence pr˚
nrn `q˚

nπnpΛnqqnqn

converges to p in the product ultraweak topology. The sequence pΛnq converges coefficient-wise in
norm to Λ. Hence, by Lemma 3.3, there exists r, q P Ad and π P UCPpS , BpHqq such that

p “ r˚r ` q˚πpΛqq P rΣd,Λ.

From (1) it follows that p P rΣd,L and the proof of item (3) and the lemma is complete. □

Lemma 5.4. If Proposition 5.1 holds in the case where DL is bounded, then it holds in general.

Proof. Suppose DL is unbounded. Since p R rΣd,L, by Lemma 5.3, there exists a natural number n0
such that p R rΣd,Λn0

. Since DΛn0
is bounded, by assumption, Proposition 5.1 holds for Λn0 . Thus

there exists a g-tuple of self-adjoint operators X “ pX1, . . . , Xgq on some finite-dimensional Hilbert
space En and a vector γn P H b En such that Λn0pXq ľ 0, but

xppXqγn, γnyHbEn ă 0.

By the definition of Λn0 and Lemma 5.3 item (1), DΛn0
Ă DΛ “ DL. Thus, LpXq ľ 0 and the proof

is complete. □
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5.2. Proof of Proposition 5.1. In this subsection, we complete a proof of Proposition 5.1.
We begin with the separation argument (that does not require DL to be bounded).

Proposition 5.5. Let p P A2d`1 be such that p R rΣd. Then there exists a continuous (with respect
to the product ultraweak topology) linear functional φ : A2d`2 Ñ C such that

realpφppqq ă 0, φpqq ě 0 for all q P rΣd`1,d.

Proof. By Lemma 5.2, p R rΣd`1,d. The space A2d`2 is locally convex, and the cone rΣd`1,d is closed in
the product ultraweak topology (Proposition 3.4). Hence, by the Hahn–Banach separation theorem
(see [Dav25, Corollary 3.3.9]), there exist a continuous linear functional φ and real numbers γ1 ă γ2
such that

realpφppqq ă γ1 ă γ2 ă realpφpqqq for all q P rΣd`1,d.

Since rΣd`1,d is a cone of self-adjoint elements, it follows that

realpφppqq ă 0 ď φpqq for all q P rΣd`1,d. □

We are now ready to prove the Proposition 5.1.

Proof of Proposition 5.1. Taking advantage of Lemma 5.4, it suffices to prove the proposition under
the additional hypothesis that DL is bounded. We divide the proof into three steps.
Step 1: Separation. By Proposition 5.5, there exists a product ultraweakly continuous linear
functional φ : A2d`2 Ñ C such that

realpφppqq ă 0, φpqq ě 0 for all q P rΣd`1,d.

Step 2: GNS construction. By Theorem 4.1 (it is here where boundedness of DL is used), there
exist a separable Hilbert space E , a bounded self-adjoint tuple Y “ pY1, . . . , Ygq on E , and a vector
γ P H b E such that

LpY q ľ 0, and φppq “ xppY qγ, γy for all p P A2d`1.

Step 3: Finite-dimensional compression. Write γ “
ř8

k“1 hk b fk, where pfkq is an orthonormal
basis for E , and define

γn :“
n
ÿ

k“1
hk b fk.

Since realpφppqq ă 0, there exists n such that
xppY qγn, γny ă 0.

Let En :“ spantf1, . . . , fnu and let PEn denote the orthogonal projection onto En. Define
Xj :“ PEnYj |En , j “ 1, . . . , g.

Then
LpXq “ pIH b PEnqLpY q |HbEn ľ 0,

while
xppXqγn, γny “ xppY qγn, γny ă 0. □

As a consequence of Theorem A, we obtain a closedness property of the cone. We note for clarity
that the corollary below does not require DL to be bounded.
Corollary 5.6. The convex cone rΣd,L is closed in the product WOT.
Proof. Let ppαq be a net in A2d`1 that converges to p in the product WOT. For each X P DL, the
operators pαpXq are positive semidefinite and converge in WOT to ppXq. Since WOT convergence
preserves positivity, ppXq ľ 0. The result now follows from Theorem A. □
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6. The finite-dimensional setting

This section presents the sums of squares representations obtained from Theorem A in the cases
that either one (or both) of H and K are finite dimensional. See Theorem 6.1. When both are finite
dimensional the main result of [HKM12] is recovered; and when H is finite dimensional and K, the
space that the coefficients of L act on, is finite dimensional, [Zal17, Theorem 1.5] is obtained. Here
we add the bound ν2Npdq implicit there.

Theorem 6.1 uses the following conventions. In the case that K is finite dimensional we let
L “ ‘K

k“1Lk denote a direct sum decomposition of L. It is not assumed that L so written is fully
reduced and thus K can always be taken to be 1. The corresponding Hilbert space decomposition
is written as K “ ‘K

k“1Kk and the dimensions of the Kk are denoted by µk. Hence µ “
řK

k“1 µk is
the dimension of K.

Theorem 6.1. Let F denote a separable Hilbert space. In the case F is finite dimensional, let
ν “ dim F . Suppose p P BpFq b Cxxy2d`1 and ppXq ľ 0 for every X P DL.

(i) If F is finite dimensional and K is infinite dimensional, then there is a Hilbert space E of
dimension at most ν3Npdq, a ucp map π : SL Ñ BpEq, and polynomials r, q P BpF , Eq b

Cxxyd such that p “ r˚r ` q˚πpLqq.

(ii) If both F and K are finite dimensional, then there exist Hilbert spaces Ek of dimension at
most νµkNpdq and rk,j , qk,j P BpF , Ek b Kkq b Cxxyd for 1 ď k ď K and 1 ď j ď νµkNpdq

such that

p “

K
ÿ

k“1

Nk
ÿ

j“1
r˚

k,jrk,j `

K
ÿ

k“1

Nk
ÿ

j“1
q˚

k,jLkqk,j ,

where Nk ď νµ2
kNpdq. In particular, if each Lk is scalar-valued, then there are at most

νµNpdq many polynomials rk,j and at most νµNpdq many qk,j and these polynomials can
be identified with elements of M1,νpCq b Cxxyd.

(iii) If F is infinite dimensional and K is finite dimensional, then, for a Hilbert space E such
that F “ E b K, there exist polynomials rk, qk P BpF , E b Kkq b Cxxyd such that

p “
ÿ

r˚
krk `

ÿ

q˚
k pIE b Lkqqk.

Proof. To prove item (i), let H “ ℓ2 b F , where ℓ2 “ ℓ2pNq is the usual space of ℓ2 sequences
a “ pamq8

m“0. Thus H is separable and infinite dimensional. Let ι : F Ñ H denote the isometry
ιf “ ζ b f for f P F , where ζ “ pζnqně0 P ℓ2 is the sequence with ζ0 “ 1 and ζj “ 0 for j ą 0.
Let p̂ “ ιpι˚ P BpHq b Cxxy2d`1 “ A2d`1. By construction, p̂pXq ľ 0 for all X P DL. Thus, by
Theorem A, there exists r̂, q̂ P Ad and π P UCPpSL, BpHqq such that

p̂ “ r̂˚r̂ ` q̂˚πpLqq̂.

It follows that,
p “ r˚r ` q˚πpLqq, (6.1)

where r “ r̂ι and q “ q̂ι. In particular, the coefficients of r and q map F into H. The span of the
ranges of the coefficients of q has dimension at most νNpdq. Since these ranges lie in ℓ2 b F and F
has dimension ν, there is a subspace Spqq of ℓ2 of dimension at most ν2Npdq such that the ranges
of the coefficients of q lie in Spqq b F . Similarly, there is a subspace Sprq of ℓ2 of dimension at
most ν2Npdq such that the ranges of the coefficients of r lie in Sprq b F . By enlarging Spqq and
replacing r with Ur for an appropriate unitary as needed, we may (and do) assume Sprq is Spqq.
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Let E “ Spqq b F and let V : E Ñ ℓ2 b F “ H denote the inclusion. Thus V ˚πpLqV : SL Ñ BpEq

is ucp and

p “ r˚r ` q˚V ˚πpLqV q,

where, without loss of generality, r, q P BpF , Eq b Cxxyd. Finally the dimension of E is at most
dim F dimSpqq ď ν3Npdq.

Turning to item (ii), since every unital ˚-representation of MµpCq on Hilbert space is a multiple of
the identity representation, if π P UCPpSL, BpHqq, then there is an auxiliary Hilbert E , an isometry
V : H Ñ E bCµ and unital ˚-representation ψ : MµpCq Ñ BpE bCµq such that ψpSq “ IE bS and

πpSq “ V ˚ψpSqV “ V ˚pIE b SqV, (6.2)

for all S P SL. Thus, since the proof of item (i) was agnostic about whether K is finite or infinite
dimensional, in this case still with H “ ℓ2 b F , equation (6.1) becomes,

p “ r˚r ` q˚pIE b Lqq. (6.3)

Let rw and qw denote the coefficients of r and q respectively. The range of each coefficient is a
subspace of ℓ2bF of dimension at most ν and there are at most Npdq of each. For 1 ď k ď K choose
an orthonormal basis tek,j | 1 ď k ď K, 1 ď j ď µku of Kk where, for fixed k, tek,1, . . . , ek,µk

u is an
orthonormal basis of Kk. Let

Skpsq “ spantγk,j P ℓ2 | γ P
ď

w

range sw, pI b Pkqγ “

µk
ÿ

j“1
γk,j b ek,ju Ď ℓ2

for s “ r, q, where Pk “
řµk

j“1 ek,je
˚
k,j is the projection onto Kk. In particular, the dimension of

Skpsq is at most νµkNpdq and the range of each sw lies in ‘kpSkpsq b Kkq. By enlarging Skprq

and by replacing r with Ur for an appropriate choice of unitary U as needed, it may be (and is)
assumed that Skprq is Skpqq. Let Ek “ Skpqq.

Let tuk,1, . . . , uk,µk
u denote an orthonormal basis for Ek and set sk,j “ pu˚

k,j b IKk
qs, where s is

either r or q, and IKk
is the identity on Kk. With I the identity of K,

r˚pIE b IKqr “ r˚
`
à

k

pIEk
b IKk

q
˘

r “ r˚
´

à

k

`

p

µk
ÿ

j“1
uk,ju

˚
k,jq b IKk

˘

¯

r “

K
ÿ

k“1

Nk
ÿ

j“1
r˚

k,jrk,j , (6.4)

and similarly,

q˚pIE b Lqq “ q˚
`à

k

p
ÿ

uk,ju
˚
k,jq b L

˘

q “

K
ÿ

k“1

Nk
ÿ

j“1
q˚

k,jLkqk,j . (6.5)

Combining equations (6.3), (6.4) and (6.5) completes the proof of item (ii).

To prove item (iii) modify the proof of item (ii) as follows. Let Pk denote the projection of K
onto Kk, choose rk “ pIE bPkqr and qk “ pIE bPkqq so that, for instance, q “ ‘kqk, and substitute
into equation (6.3) using PkLPk “ Lk. □

Remark 6.2. In item (ii) let E “ ‘Ek. It is a simple matter to construct rℓ P BpE b Kq b Cxxyd
for 1 ď ℓ ď ν such that

ř

ℓ r
˚
ℓ rℓ “

ř

k,j r
˚
k,jrk,j .

Similarly in item (iii) there is an r P BpF , E b Kq b Cxxyd such that r˚r “
ř

k r
˚
krk.
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7. Not necessarily monic pencils and affine linear change of variable

The condition that L is a monic linear pencil can be relaxed in several different ways. Here we
consider an affine change of variable tailored for use in applying Proposition 5.1 in the proof of
Theorem 8.5 below, a result used in the proof of Theorem B.

Let L be a given linear pencil (not necessarily monic) with self-adjoint coefficients in BpKq,

L pxq “ A0 `

g
ÿ

j“1
Ajxj .

Suppose T is an invertible g ˆ g real matrix and b P Rg. The pair pT, bq gives rise to the change of
variables,

x ÞÑ y “ Tx` b,

where y “ py1, . . . , ygq and yj “
ř

k Tj,kxk ` bj . Let

pLpxq “ L pTx` bq “

´

A0 `

g
ÿ

i“1
biAi

¯

`

g
ÿ

j“1

´

g
ÿ

i“1
Ti,jAi

¯

xj .

Thus pL is a linear pencil. Note that if pL is monic, then the identity is in the vector space S
spanned by tA0,A1, . . . ,Agu and S “ S

pL
is an operator system.

Proposition 7.1. Suppose T is an invertible g ˆ g matrix, b P Rg and

pLpxq “ L pTx` bq “ I `
ÿ

pAjxj

is a monic linear pencil, F is a separable Hilbert space and p P BpFq b A2d`1.
If both F and K are infinite dimensional and ppXq ľ 0 for X P DL , then there exists r, q P

BpFq b Ad and a ucp map π : S
pL

Ñ BpFq such that

p “ r˚r ` q˚πpL qq.

If either F or K are finite dimensional and ppXq ľ 0 for X P DL , then the conclusions of
Theorem 6.1 hold for p and L .

Proof. Let p̂pxq “ ppTx ` bq. Thus p̂ P A2d`1 and p̂pXq ľ 0 for X P D
pL
. If both F and K are

infinite dimensional, then by Theorem A, there exists r̂, q̂ P Ad and a π P UCPpS
pL
, BpHqq such

that
p̂ “ r̂˚r̂ ` q̂˚πppLqq̂.

Setting r “ r̂pT´1px´ bqq and q “ q̂pT´1px´ bqq gives,

p “ r˚r ` q˚πpLqq.

If either F or K is finite dimensional then the same change of variable gives the desired conclusion
after noting that the change of variable commutes with any choice of direct sum decomposition of
L . □

7.1. A special linear pencil and an application of Proposition 7.1. This subsection presents
the application of Proposition 7.1 used in the proof of Theorem 8.5, which is subsequently employed
in the proof of Theorem B.
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Let y “ py1, . . . , yn´1q denote an n´ 1 tuple of freely non-commuting self-adjoint variables. Let
Lrns denote the linear matrix polynomial (linear pencil)

Lrnspyq “

¨

˚

˚

˚

˝

y1
. . .

yn´1
1 ´

řn´1
i“1 yi

˛

‹

‹

‹

‚

. (7.1)

For a Hilbert space E , we define

DnpEq “

!

E “ pE1, . . . , En´1q : Ei P BpEqsa, Ei ľ 0, 1 ľ

n´1
ÿ

i“1
Ei

)

,

where BpEqsa denotes the (bounded) self-adjoint operators on E . The free spectrahedron associated
to the linear pencil Lrns is the sequence Dn “ pDnpCℓqqℓ. Observe that if E P DnpEq, then, setting
En “ I ´

řn´1
i“1 Ei, each Ei is psd and

I “

n
ÿ

i“1
Ei

so that pE1, . . . , Enq corresponds to a positive BpEq-valued measure (povm) on the set t1, 2, . . . , nu.

Fix a positive integer m and positive integers n1, . . . , nm ě 2. Let

y “ py1,1, . . . , y1,n1´1, y2,1, . . . , ym,nm´1q

denote freely non-commuting self-adjoint variables. For notational convenience, let

Li “ Lrnis, L “ ‘m
i“1niLi.

For a Hilbert space E , we have

DLpEq “

$

’

’

&

’

’

%

pEi,jq :

1 ď i ď m, 1 ď j ď ni ´ 1,

Ei,j P BpEqsa, Ei,j ľ 0, I ľ

ni´1
ÿ

j“1
Ei,j

,

/

/

.

/

/

-

. (7.2)

The free spectrahedron associated to the linear pencil L takes the form DL “ pDLpCℓqqℓ.

To see that there is an affine linear transformation that converts L to a monic linear pencil pL, let
Ii denote the pni ´ 1q ˆ pni ´ 1q identity matrix and let bi denote the vector in Rni´1 with entries
1
ni

. Let Ti “ Ii, T “ ‘m
i“1Ii, and b “ ‘m

i“1bi. Thus, with yi,˚ “ pyi,1, . . . , yi,ni´1q,

niLipTiyi,˚ ` biq “ Ii ` ni

¨

˚

˚

˚

˝

yi,1
. . .

yi,ni´1
´
řni´1

j“1 yi,j

˛

‹

‹

‹

‚

,

and pL “ ‘m
i“1niLipTiyi,˚ ` biq is monic.

The following result interprets Proposition 7.1 concretely for the pencil L above taking g “
řm

i“1pni ´ 1q.

Proposition 7.2. Let F denote a separable Hilbert space. If p P BpFq b Cxyy2d`1 is self-adjoint,
then ppEq ľ 0 for all E P DL if and only if the following hold:
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(i) If F is infinite dimensional, then there exist f P BpFqbCxyyd and fi, fi,j P BpF ,CqbCxyyd
such that

p “ f˚f `

m
ÿ

i“1

«

ni´1
ÿ

j“1
f˚

i,jyi,jfi,j ` f˚
i

´

1 ´

ni´1
ÿ

j“1
yi,j

¯

fi

ff

.

(ii) If F “ Cν is finite-dimensional, then there exist

gk,i,j , fi,k, fi,j,k P M1,νpCq b Cxyyd

such that

p “

µ
ÿ

k“1

m
ÿ

i“1

ni
ÿ

j“1
g˚

k,i,jgk,i,j `

µ
ÿ

k“1

m
ÿ

i“1

«

ni´1
ÿ

j“1
f˚

i,j,kyi,jfi,j,k ` f˚
i,k

´

1 ´

ni´1
ÿ

j“1
yi,j

¯

fi,k

ff

.

Proof. The backward implication is immediate.
To prove the forward implication, note that the pencil L has the direct sum decomposition

Àm
i“1

´

p
Àni´1

j“1 Li,jq ‘ Li,ni

¯

for the scalar pencils Li,jpyq “ niyi,j for 1 ď i ă ni and Li,nipyq “

1 ´ ni
řni

j“1 yi,j . By Proposition 7.1, the conclusions of Theorem 6.1 hold giving the conclusion of
item (i) or (ii) depending on whether F is infinite or finite dimensional, respectively. □

8. Positivstellensatz for the ˚-algebra povmpnq

8.1. The ˚-algebra povm. Given a positive integer n ě 2, this subsection describes the construc-
tion of a ˚-algebra povmpnq naturally associated to positive operator-valued measures on the set
t1, 2, . . . , nu.

Let y “ py1, . . . , yn´1q denote an n ´ 1 tuple of freely non-commuting self-adjoint variables and
let Cxyy denote the resulting unital free ˚-algebra. Let Lrns denote the linear matrix polynomial
(linear pencil) defined in (7.1).

Let
Gn “ ‘8

ℓ“1 ‘EPDnpCℓq Cℓ

and define Ψn : Cxyy Ñ BpGnq by

Ψnppq “ ‘EPDn ppEq.

Note that Ψn is a ˚-homomorphism. Since DnpCℓq has nonempty interior for every ℓ, the map Ψn

is faithful. In particular, povmpnq can be viewed as a ˚-subalgebra of BpGnq. Consequently,

}p} :“ }Ψnppq} pp P Cxyyq

defines a norm on Cxyy. Equipped with this norm, Cxyy becomes a pre-C˚-algebra, which we
denote by povmpnq. Its completion (a C˚-algebra) is denoted by POVMpnq. For a more detailed
discussion, we refer the reader to [Cim09, Oza13].

Each E P Dnpℓq induces a unital ˚-representation

τE : povmpnq Ñ MℓpCq, p ÞÑ ppEq

for p P Cxyy. Since τE is a bounded ˚-homomorphism on the dense subalgebra Cxyy of POVMpnq,
it extends to a ˚-representation of POVMpnq.

Lemma 8.1. If τ : POVMpnq Ñ BpEq is a ˚-representation of POVMpnq on a Hilbert space E ,
then there is a tuple Y P DnpEq such that τ “ τY .
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Proof. The set povmpnq is dense in POVMpnq and is generated by the tuple y. Thus, setting
Yj “ τpyjq, we have

τppq “ ppY q

for every p P Cxyy. It remains to see that Y P DnpEq.

Let fjpyq “ yj . Note that τEpfjq is psd for each E P Dn. Thus so is Ψnpfjq, which means fj

is positive (since Ψn is faithful) as an element of POVMpnq. Thus τpfjq “ Yj is psd. A similar
argument applied to fpyq “

řn´1
j“1 yj shows Ψnpfq is psd and contractive and therefore so is τpfq “

ř

Yj . Hence Y P DnpEq. □

Lemma 8.2. If E is a Hilbert space, and Y “ pY1, . . . , Yn´1q is a tuple of psd operators on E that
satisfies the inequality,

I ľ

n´1
ÿ

j“1
Yj ,

then, for each positive integer d and unit vector e P E , there exists an ℓ, an E P DnpCℓq and a unit
vector ξ P Cℓ such that

}ppY qe} “ }ppEqξ}

for all p P Cxyyd. In particular, }ppY q} ď }p} for all p P Cxyy.

Proof. The set F “ tppY qe : degppq ď du is a finite-dimensional subspace of E . Denote ℓ “ dim F .
Since 1pY qe “ e, we have e P F .

Let V : F ãÑ E denote the inclusion map and define

Ej “ V ˚YjV, j “ 1, . . . , n´ 1,

and write E “ pE1, . . . , En´1q. Since Yj ľ 0 and
řn´1

j“1 Yj ĺ I, the same inequalities hold after
compression. Hence E P DnpCℓq. Set ξ “ e, which is a unit vector in F – Cℓ.

We now show that ppEqξ “ ppY qe for every p P Cxyyd. By linearity it suffices to consider a word
w “ yi1 ¨ ¨ ¨ yir with r ď d, in which case,

wpEqe “ pV ˚Yi1V q ¨ ¨ ¨ pV ˚YirV qe.

For each k “ 0, . . . , r ´ 1, the vector
Yik`1 ¨ ¨ ¨Yire

lies in F , since it is of the form qpY qe for a word q of degree at most d. Hence V V ˚ acts as the
identity on these vectors, and therefore

wpEqe “ V ˚Yi1pV V ˚qYi2 ¨ ¨ ¨ pV V ˚qYire “ V ˚Yi1 ¨ ¨ ¨Yire.

Since wpY qe P F , we also have
V ˚Yi1 ¨ ¨ ¨Yire “ wpY qe.

Thus wpEqe “ wpY qe, and by linearity

ppEqe “ ppY qe

for all p P Cxyyd. Consequently,
}ppY qe} “ }ppEqξ},

which proves the lemma. □
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8.2. Free products. Fix a positive integer m and integers n1, . . . , nm ě 2. Let

y “ t yi,j : 1 ď i ď m, 1 ď j ď ni ´ 1u

be freely noncommuting self-adjoint variables, and let Cxyy denote the corresponding free ˚-algebra
of polynomials in y.

Let n “ pn1, . . . , nmq. As in Section 7, let Li “ Lrnis and L “ ‘niLi. Following the construction
of povmpnq, let

G “ ‘8
ℓ“1 ‘EPDLpCℓq Cℓ,

define Ψ : Cxyy Ñ BpGq by
Ψppq “ ‘EPDL

ppEq, (8.1)
and denote the resulting pre-C˚-algebra by povmpnq and its completion by POVMpnq. In this way,
POVMpnq is naturally a sub-C˚-algebra of BpGq.

Setting, for each i

yi “ pyi,1, . . . , yi,ni´1q,

there is a canonical identification

Cxyy “ Cxy1y ˚ ¨ ¨ ¨ ˚ Cxymy (8.2)

as unital ˚-algebras induced by the map defined on alternating products by

pi1pyi1q ˚ ¨ ¨ ¨ ˚ pik
pyik

q ÞÑ pi1pyi1q ¨ ¨ ¨ pik
pyik

q, pij P Cxyij y.

In what follows, ˇ̊ denotes the universal free product of C˚-algebras. More precisely, if B1 and
B2 are unital C˚-algebras, then B1 ˇ̊B2 denotes the unital C˚-algebra obtained by completing the
algebraic free product B1 ˚ B2 with respect to the universal norm; see (8.3). We refer the reader to
[VDN92] for a detailed discussion on the free product of C˚-algebras.

Proposition 8.3. The canonical identification of the ˚-algebras in equation (8.2) induces the iden-
tifications

(1) povmpnq “ povmpn1q ˚ ¨ ¨ ¨ ˚ povmpnmq;
(2) Ψ “ Ψn1 ˚ ¨ ¨ ¨ ˚ Ψnm : Cxyy Ñ povmpnq; and
(3) POVMpnq “ POVMpn1q ˇ̊ ¨ ¨ ¨ ˇ̊ POVMpnmq.

The proof of Proposition 8.3 will use the following analog of Lemma 8.2.

Lemma 8.4. If E is a Hilbert space, Y P DLpEq and p P Cxyy, then

}ppY q} ď }p}.

Proof of Proposition 8.3. Items (1) and (2) follow immediately from the definitions and the canon-
ical identification of the free algebras in (8.2).

To prove (3), we must show that the norm on povmpnq, inherited from its embedding in
BpGq via Ψ, coincides with the universal free product C˚-norm on the algebraic free product
˚m

i“1 povmpniq. By definition, the norm of an element p P ˚m
i“1 povmpniq in the free product C˚-

algebra POVMpn1q ˇ̊ ¨ ¨ ¨ ˇ̊ POVMpnmq is given by the universal norm:

}p}univ “ sup t}πppq} : π “ π1 ˚ ¨ ¨ ¨ ˚ πmu , (8.3)

where each πi : POVMpniq Ñ BpEq is a unital ˚-representation on a common Hilbert space E .
Let π “ π1 ˚ ¨ ¨ ¨ ˚πm be such a representation on E . For each i, let Yi,j “ πipyi,jq. By Lemma 8.1,

Yi “ pYi,1, . . . , Yi,ni´1q P DnipEq. Thus, the combined tuple Y “ pY1, . . . , Ymq belongs to DLpEq.
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Since πppq “ ppY q and the norm on POVMpnq is defined as the supremum over all such evaluations
(see (8.1) and Lemma 8.4), it follows that

}πppq} “ }ppY q} ď }p}POVMpnq.

Taking the supremum over all free product representations π yields

}p}univ ď }p}POVMpnq. (8.4)

Conversely, the norm }p}POVMpnq is achieved by taking the supremum of }ppY q} over all Y P

DLpEq and all Hilbert spaces E . Let Y “ pY1, . . . , Ymq P DLpEq. Then each Yi P DnipEq, which, by
the universal property of POVMpniq, induces a unital ˚-representation τi : POVMpniq Ñ BpEq given
by τipyi,jq “ Yi,j . These representations naturally combine into a free product representation τ “

τ1 ˚ ¨ ¨ ¨ ˚ τm of the algebraic free product on E . For this representation, τppq “ ppY q. Consequently,

}ppY q} “ }τppq} ď }p}univ.

Taking the supremum over all Y P DLpEq gives

}p}POVMpnq ď }p}univ. (8.5)

Combining (8.4) and (8.5), we obtain }p}POVMpnq “ }p}univ for all p P ˚m
i“1 povmpniq. Since

povmpnq is dense in POVMpnq by definition, and the algebraic free product ˚m
i“1 povmpniq is dense

in POVMpn1q ˇ̊ ¨ ¨ ¨ ˇ̊ POVMpnmq, their respective C˚-completions coincide. Thus, POVMpnq “

POVMpn1q ˇ̊ ¨ ¨ ¨ ˇ̊ POVMpnmq. □

Theorem 8.5 below is the main result of this section.

Theorem 8.5. The ordered ˚-algebra povmpnq has a perfect Positivstellensatz. Let qp P BpHq b

povmpnq be of degree 2d ` 1 (as an element of BpHq b Cxyy). Then qp is positive if and only if the
following hold.

(1) If H is (separable and) infinite-dimensional, then there exist

f, fi, fi,j P BpHq b povmpnq

of degree d such that

qp “ f˚f `

m
ÿ

i“1

«

ni´1
ÿ

j“1
f˚

i,j yi,j fi,j ` f˚
i

´

1 ´

ni´1
ÿ

j“1
yi,j

¯

fi

ff

.

(2) If H “ Cν is finite-dimensional, then there exist a positive integer N and elements

fk, fi,k, fi,j,k P MνpCq b povmpnq

of degree d such that

qp “

N
ÿ

k“1
f˚

k fk `

N
ÿ

k“1

m
ÿ

i“1

«

ni´1
ÿ

j“1
f˚

i,j,k yi,j fi,j,k ` f˚
i,k

´

1 ´

ni´1
ÿ

j“1
yi,j

¯

fi,k

ff

.

Proof. The backward implication is immediate. We prove the forward implication. The polynomial
qp is identified with qp P BpHq b Cxyy, which in turn is identified with its image in BpGq. Thus, the
assumption that qp is positive means qppEq ľ 0 for all E P DL. Since also qp “ qp˚, Proposition 7.1
applies to qp yielding the desired conclusion. □

9. Proof of Theorem B

This section is devoted to the proof of Theorem B. In a first step we reduce the problem from a
free product of finite abelian groups to a free product of finite cyclic groups.



32 A. JINDAL, I. KLEP, AND S. MCCULLOUGH

9.1. From abelian to cyclic. Our goal is to express positive elements of the group algebra
CrG1 ˚ G2 ˚ ¨ ¨ ¨ ˚ Gms “ CrG1s ˚ CrG2s ˚ ¨ ¨ ¨ ˚ CrGms,

as sums of squares, where G1,G2, . . . ,Gm are finite abelian groups. The result is naturally inter-
preted in terms of polynomials. Doing so makes two novel aspects transparent. There are provable
degree bounds and the result holds even for polynomials with operator coefficients.

For any finite abelian group G, the C˚-algebra CrGs is isomorphic to C|G|, where |G| is the
cardinality of G. Consequently,

CrG1s ˚ CrG2s ˚ ¨ ¨ ¨ ˚ CrGms – CrZn1s ˚ CrZn2s ˚ ¨ ¨ ¨ ˚ CrZnms “ CrZn1 ˚ Zn2 ˚ ¨ ¨ ¨ ˚ Znms,

where ni is the cardinality of Gi. Moreover, such an isomorphism preserves both extent and posi-
tivity: an element

p P CrG1 ˚ G2 ˚ ¨ ¨ ¨ ˚ Gms

has extent d if and only if its image has extent d, and p is positive if and only if its image is positive.
Thus, it is enough to prove Theorem B for a free product of finite cyclic groups.

9.2. Free product of finite cyclic groups. For the rest of this section, set
W “ Zn1 ˚ Zn2 ˚ ¨ ¨ ¨ ˚ Znm .

We shall express positive elements of the group algebra
CrZn1 ˚ Zn2 ˚ ¨ ¨ ¨ ˚ Znms “ CrZn1s ˚ CrZn2s ˚ ¨ ¨ ¨ ˚ CrZnms

as sums of squares by applying the Positivstellensatz for povmpnq, namely Theorem 8.5.
Let xi denote a generator of Zni . Thus, with multiplication as the group operation, Zni is, as a

set, tx
j
i : 0 ď j ă niu. Elements of W are words in x “ px1, . . . ,xmq. A word w P W has the form

w “ x
j1
i1
x

j2
i2

¨ ¨ ¨x
jk
ik
, 1 ď jℓ ă niℓ

, i1 ‰ i2 ‰ ¨ ¨ ¨ ‰ ik.

Remark 9.1. Here one defines the total degree of the word w to be
řk

ℓ“1 jℓ. The total degree of
a polynomial p in x is then the largest total degree among all words w appearing with nonzero
coefficient in (1.1).

Let Upnq denote the set of all m-tuples of unitary operators
U “ pU1, . . . , Umq

on separable Hilbert space satisfying
U ni

i “ I, i “ 1, . . . ,m.
For such a tuple U , define

ppUq :“
finite
ÿ

w

Pw b Uw.

Then
p˚pUq “ ppUq˚.

Because W is the free product of finite cyclic groups, every unitary representation τ P ΠpWq

is uniquely determined by a tuple U “ pU1, . . . , Umq P Upnq, and conversely every such tuple
determines a unitary representation via

xi ÞÑ Ui, i “ 1, . . . ,m.
Therefore, a polynomial p P BpEq b CrWs is positive if and only if ppUq ľ 0 for all U P Upnq, and
p is hermitian if and only if ppUq is hermitian for all U P Upnq.
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The norm on CrWs defined by
}p} “ sup

␣ ›

›ppUq
›

› : U P Upnq
(

(by considering the left regular action of CrWs on ℓ2pWq, it is easy to see that } ¨ } is a norm, not
just a semi-norm) satisfies the C˚ identity, }ppUq}2 “ }ppUq˚ppUq}. Thus CrWs (with this norm)
is a pre-C˚-algebra whose completion is the free product (amalgamated over C) C˚-algebra,

C˚pWq :“ CrZn1s ˇ̊CrZn2s ˇ̊ ¨ ¨ ¨ ˇ̊CrZnms. (9.1)

Let E be any Hilbert space. The order (in the sense of positive semidefinite) and norm extend
to polynomials in BpHq bCrWs either by viewing BpHq bCrWs as a subalgebra of the C˚-algebra
BpHq b C˚pWq with the spatial (min) C˚-tensor product norm or more directly by the condition
p is positive if and only if ppUq ľ 0 for each U P Upnq.

9.3. Applying Boca’s theorem. In this subsection Boca’s theorem ([Boc91, DK19]) is applied
in anticipation of transferring the Positivstellensatz of Theorem 8.5 for povmpnq to a corresponding
result for CrWs.

9.3.1. The algebra CrZns in projection form. The group ˚-algebra CrZns of the cyclic group
Zn is canonically isomorphic to Cn as a C˚-algebra via the Fourier transform. For our purposes it
is convenient to present CrZns as the universal ˚-algebra generated by selfadjoint idempotents

q1, . . . , qn

subject to the relations
q˚

i “ qi “ q2
i , qiqj “ 0 pi ‰ jq, q1 ` ¨ ¨ ¨ ` qn “ 1. (9.2)

The qi are then minimal central projections and form a basis of CrZns. To do so concretely set

qk “
1
n

n´1
ÿ

j“0
ω´jkxj P CrZns, (9.3)

where x is a generator of the group Zn and ω is a primitive n-th root of unity. Since the involution
on CrZns is given by, pxjq˚ “ x´j , it is readily checked that qk so defined satisfies the relations in
equation (9.2). Moreover, if U is a unitary operator satisfying Un “ 1, then

qkpUq “
1
n

n´1
ÿ

j“0
ω´jkU j ,

is the projection onto the spectral subspace of U associated to its eigenvalue ωk.

Let Ωn : CrZns Ñ povmpnq denote the unital linear map determined by Ωnpqjq “ yj P Cxyy, for
j “ 1, 2, . . . , n´ 1, where Cxyy is identified with povmpnq.

Lemma 9.2. The linear map Ωn : CrZns Ñ povmpnq is completely positive.

Proof. First note that Ωnpqjq “ yj P povmpnq is psd. Any a P MkpCrZnsq can be written uniquely
as

a “

n
ÿ

j“1
aj b qj , aj P MkpCq

and a is psd if and only if each ai is psd. In that case

1k b Ωnpaq “

n
ÿ

j“1
aj b Ωnpqjq ľ 0

and the proof is complete. □
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9.3.2. Boca’s theorem. As an initial observation, the mapping trn : CrZns Ñ CrZns on diagonal
nˆ n matrices defined by

trnp
řn

j“1 ajqjq “

”

1
n

řn
j“1 aj

ı

1
is a completely positive projection onto C 1. Writing

xj “

n
ÿ

k“1
ωj kqk (9.4)

it is evident that trnpxjq “ 0 for 1 ď j ă n and hence the kernel of trn is the span of txj : 1 ď j ă nu.
For 1 ď i ď m, let Ωi denote the linear map Ωni : CrZnis Ñ povmpniq. In the present setting Boca’s
theorem [Boc91, DK19] gives the following result.

Proposition 9.3. There is a ucp map Ω : CrWs Ñ povmpnq such that Ω|CrZni s “ Ωi and

Ωpz1 ¨ ¨ ¨ zkq “ Ωi1pz1q ¨ ¨ ¨ Ωik
pzkq, (9.5)

when zℓ P ker trniℓ
and i1 ‰ i2 ‰ ¨ ¨ ¨ ‰ ik.

Remark 9.4. From equation (9.4),

Ωpx
j
i q “

ni
ÿ

k“1
Ωpωj k

i pi,jq “

ni´1
ÿ

k“1
ωj k

i yi,k ` p1 ´

ni´1
ÿ

k“1
yi,kq.

In particular, Ωpx
j
i q is a polynomial of degree (at most) one in Cxqy.

For a reduced word w in CrWs,

w “ xr1
i1

¨ ¨ ¨x
rk
ik
,

(thus 1 ď rj ă nij ), we have, by Proposition 9.3,
Ωpwq “ Ωi1pxr1

i1
q ¨ ¨ ¨ Ωik

px
rk
ik

q.

Further, for a polynomial p “
ř

pww, where each w is reduced,

Ωppq “
ÿ

w

pwΩpwq. □

9.4. A splitting. For each 1 ď i ď m let pi,k denote

pi,k “
1
n i

ni´1
ÿ

j“0
ω´jkx

j
i P CrZnis

for k “ 1, . . . , ni. Compare with equation (9.3). Since Cxpy is a free unital ˚-algebra generated
by tpi,j : 1 ď i ď m, 1 ď j ď ni ´ 1u and povmpnq is also a unital ˚-algebra generated by
tyi,j : 1 ď i ď m, 1 ď j ď ni ´ 1u, there is a unique unital ˚-homomorphism rs : Cxpy Ñ povmpnq

determined by rsppi,jq “ yi,j . Because the map Ψ : Cxyy Ñ BpGq of equation (8.1) is faithful, rs
induces a ˚-unital map s : povmpnq Ñ CrWs determined by spyi,jq “ pi,j , where yi,j is identified
with Ψpyi,jq.

Lemma 9.5. The unital ˚-homomorphism s : povmpnq Ñ CrWs is surjective and splits Ω in the
sense that s pΩ pzqq “ z for z P CrWs.

Proof. Since rs is surjective, so is s. Since pi,j P CrWs is mapped to yi,j P povmpnq (identified with
Cxyy) under Ω, it follows that spΩppi,jqq “ pi,j . Thus, using Proposition 9.3 and Remark 9.4,

spΩpzℓqq “ spΩℓpzℓqq “ zℓ,

for zℓ P ker trnℓ
Ď CrZnℓ

s and consequently, s pΩ pzqq “ z for a (reduced) word z P CrWs by
Remark 9.4. From here the result follows by linearity. □
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We are now ready to prove Theorem B.

Proof of Theorem B. Let d denote the extent of p, set

d “ t
d
2 u,

and note d ď 2d` 1.
We first claim that deg Ωppq ď d as a polynomial in the variables yi,j . Indeed, by Remark 9.4, if

w “ xr1
i1

¨ ¨ ¨x
rk
ik

is a reduced word of extent k, then Ωpxij q has degree at most one in Cxqy by Remark 9.4 and
therefore Ωpwq has degree at most k. Since every word appearing in p has extent at most d, it
follows that

deg Ωppq ď d ď 2d` 1.

Applying Theorem 8.5 to qp “ Ωppq therefore yields a weighted sum-of-squares representation in
which all coefficient polynomials f˚, g˚ have degree at most d. Now qpyi,jq “ pi,j , and each pi,j

belongs to the single factor CrZnis Ď CrWs. Consequently, if r is a monomial of degree t in the
variables yi,j , then sprq is a product of t elements taken from the factors CrZnis, and after reducing
adjacent letters from the same factor one obtains a linear combination of reduced words of extent
at most t. Hence

extent of sprq ď deg r
for every polynomial r, and in particular spgkq, spfi,j,kq, and spfi,kq all have extent at most d.
Finally, writing

pi,ni “ 1 ´

ni´1
ÿ

j“1
pi,j ,

and defining
hi,j,k “ pi,j spfi,j,kq p1 ď j ď ni ´ 1q, hi,ni,k “ pi,ni spfi,kq,

we obtain

p “
ÿ

k

spgkq˚spgkq `
ÿ

k

m
ÿ

i“1

ni
ÿ

j“1
h˚

i,j,khi,j,k.

Since each pi,j has extent at most 1, it follows that

extent of hi,j,k ď d` 1 “ t
d
2 u ` 1.

Thus all summands have extent at most td
2 u ` 1. □
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