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INCLUSION CONSTANTS FOR FREE SPECTRAHEDRA WITH
APPLICATIONS TO QUANTUM INCOMPATIBILITY

ANDREAS BLUHM, ERIC EVERT, IGOR KLEP, VICTOR MAGRON, AND ION NECHITA

ABSTRACT. Building on the matrix cube problem, inclusions of free spectrahedra have been used
successfully to obtain relaxations of hard spectrahedral inclusion problems. The quality of such a
relaxation is quantified by the inclusion constant associated with each free spectrahedron. While
optimal values of inclusion constants were known in certain highly symmetric cases, no general
method for computing them was available. In this work, we show that inclusion constants for
Cartesian products of free simplices can be computed using methods from non-commutative poly-
nomial optimization, together with a detailed analysis of the extreme points of the associated free
spectrahedra. This analysis also yields new closed-form analytic expressions for these constants.
As an application to quantum information theory, we prove new bounds on the amount of white
noise that incompatible measurements can tolerate before they become compatible. In particular,
we study the case of one dichotomic and one k-outcome measurement, as well as the case of four
dichotomic qubit measurements.
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1. INTRODUCTION

Spectrahedra are the solution sets of linear matrix inequalities (LMIs). Under mild conditions,
a spectrahedron can be written as

g

Da(l) := {xERg:Id—inAi 50} : (1)
i=1

where (A1, ..., Ay) is a g-tuple of Hermitian matrices of size d € N and I, is the identity matrix. A

particular spectrahedron is the cube [—1, 1]9. The matrix cube problem of Ben-Tal and Nemirovski

[NemO07] is to determine, given a spectrahedron D (1), whether

[~1,1]9 € Da(1).

The matrix cube problem arises in robust control when checking system stability under uncertainty.
Moreover, it includes maximizing a positive definite quadratic form over a unit cube which is a
central problem in combinatorial optimization. Unfortunately, this problem is NP-hard in general
[BTNO02, KTT13]. In [BTNO02], the authors gave a computable relaxation of the original problem,
including a quantification of the error made in this relaxation. In [HKM13], it was proposed that, to
verify whether the spectrahedron D 4(1) is contained in the spectrahedron Dpg(1), one should instead
consider the inclusion of the corresponding free spectrahedra. Given a g-tuple of Hermitian matrices

(A1,...,Ay) of size d, the corresponding free spectrahedron is defined as D4 := | |, .y Pa(n), where

g
i=1

Here, by SM,(C) we denote the Hermitian matrices of size n and the tensor product is the usual
Kronecker tensor product of matrices. Thus, where the spectrahedron contains all vectors x that
fulfill the LMI defined by A, the free spectrahedron contains all g-tuples of Hermitian matrices of
arbitrary size that fulfill the same LMI. Thus, for n = 1, equation (2) coincides with equation (1),
which explains our notation. Free spectrahedra are important examples within the more general
class of matrix convex sets [EW97, Kril9].

We say that D4 C Dp if the inclusion holds on all levels, i.e., if Dg(n) C Dpg(n) for all n € N.
Thus, clearly the inclusion of free spectrahedra D4 C Dpg implies the inclusion of the corresponding
spectrahedra D4 (1) € Dp(1). It was shown in [HKM13] that checking the inclusion of free spectra-
hedra is equivalent to a feasibility semidefinite program (SDP), which is efficiently solvable under
mild assumptions. SDPs are a central class of convex optimization problems that can model a wide
range of tasks in control theory, combinatorial optimization, and beyond (see, e.g., [WSV00]).

If D4 is not included in Dp, we cannot conclude in general that D4 (1) is not contained in Dp(1).
However, there exist so-called inclusion constants s for which s- D4 € Dp = Da(1) € Dp(1).
More precisely, s € [0, 1] is an inclusion constant at level m if the implication Da(1) € Dp(l) =
s+ Dy C Dp holds for all g-tuples B of Hermitian matrices of dimension m. In some cases, bounds
on the inclusion constants are known [HKMS19, DDOSS17], in particular for free spectrahedra
coming from unit balls of norms [PSS18]. However, a general method for computing these inclusion
constants has so far been lacking. Our article takes a step toward closing this gap by showing that
methods from non-commutative polynomial optimization [BKP16, WM21] can be used to compute
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bounds on inclusion constants for free spectrahedra, such as those arising in quantum information
theory.

As an application of our theory, we consider the incompatibility of quantum measurements, a
basic notion in quantum information theory. A set of measurements is compatible if they can all be
replaced by a single measurement. It has been known since the early days of quantum mechanics
that there exist incompatible measurements, with position and momentum of a particle arguably
the best known example [Hei27, Boh28]. We refer the reader to [HMZ16] for an introduction to
measurement incompatibility. In this work, we model measurements in quantum mechanics by
positive operator-valued measures (POVMs). Incompatibility is of relevance for the development
of quantum technologies, since compatible measurements can never violate Bell inequalities [Fin82],
which is needed for many quantum technologies such as device-independent quantum key distri-
bution [PABT09]. See [BCP*14] for more applications of Bell inequality violations. It has been
shown in [BN18, BN20] that the compatibility of measurements can be formulated as an inclusion
problem of free spectrahedra: for dichotomic measurements, i.e., measurements with two outcomes,
compatibility can be formulated as the inclusion problem of a universal free spectrahedron, called
the matrix diamond (see [DDOSS17] and Example 2.6), inside a free spectrahedron defined by the
observables. The inclusion constants of the matrix diamond quantify how much incompatibility
there is maximally in a setup with fixed dimension of the quantum system, a fixed number of
measurements, and a fixed number of outcomes. The matrix diamond is dual to the matrix cube in
the sense that while the latter is a matricial relaxation of the /, unit ball, the former is a matricial
relaxation of the #; unit ball. Thus, knowing the inclusion constants of the matrix diamond and
its generalization, the matrix jewel (see [BN20] and Example 2.7) helps us understand how noisy
quantum measurement devices can be before any measurement incompatibility vanishes.

To solve the convex optimization problems we encounter, it is important to know the extreme
points of the convex sets we are optimizing over, as for example the set of optimizers of a linear
functional over a convex set contains at least one of its extreme points. For a free spectrahedron
D4, each level Dy(n) is a convex set, so it can be described by its extreme points, which are
called FEuclidean extreme points to distinguish them from other types of extreme points we shall
discuss next. However, the various levels of the free spectrahedron are closely related and we can
generalize the notion of a convex combination to allow for matrix tuples of different sizes. This
leads to two further notions of extreme points which are called matrix extreme and free extreme
points, respectively, see, e.g., [EHKM18] and Section 3 of the present paper. Intuitively, a tuple X
is a matrix extreme point of a matrix convex set K if it cannot be written as a nontrivial matrix
convex combination of elements of K with size less than or equal to that of X. On the other hand,
X is free extreme if it cannot be written as a nontrivial matrix convex combination of any other
elements of K. Thus, these different sets of extreme points are related as follows:

free extreme C matrix extreme C Euclidean extreme.

Extreme points have been studied extensively in the literature of matrix convex sets, e.g., see
[Far00, Klel4, DK25, KS22]. We refer the reader to the recent survey of matrix convex sets and
their extreme points [EPS24].

1.1. Guide to the paper. The article is organized as follows: In Section 1.2, we discuss the main
results of this article, before reviewing in Section 2 relevant results from matrix convex sets, mea-
surement incompatibility, and polynomial optimization. In Section 3, we focus on extreme points
of matrix convex sets. In Section 4, we investigate the relation between extreme points of two free
spectrahedra and the extreme points of their Cartesian product. In Section 5, we use the results of
the previous section in order to characterize the optimizers for some optimization problems inspired
by measurement incompatibility which involve Cartesian products of free simplices. In Section 6,
we formulate the task of computing the maximal noise robustness of incompatible measurements as
a polynomial optimization problem, which we can simplify using the characterization of optimizers
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derived in the previous section. Finally, in Section 7, we provide some numerics and discuss the
results of this article, concluding with some open questions.

1.2. Main results. The main contribution of this article is the computation of optimal inclusion
constants of free spectrahedra that arise as direct sums of free simplices. For free spectrahedra D4
and Dp, their direct sum is defined to be the free spectrahedron Diggr 19p)- A free polytope is a
free spectrahedron Dy as in equation (2) where the matrices A; defining D4 are diagonal in the
same basis. A free simplex is a bounded free polytope where the A; have dimension g 4+ 1. The
matriz cube in g-variables is the free polytope obtained by taking the union over n of all g-tuples
(X1,...,X,) of n x n self-adjoint matrices that satisfy X? < I,, for all i = 1,...,g. In the case
g = 2, we commonly call the matrix cube the matrix square. If g = 1, then we call the matrix cube
the matrix interval. Our results follow from our study of the different kinds of extreme points of
such free spectrahedra and from using tools from non-commutative polynomial optimization. The
new optimal inclusion constants shed light on the noise robustness of measurement incompatibility
in quantum information theory.

Our main contribution is the optimal inclusion constant at level two of the direct sum of two real
free simplices, namely the free line (the free simplex in 1 variable) and a particular free simplex in
k variables which is of interest in quantum information. The following is a restatement of Theorem
5.1:

Theorem. Fiz an integer k > 1 and define
Bj(k) =1, ® (Iy41 — (k+1)Ej(k))  for  j=1,...,k (3)
and
Bjt1(k) = diag(1, —1) ® Ipt1, (4)

so that Dp(yy is the direct sum of the real matriz interval and a real free simplex in k variables. Let
s4(2) be its optimal inclusion constant at level 2. Then,

SA(Z):k—H%\/H@ 5)

The free spectrahedron Dpy is closely related to the matrix jewel [BN20], see Example 2.7.

To prove the above theorem, we show in Theorem 3.10 that for general free polytopes, an upper
bound for the corresponding inclusion constant can be found via an optimization problem involving
both the free polytope and its dual free polytope, which is the maximal matrix convex set for the
polar dual of D4(1). We then construct explicit elements of the free polytopes that achieve s4(2) in
this optimization problem. On the other hand, we show that s4(2) is a lower bound for the inclusion
constant by constructing an exact solution to the corresponding feasibility SDP of [HKM13].

En route to solving this feasibility SDP, we study in detail the extreme points of Cartesian
products of a pair of free spectrahedra, with a particular focus on the case of Cartesian products
of free simplices, such as the dual free polytope for the matrix jewel. In Section 4, we specialize
known kernel-based classifications of extreme points of free spectrahedra to the Cartesian product
setting. This leads to new insights into matrix extreme points of free spectrahedra that are not free
extreme, points which were known to exist, but were considered difficult to construct [EEHK24].
In particular, in Proposition 4.6 we give a simple construction that for a Cartesian product of free
spectrahedra yields a tuple that is matrix extreme but not free extreme.

The fact that we can prove the optimal form of s4(2) in the real setting is due to differences in
the structure of the extreme points between the real and the complex setting. The following result
is an immediate consequence of Theorem 4.9 for the first assertion and Theorem 4.13 for the second:

Theorem. Let Dy = Dg, x Dg, be the Cartesian product of two free simplices and let (X,Y) be a
real matriz extreme point in level two, i.e., in Da(2). Then, X and Y are free extreme in Dg, and
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Ds,, respectively. However, in the complex setting there exist matrix extreme points at level two of
a Cartesian product of two free simplices that are not free extreme.

In addition to the direct sum of a real line and a real k-simplex, we also study the inclusion
constant (over the complexes) for level two of the matrix cube in four variables. The following is
an informal restatement of Proposition 5.11:

Theorem. Let Dp be the direct sum of 4 real lines and let sg(2) be its optimal inclusion constant
at level 2. Then,

2
irh

The direct sum of 4 real lines is known as the matrix diamond [DDOSS17] and is the free dual
polytope to the matrix cube. We prove the theorem by finding exact extreme points of the matrix
cube that achieve this bound in the relevant optimization problem.

It was shown in [BN18, BN20, BN22b] that optimal inclusion constants at level d for certain
direct sums of free simplices correspond to the minimal amount of noise that is necessary to make
any measurements on d-dimensional quantum systems with a fixed number of outcomes compatible.
Therefore, the previous results can be applied to study the robustness of measurement incompati-
bility. At the heart of our results on quantum information theory lies the realization that we can
obtain the relevant optimal inclusion constants from non-commutative polynomial optimization
problems, while it was previously unknown how to obtain inclusion constants in a systematic way.
We show in Theorem 6.1 that computing the minimum compatibility degree of measurements with
fixed outcomes in dimension d, i.e., the minimal amount of noise that is necessary to make any
measurements on d-dimensional quantum systems with a fixed number of outcomes compatible,
is equivalent to solving a polynomial optimization problem. We can thus use tools from non-
commutative polynomial optimization such as convergent hierarchies of SDPs to find lower bounds
on the maximal robustness of measurement incompatibility to noise. We are especially interested
in two measurement settings, namely the minimum compatibility degree of one dichotomic and one
measurement with k + 1 outcomes and the minimum compatibility degree of 4 dichotomic qubit
measurements (i.e., on quantum systems of dimension 2). We write the compatibility degree of g
measurements in dimension d with outcomes k = (k1, ..., ky) as s(d, g, k), see Definition 2.16.

For one dichotomic and one measurement with & + 1 outcomes, from (5) we obtain the maximal
noise robustness of incompatibility if we restrict to real quantum mechanics, i.e., to quantum states
and measurements that can be described by real-valued matrices. The following is a restatement
of Theorem 6.5:

83(2) S

Theorem. The minimum compatibility degree for one dichotomic and one measurement with k+ 1
outcomes in dimension 2 when restricted to real quantum mechanics is

k—1+vk+1 (©)
2k '

A pair of maximally incompatible measurements is a computational basis measurement together
with a Hadamard basis measurement that is padded with zeroes.

sr(2,2,(2,k+1)) =

This result implies an upper bound for complex quantum mechanics, i.e.,

k—14++vk+1
2k '
In fact, we conjecture that the upper bound is optimal and holds for any d > 2:

sc(2,2,(2,k+1)) <

Conjecture. We conjecture the minimum compatibility degree for one dichotomic and one mea-
surement with k 4+ 1 outcomes in dimension d to be

s(c(d,2,(2,k:+1)):k_lzkkarl. (M)
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For small k, we support this conjecture by solving the corresponding non-commutative polyno-
mial optimization problem using the NPA hierarchy (see Section 7.1). A crucial ingredient here are
our characterizations of extreme points of Cartesian products of free simplices in Section 4.

For the compatibility degree of 4 dichotomic qubit measurements, we obtain the following result,
which is a restatement of Theorem 6.9:

Theorem. The minimum compatibility degree of 4 dichotomic qubit measurements is bounded from
above by

S(C(2a 47 (2’ 2’ 2’ 2)) <

ﬁ‘w
w

The upper bound is the compatibility degree of a computational basis measurement and three pro-
jective measurements that correspond to equiangular lines in the X —Y plane in the Bloch repre-
sentation, see Fig. 1.

We conjecture this bound to be optimal, i.e., that the measurements we found are among the
most incompatible ones.

Conjecture. The minimum compatibility degree of 4 dichotomic qubit measurements is

2
5@(2, 4, (2, 2, 2, 2)) = \/Ti?) .
We support this conjecture by numerical lower bounds on the corresponding non-commutative
polynomial optimization problem, obtained using the Lasserre hierarchy (see Section 7.2).
In summary, our results demonstrate the usefulness of characterizing free extreme points for
non-commutative polynomial optimization problems arising from quantum information theory.

2. PRELIMINARIES

2.1. Notation. For simplicity, we will write [n] := {1,...,n}. For m, n € N, the set of n x m
matrices with entries from the field F = R or C will be denoted by M, ,,(F) or M,(F) if m = n.
We will denote the symmetric n x n matrices by SM,(R) and the Hermitian n x n matrices
by SM,(C). It will later be useful to write M(F) = UnenM,(F) and SM(F) = U,enSM,(F).
Elements X, Y € M, (F)Y are unitarily equivalent if there exists a unitary U € M, (F) such that
(UAU*,..., UA,U*) = (Bi1,...,By). We say that A € M(F)¢ is reducible over F if there exists
B, C € M(FF)? such that (A;);c[g is unitarily equivalent to (B; © C;);cfg- Otherwise, A is called
irreducible over F.

By writing A = 0 for A € M, (F), we will mean that A is positive semi-definite. For the identity
matrix in dimension n, we will write I,,, where we will sometimes drop the index n. The Pauli

matrices are
(0 1 (0 —i (1 0
X=\10/) Y7\ o) 270 —1)"

For a vector z € F", diag(z) € M, (F) will be the diagonal matrix with x on the diagonal. We write
Amax(A) for the largest eigenvalue of A.

2.2. Matrix convex sets. Matrix convex sets are special kinds of graded sets of the form
(S(n))neny € SM(IF)9 with S(n) C SM,(IF)9 for all n € N. To define them we first need a suitable
generalization of the convex hull, see [EHKM18, PSS18]:

Definition 2.1 (Matrix convex hull). Let (S(n))nen € SM(F)Y be a graded set. For all i € [s]
and some s € N, let X() .= (Xy), .. ,Xéi)) € Sp,, i.e., X;i) € SM,,,(F). Then, a matrix convex
combination of XV, ... X©) s an expression of the form

> vrxWv, (8)

i€]s]
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where V; € My, n(F) are matrices such that Zz‘e[s} ViV =1, and X/i*X(i)T/i = (V;-*X](.i)‘/;)je[g]. The
matriz convexr hull mat®(S) of a graded set S is the set of all matrixz convexr combinations of
elements of S.

With this, we can define matrix convex sets:

Definition 2.2. A graded set (S(n))neny € SM(F)? is matriz convex if it is closed under matric
convex combinations.

In particular, mat®(S) is the smallest matrix convex set containing S. Alternatively, S is a
matrix convex set if and only if it is closed under direct sums and conjugations by isometries. A
matrix convex set S is called compact if and only if S(n) is compact for all n € N.

2.2.1. Matriz convex sets closed under complex conjugation. Say a matrix convex set K C SM(C)Y
is closed under complex conjugation if for all X € K, one has that X = (X1,...,X,) € K.
This is equivalent to the assumption that K is closed under transposition, i.e., X € K if and only
if X7 = (x{,... 7XgT) € K. The property of being closed under complex conjugation plays an
important role in matrix convexity and leads to a cleaner theory. For example, as we shall see in
Section 3, closure under complex conjugation yields a cleaner theory of extreme points.

Given any matrix convex set K, one naturally obtains a real matrix convex set (K©), by setting
(K©), := KN SM(R)9. On the other hand, given a real matrix convex set K® C SM(R), the

complexification of K¥ is defined by

(KR, = {X +iY € SM(C)?: X,Y € M(R)? and Gf 3?) € KR} .

As a consequence of [BM25a, Theorem 3.1], (K®). is a complex matrix convex set. Furthermore,
(K™), is equal to the complex matrix convex hull of K®. It is easy to see that (K™®). is closed
under complex conjugation.

Lemma 2.3. Let K€ c SM(C)9 be a complex matriz convex set. Then Z € (K©),)e if and only
if Z,Z € K. As an immediate consequence, (K©),). = K€ N KC. Moreover, (K®),). = K€ if
and only if K€ is closed under complex conjugation.

Proof. Let Z = X +iY € KC where X and Y are tuples of real matrices. Then by definition

Z € (K©),). if and only if
W= (X _Y) € (K©),.

Y X
As (K©), = K€ N SM(R), this is in turn equivalent to W € Kg However, W is unitarily
equivalent to Z @ Z, so it follows that Z € ((K©),). if and only if Z,Z € KC. O

Throughout the article, all of the matrix convex sets considered will be closed under complex
conjugation. Thus, Lemma 2.3 allows us to naturally pass between the real part and the com-
plexification. Under the assumption of closure under complex conjugation, much of the theory
easily transfers from the complex to the real setting, or vice versa, via arguments along these lines.
However, some aspects of the theory break down when passing between reals and complexes. See
[BM25a, BM25b, EP25] for further discussion on the relationship between real and complex matrix
convex sets.

2.2.2. Free spectrahedra and their inclusion constants. A special class of matrix convex sets that
will be relevant for this article are the free spectrahedra. They are matricial relaxations of
ordinary spectrahedra that are solution sets to LMIs that appear, for example, in optimization
theory [HKM13].
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Definition 2.4. Let g, d € N, A € SMy(F)9. Then, the n-th level of the free spectrahedron
defined by A is defined as

Di(n) :={ X € SM,,(F)? : Z A @ X; = Ly
i€[g]

The free spectrahedron defined by A is the disjoint union of all levels, i.e.,

DY = |_| D (n).
neN

To keep notation light, we will drop the superscript F if the field is unimportant or clear from the
context.

Thus, Dy4(1) is the spectrahedron defined by A. If all A; are diagonal in the same basis, D4 is a
free polytope. Furthermore, if D4 is a bounded free polytope and d = g + 1, then D, is a free
simplex. We note that the defining pencil of a free polytope can be taken to be real. Therefore,
every free polytope is closed under complex conjugation. That is, if Dy is a free polytope and
X € Dy, then X € Dy.

Of particular interest in this article are Cartesian products and direct sums of free spectrahedra.
Given free spectrahedra D4 C SM(F)9 and D C SM(F)", the n-th level of the Cartesian product
of D4 and Dpg is defined as

(Da x Dp)(n) := {(X,Y) € SM,(F)9™": X € Dy(n) and Y € Dp(n)}.

We then have Dy X Dp = Up(D4 X Dp)(n). As one may expect, the Cartesian product of free
spectrahedra is a free spectrahedron, see Lemma 4.1. We define the direct sum of Dy and Dp
to be the free spectrahedron Disgr rep)- In the case that Dy and Dp are free polytopes, the
Cartesian product and direct sum of D4 and Dpg are related to each other in a natural dual sense,
see Proposition 4.2.

We frequently use the notation

A(X):=> AieX; and  La(X):=1-Ax(X),
i€[g]
With this notation, D4 = {X € SM(F)9 : La(X) = 0}. We say A is a minimal defining tuple
for Dy if the dimension d of A is as small as possible. That is, A € SMy(FF)¢ is minimal if and only
if B € SMy, (F)? and Dy = Dp implies d < d;. See [HKM13, Zall7] for an in-depth discussion of
minimal defining tuples.
Sometimes, it will be useful to look at a homogeneous version of a free spectrahedron:

Definition 2.5. Let g, d € N, A € SMy(IF)9. Then, the n-th level of the homogeneous free
spectrahedron defined by A is defined as

H([}A)(n) = {X € SMH(F)ngl 10 Xo + AA(X) ~ 0} .
The homogeneous free spectrahedron defined by A is the disjoint union of all levels, i.e.,
Hiray = | | "),
neN

Note that due to the sign conventions used above, the free spectrahedron D4 is naturally asso-
ciated to the homogeneous free spectrahedron H; _ 4)-
Before we proceed, we give some examples of free spectrahedra.
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Example 2.6 (Matrix diamond [DDOSS17]). The matriz diamond is the disjoint union Dgg =
Llnen Df’g(n), where

g
Dy ,(n) := {X € SM,(F)?: > & X; 21, Ve € {il}g} _
i=1
Note that we could have written Dgg as DY with A; = (®je[i—1} [2> ®diag(+1,-1)® (®j i 12)

Example 2.7 (Matrix jewel [BN20]). The matrixz jewel generalizes the matriz diamond. It is
defined as D@ = Lpen Dgﬁk(n), where k = (k1,...,kg) € N9 and

D@J{(n) =
g kji—1
X € SM,(F)XZiki- Z Z ® I, | ® diag(vgkj)) ® ® Ty | | @ Xij 2 L(gyeokeg)n
j=1 i=1 Lelj—1] l=j+1

The vectors vgk) c R* are defined fori € [k —1] as

2
o () == -t 204, v e [k],

(]
where §; j is the Kronecker delta. For k =2, we get vi = (1,—1). Therefore,
F F
D@ng == Do,g'
In general, D%}’k is a direct sum of free simplices.
2.2.3. Inclusion constants. For two free spectrahedra D4 and Dpg, we define the inclusion Dy C
Dp to mean Dy(n) € Dp(n) for all n € N. Obviously, the implication D4 C Dp thus implies

Da(1l) € Dp(1). The reverse implication is usually not true, but we can make it true by shrinking
D 4 sufficiently. Therefore, we define the set of inclusion constants as follows:

Definition 2.8 (Inclusion constants). Let g € N and A € SM(F)9, Then, the set of inclusion
constants is defined as
Af(m) = {s€[0,1]: D4(1) CDp(1) = s-Da C Dp VB € SM,,(F)?}.
In particular, we are interested in the largest element of this set, i.e.,
$5(m) := sup{s € A% (m)},
which we will call the mazimal inclusion constant. We will again drop the superscript F if the

field is unimportant or clear from the context.

For more about inclusion constants, we refer the reader to [HKMS19].

For fixed B € SMp(F)? and A € SMy(F)? such that D4(1) is bounded, whether D4 C Dp holds
can be checked with a semidefinite program [HKM13]. In fact, it is sufficient to consider the level D
inclusion Dy (D) C Dp(D), not all levels. We need to check whether the following SDP is feasible:

C:= (CPQ)Z,qzl =0,

IS

Z Cpp =1Ip, (9)
p=1

d
Z (Ai)pgCpq = Bi Vi € [g],
pyq=1
Cpq € SMp(IF) Vp,q € [d].
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The SDP amounts to checking whether there is a unital completely positive map which maps
A; — B;. Here, C is the Choi matrix corresponding to this completely positive map. The first line
checks complete positivity, the second unitality, and the third whether indeed A; — B;. One of the
main results of [HKM13] is that inclusion of free spectrahedra is in one-to-one correspondence with
the existence of such completely positive maps. We refer the reader to [HKM12]! for an extension
to unbounded Dy4.

2.2.4. Minimal and mazximal matriz convex sets. Given a closed convex set C C RY, there typi-
cally exist many matrix convex sets K C SM(F)9 such that K (1) = C. Among these, the two
most notable ones are the minimal and maximal matrix convex sets associated to C. These are
respectively the smallest and largest matrix convex sets whose first level is equal to C.

More precisely, the minimal matrix convex set associated to C, denoted W™ (C), is simply
the matrix convex hull of C. That is,

WL () := mat®(C).

On the other hand, the maximal matrix convex set associated to C, denoted Wg**(C) is the
set of all matrix tuples X that satisfy the linear inequalities satisfied by C. That is,

WES(C) :={X € SM(F)Y : Ao(X) = apl whenever Ay(z) < ag for all x € C}.

In the case where 0 is in the interior of C, one sees that ag must be strictly positive, hence the
above definition simplifies to

WE(C) :={X € SM(F)Y : Lo(X) > 0 whenever L,(x) = 0 for all x € C}.

max

As a consequence, if D4 if a free polytope, then Wy (Dg(l)) = Dg. Again, we will most often
drop the I for readability. It is straightforward to check that minimal and maximal matrix convex
sets over a convex set C C RY are closed under complex conjugation.

Finally, we can also define inclusion constants for polytopes, namely as how much you have to
shrink the maximal matrix convex set to make it fit inside the minimal matrix convex set.

Definition 2.9. Let P C RY. Then, the set of inclusion constants is defined as
Ap(m) = {s €[0,1] : s - W™ (P)(m) S W™ (P)(m)} .

The mazimal inclusion constant is defined as si(m) := sup{s € AL (m)}. We will again drop
the superscript F if the field is unimportant or clear from the context.

See [DDOSS17, PSS18] for further discussion of minimal and maximal convex sets. We mention
that simplices are of particular note with respect to inclusion constants. Namely, [PSS18, Theorem
4.1] shows that if K C RY is a convex set, then W™ (K) = W™a(K) if and only if K is a simplex.
Thus, the maximal inclusion constant for a simplex is 1.

2.2.5. Polar duals. Given a closed convex set C, we let C* denote the (classical) polar dual of C.
That is
C*={yeRI:(z,y) <1forall zeC}.
Also, for a closed matrix convex set K, we let K° denote the free polar dual of K [HKM17],
defined by
K° = {Y € SM(F)g : Ay(X) <1 forall X € K} =NxerDx.

A straightforward check shows that K(1)® = (K°)(1). Additionally, if 0 is in the interior of K,
then (K°)° = K.

From [DDOSS17, Theorem 4.7], for a closed convex set C, one has

Wmin(c)o _ WmaX(Co).

IThe paper [HKM13] was written and posted to arXiv https://arxiv.org/abs/1003.0908 carlier than [HKM12]
https://arxiv.org/abs/1102.4859 but got published later.


https://arxiv.org/abs/1003.0908
https://arxiv.org/abs/1102.4859
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Furthermore, if 0 € C, then
WmaX(C)O — Wmln(c.) .
In particular, if D4 is a free polytope then we obtain
D = WM (Da(1)%). (10)

Since [DDOSS17] is originally proved over the complexes and plays an important role in our
theory, we show that the result also holds over the reals. To do this, we will make use of the
following lightly modified version of [HKM17, Proposition 4.3 (5,6)] (see also [EW97]).

Lemma 2.10. Let K¥ ¢ SM(F)I be a closed matriz convex set. Then (K¥)°° = mat® (K" U {0})

Proof. There are only two small differences in our statement compared to [HKM17, Proposition 4.3
(5)]. The first is that [HKM17, Proposition 4.3 (5)] works over C, while our result is stated over
F. The main tool in the proof of [HKM17, Proposition 4.3 (5)] is an appeal to the Effros-Winkler
matricial Hahn-Banach theorem [EW97], which while proved over C, is easily shown to hold over
R, so the choice of R or C does not matter.

The second difference is that we do not require the closure of the matrix convex hull. However,
since we assume that K¥ is closed and since the matrix convex hull of {0} is evidently a closed
matrix convex set, [EP25, Theorem 3.14] shows that mat® (K" U {0}) is closed. Thus, the closure
is not needed in our setting. O

Now, as a consequence of [BM25a, Lemma 6.6, Proposition 6.8], the complex matrix convex set
WEaX(C) is the complexification of the real matrix convex set W2aX(C), and similarly W=in(C) =
(Wmin(C)).. Using this together with the following lemma shows that [DDOSS17, Theorem 4.7]
holds in the real setting.

Lemma 2.11. Let KT and KS be closed complex matriz convex sets and assume that KS is closed
under complex conjugation. Let K1 = (KY), and K5 := (KS), denote the real parts of K and
KS, respectively. Then KT = (K$)° if and only if K = (KQ) .

Proof. We first show that K& = (KY)° implies K} = (K5)°. By definition K& = (K5)° means
K¢ = Nzexs DY, Tt follows that

KR = (mZng Dg) NSM(R)? = Nyerce (Dg N SM(R)9> = Nzexs DE.
Now, since Kéc is closed under complex conjugation, Z € Kéc if and only if Z ® Z € K(QC , SO

R _ R

Now, writing Z = X 4 ¢Y with X,Y real, we have that Z is unitarily equivalent to
X -Y
v %)
It follows that Z € K if and only if W € K5 and also that D§@7 = D¥,. We now obtain that
Nzexs Dyez = Mwers Div = (K3)°,
which completes the forward implication.

For the reverse implication, assume that KT = (KX)°. Since 0 is always an element of the free
polar dual, Lemma 2.10 shows that this is equlvalent to KiR = (mat®(K¥ U {0}))°. Furthermore,
we have 0 € Kf C KT, so Lemma 2.10 shows that K1 = (KF)*°. Set KS := (KY)°, so that
KT = (K$)°. By the first part of the proof, K} = (K¥)°.

Agam using Lemma 2.10, we obtain K5 = mat®(K5 U {0}). Since the complexification of a
matrix convex set can be obtained by taking the matrix convex hull of the set over C, it is now
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straightforward to check that KY = mat®(KS U {0}). It follows that (K5)° = (K$)°, hence
(K3)° = K. O

Additionally, if D4 is a free polytope, then W™*(D4(1)®) is a free polytope which we call the
dual free polytope of D4. We let DE denote the dual free polytope of D 4.
We record a small observation that will be useful later:

Proposition 2.12. Let Dy C SM(F)Y be a free polytope and X € SM(F)9. Then,
(1) Da(1) € Dx(1) <= X € W™(D4(1)*) = DF.
(2) Do CDx <= X € W™ (Dy(1)®).

Proof. Since Dy is a free spectrahedron, it is easy to see that the polytope D4 (1) is closed and
contains 0. Thus, by the bipolar theorem, D4(1)*® = D4(1). The relation Da(1) C Dx(1) is
equivalent to

YuXi<I  WyeDa(l).
i€lg]
Using DA (1)*® =Da(1) and Da(1)** ={y € RY: L,(y) = 0 Vo € D4(1)*}, we can likewise write

WD 4(1)*) = {X € SM(F) : L,(X) = 0¥y € Da(1)}.

This proves the first assertion. For the second assertion, it is enough to realize that D4 C Dy is
equivalent to X € (D4)°. The assertion then follows from equation (10). O

2.3. Measurement incompatibility. The problem from quantum information theory we will be
concerned with in this article is the incompatibility of measurements. First, we will need some
notation from quantum information theory. We refer the reader to [HZ11] for an introduction to
the mathematical description of quantum systems. For quantum systems of dimension d € N, the
set of quantum states is given as

S(CY ={pe My(C):p>=0,tr(p) =1}.

Thus, quantum states can be thought of as a non-commutative generalization of probability distri-
butions.
Measurements on these quantum states will be described as follows: A measurement with out-
comes in a finite set ¥ is a tuple of matrices (E;)iex, € My(C) such that
(1) E; =0 for all i € &;
(2) Ziex Ei = La-
Sets of matrices that satisfy the above are known as positive operator-valued measures
(POVMs). Without loss of generality, we will set ¥ = [n] for n = |X|, which can be thought
of as a labeling of the outcomes of the measurement.
Now, we consider a set of measurements, i.e., (Ej;)ic[k,) is @ POVM for every = € [g]. Here,

g € N is the number of measurements and k, € N is the number of outcomes for the measurement
with label z.

Definition 2.13 (Compatible measurements). Let g € N, d € N, and k; € N for all x € [g]. Let
(Eijx)iclk,], * € lg] be a collection of g d-dimensional POVMs. These measurements are compatible
if there exists another d-dimensional POVM (Jiy iy )i elki),....ig€lk,] Such that

Ez|z = Z Ji1,...,im_l,i,ix+1,...,ig Vi € [k:x],Vac € [g] .
iy €[ky]
y#

If the measurements are not compatible, they are called incompatible.
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An equivalent way to write this condition is that there exist a finite set A, a POVM (M))xea
and conditional probability distributions (p;jx)ic(k,] for all @ € [g] such that

Ej. = me,zMA- (11)
NeA

This can be interpreted as follows: The measurements (E;,.); are compatible if we can obtain the
same outcome statistics by performing a single measurement (M) ), instead and randomly assigning
its outcomes to the measurements (Fj), ); according to the probability distributions (p; ,)i- We call
the latter process classical post-processing because it can be done on a normal computer and
does not involve any quantum systems. For a general introduction to measurement incompatibility,
we refer the reader to [HMZ16].

In [BN18, BN20], it was realized that there measurement incompatibility and matrix convex sets
are closely related. A key observation is the following:

Proposition 2.14. Let g, d € N and k; € N for all x € [g]. Moreover, let E;,, € SMy(C) for all
i € [kz], x € [g]. We define A;, = 2Ez‘\x_k%fd foralli € [ky—1], x € [g] and A = (Ajj2)ic[k,—1],0¢]g)-
Then,

(1) D%’k(l) C DS(1) if and only if (Eijz)ilk,) 18 @ POVM for all x € [g].

(2) D%’k C DY if and only if (B )ic[k,] are compatible POVMs for all x € [g].
Equivalently,

(1) Ae wrax(DS | (1)*) if and only if (Eijz)ilk,) i @ POVM for all x € [g].

“ (P
(2) Ae Wg‘m(D%’k(l)') if and only if (Ejj;)ie(r,) are compatible POVMs for all x € [g].

Proof. The first two statements can be found in [BN20]. The last two statements follow from

Proposition 2.12 or can directly be found in [BN22b]. O

In a similar way to noise destroying entanglement, which is part of what makes building quantum
computers challenging, incompatible measurements can be made compatible by adding a sufficient
amount of noise. In this article, we will consider uniform noise, also called white noise.

Definition 2.15. Let k € N and let (E;)cr) be a POVM. Let s € [0,1] be a noise parameter.
Then, we define the POVM (E;(s));cqk with

I
Ei(s):=sE;+ (1 — S)E
as the noisy version of (E;)ic-

Now, fixing the dimension of the quantum system, the number of measurements we want to
consider, and their outcomes, we ask for the minimal amount of noise that makes any such mea-
surements compatible. This is captured by our next definition.

Definition 2.16 (Compatibility degree). Given a g-tuple of measurements E = (E.;)clq 07 @
d-dimensional Hilbert space, having respectively kq,..., kg outcomes, define their compatibility
degree as

sc(E) = max{s € [0,1] : {(E;3(5))ic[k,) tze[q are compatible}.

Consider a measurement setting given by positive integers d, g € N and k, € N for all x € [g].
The minimum compatibility degree of this measurement setting is defined as

sc(d, g, (k1,...,kg)) :==min{sc(E) : E is a g-tuple of measurements
on a d-dimensional Hilbert space with ki, ..., kg outcomes}.

If ki = ... = kg =2, we write sc(d, g) instead.
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We can use the results in Proposition 2.14 to make a connection between the minimum com-
patibility degree and the maximal inclusion constant of the matrix jewel. The following has been
proved in [BN20, BN22b]:

Proposition 2.17. Let d, g € N and k, € N for all x € [g]. Moreover, let A be the matrices
defining D%k(l) and P = D%k(l)'. Then,

sg(d) = sc(d,g,k) = s%(d) .

In the following, we collect what is known about the minimum compatibility degree for different
measurement settings. Some of the results make use of Proposition 2.17.

Proposition 2.18. Let d, g € N and k, € N for all x € [g]. Then,
(1) For any permutation o on g elements, sc(d, g, (k1,...,kg)) = sc(d, g, (ko1), - -+ Ko(g)))-
) sc(d, g, (ky, ... kg, 1)) = sc(d, g, (K1, ..., ky)).
3) Fork, € N such that kj, > k¥ € [g], it holds that sc(d, g, (K, ..., ky)) < sc(d, g, (k1,
4) For d' € N such that d’ > d, it holds that sc(d', g, (k1,...,kg)) < sc(d, g, (ki,... kg)).
) For ¢ € N such that g’ > g, it holds that sc(d,g’) < sc(d, g).
) sc(d,g) = 1/,/9.
7) sc(d,g) =1/\/g for d > 2llg=1)/21,
8) sc(d,g) > 7(d) with T(d) = 4~ (2:), with n = |d/2]. Asymptotically, 7(d) behaves as
2/(md).

(2
(
(
(5
(6
(
(

(9) S(C( » 95 (kl? )) Z 1/gk d
(10) sc(d, g, (k1 ... k) > g(glikima: Jor kmax = max;cig) ki.
(11) sc(d, 2, (k1, k2)) (1 T W)

Proof. The first two points are straightforward to prove. The third point has been proved in [BN20)].
The fourth point follows along the lines of [BN18, Proposition 3.6]. The fifth point follows from
the first three. The sixth and seventh point were proved in [BN18], based on results by [PSS18].
The eight point was proved in [BN22a], using ideas from [BTN02]. The ninth point can be found
n [HMZ16]. The tenth point was proved in [BN20, Proposition 6.7], using an idea of [HSTZ14].
The last bound has been proved in [DFK19, Section 3.2.3]. O

Remark 2.19. In [BLN25|, the compatibility degree of random quantum measurements has been
considered. It has been shown that, in many natural settings, generic random measurements are
almost maximally incompatible: in the limit where the Hilbert space dimension goes to infinity, the
compatibility degree of independent random quantum measurements approaches the minimum value
sc(d, g, k) from Definition 2.16.

We now introduce a real-valued version of measurement compatibility. First, note that real
measurements Fj, € S M,4(R) are compatible if and only if there exists a joint measurement with
real-valued effects M) satisfying equation (11). Indeed, one can simply take for M the real part of
an a priori complex joint measurement.

In order to obtain a real version of Proposition 2.14 for measurements defined by real matrices,
we will need the following result. It shows that for real matrices, the inclusion of the real free
spectrahedra is equivalent to the inclusion of the complex versions.

Lemma 2.20. Let A, B be g-tuples of real symmetric matrices. Then, for all n > 1, we have:
D(2n) C DE(2n) = Di(n) € Di(n) = Di(n) C D(n).

In particular,
D§ C Dy < D} C D

k).
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Proof. The only non-trivial implication follows from the following observation: given a selfadjoint
matrix X, we have

ReX ImX
Xzl = [—ImX ReX} =0,
where Re X and Im X are the real, resp. imaginary parts of the matrix X. O

Using this lemma, we immediately obtain a real version of Proposition 2.14:

Corollary 2.21. Let g, d € N and k; € N for all x € [g]. Moreover, let E;, € SMa(R) for all
i € [kz], x € [g]. We define A;, = 2Ei‘x—%fd foralli € [ky—1], z € [g] and A = (Ajj2)ic[k,—1],0¢]g)-
Then,

(1) D%,k(l) C D(1) if and only if (Eyy)ieik,) is a POVM for all x € [g].

(2) D%}k C D% if and only if (Eijz)ielk,) are compatible POVMs for all x € [g].

We also introduce the real version of the minimum compatibility degree from Definition 2.16:

sr(d, g, (K1, ..., kg)) :=min{s € [0,1] : {(E;(5))ic[k,] }ze[q are compatible for all sets
of g real valued d-dimensional POVMs {(Ej,)ic[k,] }zelg]} -

2.4. Non-commutative polynomial optimization. In this section, we briefly present different
hierarchies of semidefinite programs (SDPs) to solve problems in commutative and non-commutative
polynomial optimization. We will focus on the problems they are designed to solve and refer the
reader to the corresponding papers for details about the actual hierarchies.

2.4.1. Lasserre hierarchy. Let p : R" — R and g; : R" — R be polynomials for all i € [r], r € N.
Then, we are interested in the following optimization problem:

minimize p(x)
such that gi(x) >0 Vie]r] (12)
x e R"

Here, the set K defined by the polynomial inequalities g;(x) > 0 is assumed to be compact.
Moreover, the technical Assumption 4.1 from [Las01] is assumed to hold.

It was shown in [LasO1] that there exists a sequence of lower bounds p; < pa < ... such that
each p; can be computed by an SDP and such that lim;_, p; = p*, where p* is the value of (12).
Moreover, [Las01] gave optimality conditions of Karush-Kuhn-Tucker (KKT) type. The underlying
idea of the hierarchy is to express p(x) — p* as a sum of squares.

2.4.2. NPA hierarchy. For non-commutative polynomials, we are interested in the following prob-
lem: Let p, g; be non-commutative polynomials in n variables for all i € [r], r € N, H be a complex
Hilbert space, B(H) be the set of bounded linear operators on H, ¥ be a unit vector in that Hilbert

space and (Xi,...,X,) € B(H)"™ be a vector of self-adjoint operators. Then, we want to solve:
minimize (W, p(X))
such that gi(X) =0 Vie]r (13)

where the optimization runs over all H, ¢ and X. Here, the polynomials g; have to be such that
the positivity domain K, i.e., the set of X such that g;(X) = 0 for all 4 € [r], has an associated
Archimedean quadratic module.

In [HMO04, PNA10], it was shown that again there exists a sequence of lower bounds p; < ps < ...
such that each p; can be computed by an SDP and such that lim;_, ., p; = p*, where p* is the value
of (13). The SDP hierarchy is referred to as NPA hierarchy after Navascués, Pironio, and Acin,
the authors of [PNA10]. The authors also gave a sufficient criterion for the i-th relaxation to
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be optimal, i.e., p; = p*. It is based on the associated moment matrix having a flat extension.
Recently, optimality conditions of KKT type for this hierarchy were given in [AKG™'23].

3. EXTREME POINTS OF MATRIX CONVEX SETS

We now discuss in detail the extreme points of matrix convex sets in addition to two optimization
problems over the extreme points of matrix convex sets.

3.1. General results.

3.1.1. Types of extreme points in matriz convex sets. Matrix convex sets have several different
notions of extreme points, which all have different uses. We will be interested in this article
in Euclidean extreme points, matrix extreme points, Arveson extreme points, and free extreme
points. We will start by reviewing their definitions. For more background on the different types of
extreme points, we refer the reader to [EHKM18, EEHK24] and the recent survey [EPS24].

Definition 3.1 (Euclidean extreme points). Let (S(n))nen be a matriz convex set. Then, X € S(n)
is called an Euclidean extreme point if it is an extreme point of the convex set S(n). We write
OFueS for the Euclidean extreme points of S and O¥'S(n) for those in S(n).

Before we can go on to define matrix convex points, we need to define a special class of matrix
convex combinations.

Definition 3.2 (Proper matrix convex combination). A matriz convex combination as in equation
(8) is proper if all the matrices V; € My, »,(IF) correspond to surjective linear transformations.

Definition 3.3 (Matrix extreme points). Let (S(n))neny C SM(F)Y be a matriz convex set. Then,
X € S(n) is called a matriz extreme point if from any expression of X as a proper matriz convex
combination of points X € S(n;), i € [s] for some s € N, it follows that n; = n and each X
unitarily equivalent to X for all i € [s]. We write 9™'S for the matriz extreme points of S and

o™matS(n) for those in S(n).

Definition 3.4 (Arveson extreme points). Let (S(n))neny C SM(F)Y be a matriz convex set. Then,
X € 5(n) is called an Arveson extreme point if

_(X B
Y_<,8* 7>€Sn+m

implies B =0 for 8 € My, ,(F)? and v € SM,,(F)9.
In the above definition, the tuple Y is called a dilation of X.

Definition 3.5 (Free extreme points). Let (S(n))nen be a matriz convex set. Then, X € S(n)
1s called o free extreme point if from any expression of X as a matrix convexr combination of
points X € S,,., i € [s] for some s € N, it follows for each i € [s] that either n; = n and X
unitarily equivalent to X orn; > n and there exists a Z® € S such that X is unitarily equivalent
to X @& ZW | where the direct sum is understood entry-wise. We write ™S for the free extreme

points of S and 0™¢S(n) for those in S(n).

In [EHKM18], free extreme points are called absolute extreme points. From [EHKM18, Theorem
1.1] it follows that for a matrix convex set (S(n))nen, a tuple X € (S(n))nen is free extreme if and
only if it is an irreducible Arveson extreme point of (S(n)),en.

It can be seen that free extreme points are in particular matrix extreme points and matrix
extreme points are in particular Euclidean extreme points [EHKM18].



INCLUSION CONSTANTS FOR FREE SPECTRAHEDRA AND APPLICATIONS 17

Remark 3.6. The extreme points of the free simplex D are simple to characterize: As a conse-
quence of [EHKM18, Theorem 6.5] we have

afree DA — amat DA — 8EUCDA ( 1)

That is, all matriz and free extreme points of Dy lie at level 1 of D . Additionally, a tuple X € Dy
is an Arveson extreme point of D if and only if it is unitarily equivalent to a direct sum of points
in OFUD4(1). In particular, all Arveson extreme points of Da are tuples of commuting matrices.

3.2. Kernel conditions for extreme points. In the upcoming Section 4, we shall be studying
in greater detail the extreme points of a Cartesian product of free spectrahedra. A key tool that
we will use is a kernel-based method for classifying matrix extreme points of free spectrahedra.
Given g + 1 tuples of matrices (Ao, A1, ..., Ay) = (Ao, A) and (Xo, X1,...,X,), let
A(AO,A)(XO’X) = A X+ A4 ®X1+ .. .Ag ®Xg = Ay ® Xy —|—AA(X)

We also extend this notation to tuples (Ao, A, B) and (X, X,Y’) of compatible size in the natural
way. That is,
Aag,a,8) (X0, X,Y) = Ao ® Xo + Aa(X) + Ap(Y).
With this notation observe that
La(X)=1®1—Aa(X)= Ay _a,X).

Given a free spectrahedron D4, recall that H s _ 4 is the corresponding homogeneous free spec-

trahedron which is defined by
Hir—ay ={(H,W) € SM(C)9"" : Aq_a)(H,W) = 0.

A tuple (H,W) is said to be an extreme ray of H _ 4y if (H, W) cannot be expressed as a non-
trivial conic combination of elements of H; _4). A key insight of [Kril9] is that matrix convex

combinations of elements of D4(n) correspond to conic combinations of elements of H; _4)(n). A
consequence of this insight is that the matrix extreme points of D4 correspond to extreme rays of

/}-[(1'7_14).
Proposition 3.7. [Kril9, Proposition 6.5 (c)] Let Da C SM(F)? be a free spectrahedron and let

H(r,—a) be the corresponding homogeneous free spectrahedron. Then a tuple X € SM(F)Y is matriz
extreme in D4 if and only if (I, X) is an extreme ray of H _a)-

Combining the above with [RG95, Corollary 4] leads to the following kernel-based classification
of the matrix extreme points of a free spectrahedron.

Proposition 3.8. [EEHK24, Theorem 2.6 (3)] Let A € SMy(C)9 and let X € Da(n). Also,
assume that Dy is bounded. Then X is a matriz extreme point of D4 if and only if all tuples
(H,W) = (H,Wi,...,W,) € SM,(C)9*! that satisfy
kGI'LA(X) - kGI’A(I’_A)(H, W)

are of the form (H,W) = a(I,X) for some a € R.

There are also kernel-based classifications of Arveson and Euclidean extreme points of free spec-
trahedra, see [EH19, Lemma 2.1 (3)] and [EHKM18, Corollary 2.3], respectively. We do not make
use of these as the Arveson and Euclidean extreme points of a Cartesian product of free spec-

trahedra are straightforward to classify, see the upcoming Lemma 4.4 (1). However, combining
[EHKM18, Corollary 2.3] with Proposition 3.8 leads to another useful corollary.

Corollary 3.9. Let A € SMy(C)9 and let X € Da(n). Also assume that D4 is bounded and that
X is an Euclidean extreme point of Da. Then X is a matrixz extreme point of D4 if and only if all
tuples (H,W) = (H, W1, ..., W) € SM,(C)I™! that satisfy

ker L (X) C ker A _4)(H, W),
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also satisfy H = ol for some o € R.
Proof. Suppose X is an Euclidean extreme point of D4 and that (oI, W) € SM,(C)9*! satisfies
ker L4(X) C ker A _4)(ad, W),
for some a € R. If a = 0, then is equivalent to
ker L4(X) C ker A4 (W),

in which case [EHKM18, Corollary 2.3 (ii)] shows that W = 0 since X is Euclidean extreme.
Similarly, if « # 0, then we have

ker La(X) C ker A; _ 4 (I, W/a) = ker La(W/a).

In this case, the proof of [EHKM18, Corollary 2.3 (iii)] shows that W/a = X. In either case we
find that (o, W) = (al,aX). The result then follows from Proposition 3.8. O

3.3. Two equivalent viewpoints on optimization problems of free polytopes. In this sec-
tion, we will use extreme points of matrix convex sets to find an alternative formulation of an
optimization problem that we will encounter in Section 6.1 in our study of compatibility.

Given a free polytope D4, a major goal in this paper is to understand the optimization problem

SUP  Amax ( Xi® Yz)
v 2 (14)
subject to X € Dy, Y €DY.

In addition, we also consider a level fixed version of the above problem, where the dimensions of
the matrices X; and Y; are fixed. That is,

sup Amax (Z X;® E)
subject to X € Da(n), Y € DY(n),

where n € N is a fixed positive integer. We can now prove a statement that is similar in spirit to
Proposition 2.12.

(15)

Theorem 3.10. Let D4 be a bounded free polytope. The objective value of the optimization problem
(14) is equal to the objective value of

minimize 7y
subject to  ATD 4 C AWM (Dy(1)).

Similarly, if n € N is a fixed positive integer, then the objective value of (15) is equal to the objective
value of

(16)

minimize

. 17
subject to ™D A(5) C AW (DA(L)) for all j < n. (7)

Furthermore, the objective value of (15) is attained for X andY that are a direct sum of matrix
extreme points of Da and DE, respectively. On the other hand, in the optimization problem (14),
it is sufficient to consider X € 9"°Dy and Y € 9eeDY.

Before giving the proof, we expand on a technical point in the statement of Theorem 3.10. As a
consequence of [HL21, Theorem 2.9] (see also [WW99, Kri19]) we have that D4 = mat®(9™*Dy,),
and moreover that

Da(n) = (mat®(Uj_, 9™ Da(j))) (n).
However, for n > 2, it may not be the case that D4(n) = mat®(0™*D4(n)). In fact, ™D 4(n)
can be empty. For example, since a free simplex is the matrix convex hull of its free extreme points
at level 1, a free simplex has no matrix extreme points at levels greater than 1. Another example
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is the matrix square in two variables, which has matrix extreme points at levels one and two but
does not have matrix extreme points at any level greater than two.

Intuitively, the issue is that matrix extreme points are required to be irreducible [EHKM18],
hence a direct sum of matrix extreme points is not matrix extreme. Allowing direct sums of matrix
extreme points in the optimization resolves the issue.

We most commonly consider optimization problem (17) in the case where n = 2. Of course, the
optimal constant for j = 1 is v = 1, so in this case it is sufficient to restrict to matrix extreme
points at level 2.

Proof of Theorem 3.10. First note that bounded free polytopes are closed under complex conjuga-
tion since their defining tuple can be taken to be real. It then follows from [EH19, Theorem 1.1]
that mat®(9°°Dy)) = D4, hence 07Dy C YW™IN(D4(1)) if and only if Dy C YW™R(D(1)).
Next observe that if one exchanges the roles of D4 and its dual in equation (10) then one can obtain

(D)° = W™ (Da(1)). (18)
We then have that 9Dy C ~v(DY)° if and only if for all X € D4 and all Y € DY, one has
Ay(X) =) Yi®X; 271
This is in turn equivalent to stating that the maximum achieved by (14) is at most 7, from which
the equivalence of (14) and (16) follows.
We now argue that the objective value of (15) is equal to that of (17). To this end, fix X € D4(n).
Then taking polar duals shows that X € yW™iR(D4(1)) if and only if D C yDx. Moreover, since

X is a tuple of n x n matrices, as a consequence of [HKM13, Theorem 3.5, we have Dg C vDx if
and only if DY (n) C ¥Dx(n). This is in turn equivalent to

Ax(Y)=) X;@Y; 2yl  forallY € D3(n).

We conclude that D4 (n) C yW™B(D4(1)) if and only if the objective value of (15) at most . The
fact that it is sufficient to test on matrix extreme points in (17) is immediate from [HL21, Theorem

2.9] which shows that D4 (n) = (matco( ?ZlﬁmatDA(j))> (n).
The fact that one need only test on free extreme points and matrix extreme points in optimization
problems (14) and (15), respectively, follows easily as a consequence of the above arguments and

the equivalence of these problems to (16) and (17). The fact that the maximum is attained in
optimization problem (15) is immediate from the compactness of D4(n) and DY (n). O

Corollary 3.11. Let Dy be a bounded free polytope and let DE be its dual free polytope. The
optimal inclusion constants for Da and Dg in optimization problem (16) are equal. The same is
true for optimization problem (17).

Proof. If D4 is bounded, then it is straightforward to show that (D)Y = D4. The proof is then
immediate from Theorem 3.10. g

3.3.1. Optimality of optimization problem (14). To the authors’ knowledge, it is an open question
if optimization problem (14) attains its maximum. A challenge there is in general no bound on the
level one must check in order to test the containment of a free spectrahedron in a general matrix
convex set.

Proposition 3.12. Let Do 3 C SM(C)?3 be the matrixz cube in three variables. Then for each j € N,
there exists a matriz convez set K; C SM(C)? such that Dns(j) C K; but Dos(j +1) € K;.

Proof. Fix j € N and set K; = mat®(Dp3(j)). Then it is immediate that D 3(j) C K;. However,
Dp 3 has free extreme points at all levels, see [EPSZ4, Example 5.9]. Let X € Dp3(j+1) be a free
extreme point of D 3. Then from the definition of a free extreme point, X ¢ mat®(Dg3(j)) = Kj,
hence Dnj3(j + 1) € Kj. O
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The barrier to testing containment in this way is that a j-positive map on a subspace of a matrix
algebra may fail to have a completely positive extension. We direct the reader to [Pau03] for
definitions related to completely positive maps.

Proposition 3.13. There exists a subspace S C Mg(C) such that for each j € N, there exists an
n; € N and a j-positive map 7; : S — My, (C) such that 7 is not (j+1)-positive. As a consequence,
if j > 6, then 7; cannot have a j-positive extension to all of Mg(C).

Proof. As in Lemma 3.12, let D 3 be the matrix cube in three variables, and let A € SMg(R)3 be
a minimal defining tuple for Dp3, so Do3 = D4. Also fix a j € N and let K; = mat®(Da(j)). As
K is a closed bounded matrix convex set with 0 in the interior of K (1), using the Effros-Winkler
matricial Hahn-Banach Theorem [EW97, HM12] shows that K is a (possibly infinite) intersection
of free spectrahedra. That is, there exists tuples {B(®}, ¢ SM(C)9 such that K; =NaDpo).

Since Da(j) C K;(j) for each j, we must have Da(j) € Dy (4) for each B(®) in the collection.
However, as Da(j+1) € K;(j+1), there must exist some aq such that if one sets B := B(@0) then
Da(j+1) € Dp(j+1). Using [HKM13, Theorem 3.5] now shows that the map 7; : Mg(C) — M, (C)
defined by

7j(l) = In, and 7i(Ar) = By for ¢ =1,2,3

is j-positive but not (j + 1)-positive. Here n; denotes the size of the matrix tuple B € SM,, (R)3.

To complete the proof, note that if j > 6 and 7; had a j-positive extension to all of Mg(C),
then as a consequence of Choi’s Theorem, e.g., see [Pau03, Theorem 3.14], the map 7; would be
completely positive, hence 7; would be (j + 1)-positive. O

Remark 3.14. It is not difficult to show that since Dn3 is bounded and closed under complex
conjugation, each Dg) can be assumed to be bounded and closed under complex conjugation. In
particular, each Dyw) being closed under complex conjugation implies that each B can be taken
to be a real matrix tuple.

Additionally, for context we note that it is well known that a positive map need not be completely
positive, see [Pau03, Example 2.13]. However, If T is n-positive and maps into M, (C) or if T maps
from M, (C) and is defined on all of M,(C), then T necessarily is completely positive, see [Pau03,
Theorem 3.7 and Theorem 3.14]. The above proposition is intended to highlight that if one maps
from a strict subspace of a finite-dimensional space and does not restrict the dimension of the target
space, then j-positivity cannot be used to guarantee complete positivity.

While Propositions 3.12 and 3.13 are negative results toward optimality of optimization problem
(14), they do not rule out the possibility of optimality. They only highlight that for a given free
spectrahedron Dy, there is no fixed j such that for all matrix convex sets K, if D4(j) C K(j) then
D4 C K. However it could be the case that for each matrix convex set K, there does exist some jg
depending on K such that if Ds(jx) C K(jx) then Dy C K, which would imply that optimization
problem (14) achieves its maximum.

Moreover, we are not considering containment of D4 into a general matrix convex set when we
study optimization problem (16). We only need consider Dy C yW™®(D4(1)). In this special
case, we have numerical evidence that suggests that the containment can be checked by checking
a sufficiently high level whose size depends only on the number of variables in A. Furthermore, we
observe that, roughly speaking, the contribution of a free simplex to the level bound is very limited.

Question 3.15. Let A € SM(R)Y and assume that D4 is a bounded free spectrahedron. Addition-
ally assume that .
Da(20°1) C AW (D4(1)).
Does it hold that Dy C YW™®(D4(1))?
Additionally, suppose
DA:DA1 XDAQ X"'XDAM
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where each D 45 is a free simplex and assume that
Da(2"71) € yWmin(D4(1)).
Does it hold that Dy C YW™R(D4(1))?

We mention that the level bound 297! is known to be optimal in the case Dy is a matrix cube
in g-variables, see [PSS18, Theorem 6.6].

4. EXTREME POINTS OF CARTESIAN PRODUCTS OF FREE SPECTRAHEDRA

We now explore the extreme points of Cartesian products of free spectrahedra. First note that
the Cartesian product of free spectrahedra is indeed a free spectrahedron.

Lemma 4.1. Let A € SMy, (C)9 and let B € SMy,(C)". Then Da x Dg is the free spectrahedron
DaxDp= ,D(AB) C SM(C)g+h

where A = A®0 € SMy,14,(C)? and B = 0@ B € SMy,44,(C)". Furthermore, Da x Dp is
bounded if and only if both D4 and Dp are bounded.

Proof. Straightforward. O

As mentioned previously, the Cartesian product of free polytopes is related to the direct sum of
free polytopes via the free polyhedral dual.

Proposition 4.2. Let Dy x Dp be a Cartesian product of bounded free polyhedra. Then the dual
free polytope (Da x Dp)® is the direct sum of the dual free polytopes DE and D%. As an immediate
consequence, the dual free polytope of a direct sum of free polyhedra is the Cartesian product of the
corresponding dual free polytopes.

Proof. For a general bounded free polytope K, it is straightforward to show that the dual free
polytope K™ has defining pencil £ = @ Eeateep ,(1)E. That is, if £ is a direct sum of the extreme
points of K (1), then K~ = Dg.

On the other hand, the extreme points at level 1 of a Cartesian product of free spectrahedra
are given by pairs of extreme points at level one of the respective free spectrahedra. That is
(X,Y) € 0%¢(Dy x Dp)(1) if and only if X € 9T°D,y(1) and Y € 9"°Dp(1). Then £4 and
Ep denote diagonal tuples equal to direct sums given by direct sums of the free extreme points of
Da(1) and Dp(1), respectively. It is then straightforward to check that

Eagp = (A 1,I®ER)
is a tuple that is given by a direct sum of the free extreme points of (D4 x Dp)(1). We conclude
that
(Da x DB)D = Deyyp
is a direct sum of free polytopes. O

Remark 4.3. As we will soon see, the free extreme points of a Cartesian product of free spectrahedra
are essentially Cartesian products of free extreme points, making them easy to work with. However,
the situation for direct sums of free spectrahedra is less straightforward. At level one, a tuple (X,Y)
is a (free) extreme point of the direct sum of Da and Dp if and only if either X = 0 and Y is
extreme in Dp(1) or Y = 0 and X is extreme in Da(1). This does not extend to higher levels of
direct sums of free spectrahedra.

We next give a kernel containment based classification of extreme points of a Cartesian product
of free spectrahedra.

Lemma 4.4. Let Dy and Dp be bounded free spectrahedra and let Dy x D be the Cartesian
product of Da and Dg. Then we have the following.
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(1) (X,Y) € Dy x Dp is an Arveson (Euclidean) extreme point of Dg x Dp if and only if X
and Y are Arveson (Euclidean) extreme points of Da and Dp, respectively.

(2) (X,Y) € DaxDg is a matriz extreme point of Do x Dp if and only if all solutions (H,W, Z)
to the kernel containment

ker La(X) C ker A(; _4)(H, W) and ker Lp(Y') C ker A(; _py(H, Z) (19)
have the form (H,W,Z) = a(1,X,Y) for some a € R.

Proof. The proof of Item (1) quickly follows using Lemma 4.1 together with [EEHK24, Theorem
2.6] (see also [EHKM18, Theorem 1.1] and [Kril9, Proposition 6.5 (¢c)]).

Since we are most concerned with matrix extreme points, details are given for Item (2). Using
[EEHK24, Theorem 2.6 (c)|, we have that (X,Y) € Dy x Dp = D4 p) is a matrix extreme point

if and only if all solutions to the kernel containment
have the form (H,W,Z) = a(I,X,Y). Set A = (A,0) and B = (0, B) so that (A, B)

= Ao B.
Then, by using canonical shuffles, we can construct a unitary U such that for any (H, W, Z) we
have

U (M ey LW, 2)) U = Ny 3y (HLW, 2) & Ay gy (H, W, Z).

However, since A = (4,0) and B = (0, B) we have

A(L_A)(HvWaZ):A([,fA)(H7W> and A([’_B)(vaz):A(I,fB)(H7Z>'
We conclude that (H, W, Z) is a solution to equation (20) if and only if (H,W, Z) is a solution to
equation (19), from which the result follows. O

Remark 4.5. Note that if (X,Y) € Da x Dp is free extreme, then it is also Arveson ectreme,
so the preceding lemma shows that X and Y are Arveson extreme in Da and Dp, respectively.
However, it may not be the case that X and Y are free extreme points of Da and Dp. This is
because the tuple (X,Y) may be irreducible while X and Y themselves are reducible.

As an example the tuple
1 0 01
o= 4)-( 1))

s a free extreme point of the matriz square. However, neither X nor Y are free extreme points of
the matriz interval, since they are reducible.

Lemma 4.4 shows that, up to reducibility, the behavior of free and Euclidean extreme points
under Cartesian products mirrors the classical setting. However, as suggested by the lemma, the
situation for matrix extreme points is more complicated. Indeed, a matrix extreme point in a
Cartesian product need not be a Cartesian product of matrix extreme points.

Proposition 4.6. Let Dy and Dp be bounded free spectrahedra. Also let X be an Euclidean extreme
point of Da and let Y be a matriz extreme point of Dg. Then (X,Y) is a matriz extreme point of
DA X DB.

Proof. Let X be an Euclidean extreme point of D4 and let Y be a matrix extreme point of Dp.
Then Lemma 4.4 (1) shows that (X,Y) is an Euclidean extreme point of D4 x Dp. Therefore,
using Lemma 4.4 (2), it is sufficient to show that all solutions to equation (19) are of the form
(HW,Z)=a(l,X,Y).

Since Y is a matrix extreme point in Dp, the only solutions to

LB(Y) C kerA(L_B)(H, Z)
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are of the form (H,Z) = «(I,Y’). Therefore, if (H, W, Z) satisfies equation (19), then we must have
(HW,Z) = (ad,W,aY) for some a € R. Next consider solutions to

ker L4(X) C ker A _)(al, W). (21)

Using the same argument as in the proof of Corollary 3.9 shows that W = aX. We conclude
that (H, W, Z) must be equal to a(I, X,Y") for some « from which it follows that (X,Y") is matrix
extreme in Dy X Dp. O

Remark 4.7. Considering the additional restrictions placed on free extreme points compared to
matriz extreme points, it is natural to expect that matriz extreme points that are not free extreme
are plentiful; however until recently no such examples were known for real free spectrahedra. Such
points are a focus of [EEHK24] in which a small number of exact examples of matriz extreme points
that are not free extreme are constructed. [EEHK24] also provides numerical evidence that matrix
extreme points that are not free extreme are plentiful. In the article, it is illustrated that there can
be computational challenges in constructing such tuples with exact arithmetic.

For the special case of Cartesian products of free spectrahedra, Proposition 4.6 provides mew
insight to this problem and essentially reduces the task to finding Euclidean extreme points that are
not Arveson extreme.

Example 4.8. Let D4 be the free simplex defined by
A = (diag(1,0,—1),diag(0,1, —1))
and let Dp be the free matriz square. Set

(6o ) e (6 5)60)

3

N o

Then (X,Y) is a matriz extreme point of D4 x Dp but not an Arveson extreme point of Dg X Dp,
which follows from Proposition 4.6 with Lemma 4.4 (1). In particular, by checking the kernel
containment conditions of [EEHK24, Theorem 2.6], one can show that X is an Euclidean extreme
point of D but not an Arveson extreme point of Da. Also, Y is a free extreme point, hence a
matriz extreme point, of Dp.

Furthermore, as discussed in Remark 3.6, all matriz extreme points of Dy are elements of D (1),
so X is not matriz extreme in D. It follows that (X,Y) is a matriz extreme point of D that is
not a Cartesian product of matrix extreme points. Note that X and Y are both irreducible in this
example, so this behavior is not caused by a simple failure of irreducibility.

4.1. Real extreme points of Cartesian products with a free simplex. We now focus on the
special case of the Cartesian product where one of the free spectrahedra in the product is a free
simplex. Throughout this subsection we let Dg denote a bounded free simplex in g-variables.

Theorem 4.9. Let Dg be a free simplex, let Dp be any free spectrahedron, and let (X,Y) €
(Ds x Dp) (2). Also assume that (X,Y") is real valued.

(1) If (X,Y) is a matriz extreme point of Dg x Dp and Y is not matriz extreme in Dp, then
X must be an Arveson extreme point of Dg. Equivalently, if X is not Arveson extreme in
Dg, then Y must be matriz extreme in Dpg.

(2) If Dp is also a free simplex, then (X,Y) is a matriz extreme point of Dg x Dp(2) if and
only if (X,Y) is free extreme in Dg x Dp(2). That is, if (X,Y) is a matriz extreme point
of (Ds x Dp)(2), then (X,Y) is irreducible and X and Y are Arveson extreme in Dg and
Dpg, respectively.

We are particularly interested in the case that Dp is the matrix interval. Note that the ma-
trix interval is itself a free simplex, and therefore, the real matrix extreme points at level two of
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the Cartesian product of a free simplex with the matrix interval are completely characterized by
Theorem 4.9 (2).

We will need several lemmas before proving Theorem 4.9. We begin by classifying the extreme
rays of homogeneous free simplices.

Proposition 4.10. Let D4 be a bounded free spectrahedron in g variables and let Hr _ 4y be the
corresponding homogeneous free spectrahedron. Then X = (Xo, X1,...,Xy) € Hr_a(n) is a
nonzero extreme ray of Hr _ 4y if and only if there is a unitary U such that

X = U*(W @ 0)U
where W = (Wo, W1 ..., Wy) € H(; _a)(m) for some m < n with Wy = 0 and where the tuple

Wy AW, Wwy P

is a matriz extreme point of Da(m).

Proof. This result essentially follows from [Kril9, Theorem 6.5] together with [Eve2l, Lemma
2.2]. More precisely, [Eve2l, Lemma 2.2] shows that Xy > 0 and gives the kernel containment
ker Xy C ker X; for each i = 1,...,¢g, which allows us to write X = U*(W @& 0)U where Wy > 0.
The remainder of the proof follows from combining [Kril9, Theorem 6.5 (c),(g)] which together
show that
Wy (W, W, ... W)Wy /2

is an extreme ray in H; _4) and that if (7, W’) is an extreme ray in H(1,—a), then W' e Dyis a
matrix extreme point of Dy. ]

Corollary 4.11. Let Dg be a free simplex in g variables and let Hr _g) be the corresponding
homogeneous free simplex. Then X = (Xo, X1,...,Xg) € H(1,-s) (n) is a nonzero extreme ray of
H(1,—s) if and only if there is a unitary U such that

X = U*(W @ 0)T,

where W = (Wo, Wi ..., Wy) € H(; _g)(1) with Wo > 0 and where the tuple
(Wh,...,W,) /W,

is an ordinary extreme point of Dg(1).

Proof. As discussed in Remark 3.6, the set of matrix extreme points of a free simplex coincides
with the set of ordinary extreme points of level one of the free simplex. The result then follows
from Proposition 4.10. (Il

Lemma 4.12. Let Dg be a bounded free simplex and let X € Dg(2) be a real Euclidean extreme point
of Ds(2) that is not Arveson extreme in Dg. Given any H € SMy(R) there exists a W € SMa(R)Y
such that

ker LS(X) - ker A(I,—S) (H, W)

Proof. From Remark 3.6, we see that if X € Dg(2) is an Euclidean extreme point of Dg(2) that is
not Arveson extreme, then X is irreducible and is not matrix extreme in Dg. Using [Kril9, Theorem
6.5 (c)], since X is not matrix extreme of Dg, the tuple (I, X') can be written as a classical convex
combination of extreme rays of Hs _g). That is, there exists a finite collection of extreme rays

{W¢, ..., W;)}]gzl C SMy(R)9+! and positive constants ay > 0 such that

o

k

(I,X):Zag(Wg,Wf,...,Wj) where Zagzl, (22)
/=1 /=1

and such that

ker Lg(X) QkerA(L_S)(Wg,Wf,...,Wg) for each (=1,... k.
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Of course, linear combinations of solutions to the above kernel containment also satisfy the
kernel containment, so it suffices to prove that span{W¢} = SM(R). Using Corollary 4.11, the
extreme rays of Dg all have the form W = (W, Wi,..., Wy) where the W; all have rank at most
one and where ran(W;) C ran(W,) for each i. Combining this with equation (22) implies that
dim span({Wg}lgzl) > 2, since I is in the span of the rank one matrices W{.

We now argue that if dimspan{W¢} = 2, then (I, X) is reducible. To this end assume WLOG
that {W{, W} forms a basis for span({W¢}5_,). That is, all remaining W{ are linear combinations
of W} and WZ. On the other hand, each W is symmetric and has rank 1, so each W{ is a constant
multiple of either VVO1 or W02 .

Now, from 3 agW(f = I, we obtain that there are some constants 31 and 2 such that 8;Wg +
ﬁQWOQ = I,. Since WO1 and WO2 are both rank one, this implies that their ranges are orthogonal. That
is, up to one’s choice of orthonormal basis {ej, ea} C R?, we have Wol = 'ylelelT and W02 = ’ygegeg.
Now, as a consequence of the fact that each WOE is a constant multiple of one either Wol or WO2, we
have that each Wg = ’ygek[e;‘g, where ky = 1 or 2. Using this with the range containment ran(Wf) C

ran(W¢) tells us that the spans of e; and ey are reducing subspaces for each (W§, WY, ..., Wge).
Finally, since the spans of e; and ey are reducing for each of these tuples, they are also reducing for
a linear combination of them, hence for (I, X). That is, (I, X) is reducible if dim span{W{} = 2,
By assumption, (I,X) is irreducible, so we now obtain that dimspan({W{}*_,) > 2. Since
SM;(R) is three-dimensional and since span({W{}5_,) € SMs(R), we conclude span({W{}5_,) =
SM>(R) from which the conclusion follows. O

4.1.1. Proof of Theorem 4.9.

Proof. We first prove item (1). To this end assume that (X,Y") € Dg x Dp is a tuple of real matrices
but that Y is not matrix extreme in Dg and that X is not Arveson extreme in Dg. It then follows
from Proposition 3.8 that there exists some tuple (H, Z) such that

ker LB(Y) C kerA(L,B)(H, Z)

and such that (H,Z) # «(I,Y) for any o € R.
Now, if X is not Euclidean extreme in Dg, then (X,Y’) is not Euclidean extreme in Dg X Dp
by Lemma 4.4, hence is not matrix extreme. On the other hand, since X is not Arveson extreme

by assumption, if X is Euclidean extreme, then using Lemma 4.12 shows that there exists some
W e SM5(R)Y such that

ker Ls(X) C ker A _g)(H, W).

Furthermore, we have that (H,W,Z) # a(I,X,Y) for any o € R since (H,Z) # «(1,Y) for any
a € R. It follows from Lemma 4.4 (2) that (X,Y) is not matrix extreme in Dg x Dp.

Item 4.9 (2) follows quickly from item (1). In particular, if Dg and Dp are both free simplices
and (X,Y) € (Ds x Dp)(2), then, as discussed in Remark 3.6, X is not matrix extreme in Dg and
Y is not matrix extreme in Dp. Therefore, if (X,Y) is matrix extreme in Dg X Dp, then applying
Item 4.9 (1) shows that X must be Arveson extreme in Dg and that Y must be Arveson extreme
in Dp. Thus, by Lemma 4.4 (X,Y") is Arveson extreme in Dg X Dp as well. Furthermore, the tuple
(X,Y) must be irreducible since matrix extreme points are irreducible.

The reverse direction of Item 4.9 (2) is straightforward from the fact that free extreme points
are always matrix extreme. ]

4.2. Complex extreme points of a free simplex Cartesian product the matrix interval.
We now examine the extreme points of the Cartesian product of a free simplex with the matrix
interval when working over the complexes. As it turns out, the situation here is quite different from
the real setting.
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Theorem 4.13. Let Dg be a free simplex and let Do be the matriz interval. Additionally, let
X € Dg(2) be a real Euclidean extreme point of Dg that is not Arveson extreme and let’ Y € Dc(2)
be an Arveson extreme point of Do with nonzero complex part. Then we have the following:

(1) (X,Y) is a matriz extreme point of Dg x D¢

(2) Let Yr and Y¢ denote the real and complex parts of Y. The tuple

X 0 Yr YC
0 X)) \Y¢ Y&
s mever a matriz extreme point of the real free spectrahedron D% X D%.

A few remarks are in order. First, as a consequence of Theorem 4.13 (1), when working over the
complexes there exist matrix extreme points (X,Y) € (Dg x D¢)(2) such that X is not an Arveson
extreme point of Dg. For example, one can take Dg and X as in Example 4.8 and let Y be any
self-adjoint 2 x 2 matrix with nonzero imaginary part such that Y2 = I.

One might expect that the real embedding of such a tuple gives an element of (Dg x D¢ )(4)
(viewed as a real free spectrahedron) that is matrix extreme but not Arveson extreme. However,
Theorem 4.13 (2) shows that the real embedding of such a matrix extreme point is never matrix
extreme. As a consequence, while such tuples could in principle achieve the maximum value of
problem (17) when n = 2, they need not be considered when working at level n = 4 even when
working over the reals. Currently, it is not known if there exist real matrix extreme points of
Dg x D¢ that are not Arveson extreme.

Finally, Theorem 4.13 illustrates a previously unknown difference between free extreme points
and matrix extreme points of free spectrahedra. In particular, [Eve25, Theorem 2.4] shows that if
A is a tuple of real matrices and X € Dy(n) C SM(C)Y is a free extreme point of the complex free
spectrahedron D4 and if X is the standard embedding of X into the reals, then X is a free extreme
point of the real free spectrahedron D4 so long as X is irreducible over R. As a consequence of
Theorem 4.13 (2), this property does not extend to matrix extreme points.

We again collect several lemmas before proving the theorem. The first two lemmas together
show that if X € Dg(2) is an Euclidean extreme point of the free simplex and (H, W) is a solution
to the matrix extreme point kernel containment for X, then H is real.

Lemma 4.14. Let Dg be a bounded free simplex in g variables and for each j =1,..., g write
Sj = diag(slvj, e 73g+1,j)-

If X € Dg(2) is an Euclidean extreme point of Dg, then either

g
dim ker <12 — ZS&J»XJ-) >1 forall (=1,...,9+1,
j=1

or there exists an by € {1,...,9+ 1} such that
g
I=> s0;X;=0 forall £e{l,...,g+1}\{f}
j=1

In the second case, there exists an Euclidean extreme point x = (x1,...,24) of Da(1) such that
Xj =zl for all ji=1...,9.
Proof. Let X € Dg and note that this equivalent to

g
IQ—ZS&J‘XJ‘EO for all {=1,...,9+ 1.
j=1
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We now without loss of generality assume that

g g
dim ker (Ig - Z sl,jXJ) =0 and I — ZSQJXJ‘ £ 0.

j=1 7j=1
Additionally, since Dg is bounded, up to an invertible linear transformation, we may assume that
S0 = 0y, for ljel,....g

and that sg41; <Oforall j=1,...,9.

With this setup, since I — Xo = 0 and has rank at least 1 and since I — X; > 0, we can choose a
rank one symmetric matrix 8 such that I — X5 + 544118 = 0 and such that I — X7 + 544128 = 0.
It is then straightforward to check that

(X17 XQa X3) v 7Xg) + (_89+1,2B’ Sg+l,1ﬁ7 07 s 70) € DAa

hence X is not Euclidean extreme in Dy4.

In the case that g of the g + 1 defining equations for the simplex evaluate to zero on X, it is
straightforward to verify that X has the form X = (z11,...,24]), where x € Dg(1) is the Euclidean
extreme point of Dg(1) that is determined by the same g defining equations of the simplex vanishing
on z. (|

Lemma 4.15. Let Dg be a bounded free simplex and let X = (X1,...,X,) € Dg(2) be a real
Euclidean extreme point of Dg(2). Assume there is a j € {1,...,g} such that X; is not a constant
multiple of the identity. If (H,W) € SMy(C)9*! is a solution to the kernel containment

ker LA(S) C ker A(I,—S) (H, W),
then H 1s real.

Proof. Write S; = diag(s1,j,...,8¢+1,5) for j =1,...,g. By assumption there is an X; that is not
a constant multiple of the identity, so Lemma 4.14 implies that the real matrix

g
IQ — Z SZJ'XJ‘
Jj=1

has a nontrivial (real) null space for each £ =1,..., g+ 1. Also note that, the kernel containment
ker Ls(X) C ker A _g)(H, W)
is equivalent to
g g
ker Iy — Z SgJXj C ker H — Z S&jo
j=1 j=1

for all £ = 1,...,9 + 1. Since each X; is real, it follows that each H — Z§:1 sp;Wjis a2 x 2
self-adjoint matrix with nontrivial real kernel. It follows that each H — Z?:l s¢,;W; must be real,
hence A; _g)(Im(H, W)) = 0.

Now, assume towards a contradiction that Im((H, W)) # 0. Then A(; _g)(Im(H, W)) = 0 implies
that there exists a nonzero vector v = (h,w) € R9™! such that

A(L_S)(h,w) =0.
In the case that h # 0, we obtain that I = Ag(w/h) which implies that
Ls(—aw/h) =1+ aAg(w/h) = (1 + a)l,

is positive semidefinite for all & > —1. On the other hand, if h = 0, then Ag(w) = 0, which implies
Lg(aw) =1+ 0 for all @ € R. In either case, we find that Dg(1) is unbounded which contradicts
our assumptions. O
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The next lemma shows that if Y € SM3(C) is an Arveson extreme point of the matrix interval
with nonzero imaginary part and (H, Z) is a nontrivial solution to the matrix extreme point kernel
containment for X, then H has nonzero imaginary part.

Lemma 4.16. Let C = 1®—1 so that D¢ is the matriz interval, and let Y € Dc(2) be an Fuclidean
extreme point of Do with Tm(Y) # 0. If (H,Z) € SMy(C)? is a nonzero solution to the kernel
contatnment

ker Lo(Y) C ker A(; _oy(H, Z)
with tr(H) = 0, then Im(H) # 0.
Proof. Note that Y € D¢(2) is an Euclidean extreme point of D¢ if and only if Y2 = I. Therefore,
if Y is an Euclidean extreme point of D¢(2) and Im(Y') # 0, then there must exist a unitary
U € M5(C) such that Y = U*(1 @ —1)U. It follows that (H, Z) € SMy(C)? satisfies

ker LC(Y) C ker A(I,—C) (H, Z)
if and only if

ker LC(]. ) —1) C ker A([’_C)(UHU*, UZU*)
A direct computation shows that if
0=tr(H) =tr(U'HU)

and (UHU*,UZU*) € SM5(C)? satisfies the second kernel containment above, then

(UHU*, UZU*) = ((g _Oh> : (’g 2)) = W(UYU*, )

for some nonzero h € R. Therefore, if tr(H) = 0 and (H, Z) satisfy the first kernel containment,
then we must have H = hY which has nonzero imaginary part by assumption. (|

4.2.1. Proof of Theorem 4.13.

Proof. We first prove Item 4.13 (1). To this end, suppose X € Dg(2) is a real Euclidean extreme
point of Dg which is not Arveson extreme in Dg and that Y € D¢(2) is an Arveson extreme point
of D¢ with nonzero imaginary part. Since X is not Arveson extreme in Dg, there must be some
Jj € {1,...,g} such that X; is not a constant multiple of the identity, see Remark 3.6. It then
follows from Lemma 4.15 that every solution (H, W) of the kernel containment

ker Ls(X) C ker Ay _g)(H, W)
has Im(H) = 0. On the other hand, as a consequence of Lemma 4.16, if (H, Z) is a solution to
ker Lc(Y) C ker A(],—C)(Ha Z)

with Im(H) = 0, then H = al for some o € R. Furthermore, since X and Y are both Euclidean
extreme, using [EHKM18, Corollary 2.3] shows that the above kernel containments with H = af
force W = aX and Z = aY. It follows from Lemma 4.4 (2) that (X,Y) is matrix extreme in
DS X Dc.

We now prove Item 4.13 (2). We will show that there is a nontrivial solution to the kernel
containment condition given in Lemma 4.4 (2). To simplify notation in the proof we set

. _ (Y Yc

(7 )
We first claim that there exists an H € SM3(R) and a Z € SM4(R) such that tr(H) = 0 and such
that

ker Lo(Y') C ker A(I,fC) (H® —-H,Z).
To this end, choose H € SM3(R) so that the eigenvalues of H are 1 and —1 and so that
HYg — YgrH =0.
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Using the fact that H is a trace 0 real symmetric 2 X 2 matrix and that Y is a real skew symmetric
2 x 2 matrix, we have YcH + HY¢ = 0, from which it follows that Y H — HY = 0. This then implies

that
by e )= (o (G 9) - @
(

Now, since Y is an Arveson extreme point of D¢, its eigenvalues are 1 and —1. Thus there is a
unitary V€ SMy(C) such that
VYY)V =-Lol. (24)

The commuting condition in equation (23) then implies that there exists self-adjoint matrices
C1,Cy € SM5(C) such that

(0 iH
v (_Z.H* 0)1/_01@02. (25)

Furthermore, since the eigenvalues of H are 1 and —1, the eigenvalues of both C'; and Cs must be

1 and —1, so C; and C5 are nonzero.
Set W = V(—C} @ C2)V* and observe that

Le(-Lo ) =21304,®2r and Ay _¢)(C1 & Cr, —C1 & C2) =201 © 04 © 203,

hence
ker Lo(—I2 @ I2) C ker A(; oy (C1 @ Co, —C1 @ Co),

from which it follows that
ker Lo(Y @Y) C ker A _cy <<—3LI* 1?) ,W> : (26)
Now, let U € SM4(C) be the unitary

U:\f( I —i12>'

—ily Iy

Then direct computations show

o oo 0 GH\, .
U'YeY)U=Y and U (—iH* O)U—HED H.
Furthermore, it one sets Z = U*WU, then equation (26) implies that
ker Lo (Y) C ker Ai—oy(H® -H,Z), (27)

which proves the desired kernel containment.
To prove the initial claim, we must show that Z is real. To this end, first observe that the kernel
containment (27) implies

IeHe-H)v=(C®Zv foral vekerA; ¢)(,Y)C R (28)
Similarly, using equations (24) and (25) together with the definition of H shows that
ker Lo (—Y) C ker Air—cy(H®—H,—-Z) CR®,
which implies that
(LeHe-H)v=—(C®Z)v forall vekerAy, p(l,-Y)CR (29)
Using the fact that ¥ e SM,(R) has eigenvalues 1 and —1 each with multiplicity 2, with have
R® = ker L (—=Y) & ker Lo(Y).

Therefore, since (I ® (H @ —H)) is a real matrix, combining equations (28) and (29) shows that
C ® Z is real, hence Z is real.
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Finally, to complete the proof, using Lemma 4.12 shows that since X is real Euclidean extreme
point of Dg(2) that is not Arveson extreme in Dg, there exist Wy, Wa € SMa(R)? such that

ker Lg(X @ X) Cker Ay _g)(H & —H, W © W»). (30)
By construction, H & —H # «l for any « € R, so, using Lemma 4.4 (2) together with equations
(27) and (30) shows that (X @ X,Y") is not matrix extreme in Dg X D¢. O

5. OPTIMIZERS FOR SOME OPTIMIZATION PROBLEMS INVOLVING CARTESIAN PRODUCTS OF
FREE SIMPLICES

This section is primarily dedicated to solving the n = 2 optimization problem (15) for the
real free spectrahedron Dyp) C SM (R)**! that is defined as follows. Let ej(k) € R* denote
the j-th standard basis vector in R¥ and set E;(k) = e;(k)ej(k)T € R¥**. The tuple A(k) =
(A1(k),..., Ag+1(k)) is given by

A;(k) = E;(k) & diag(—1,0,0) € RFF3HF3 for 5 =1k,
Ag11(k) = Opy1 @ diag(—1,1) € RF+3xk+3

In particular, the free spectrahedron D 43, is a Cartesian product of a real free simplex in k variables
and the real matrix interval. Moreover, D, () is obtained by an invertible linear transformation
of the real matrix jewel Dgp) where k = (k,1). Notably, invertible linear transformations do not
affect inclusion constants, see [PSS18, Lemma 3.1].

We warn the reader that while all bounded simplices are related by an invertible affine linear
transformation, only specific pairs of simplices are related by an invertible linear transformation.
As a consequence of the upcoming Theorem 5.1, invertible affine transformations do not preserve
inclusion constants.

(31)

5.1. Cartesian product of line and simplex.

Theorem 5.1. The maximum value achieved by
k+3

max  Apax Z (Xz ® }/z)
i=1 (32)
D?
st X €Dhy(2), Y e€D,u(2),
s equal to

2k

k) := .

W) = T AT

Furthermore, this mazimum value is achieved when X is given by

1 0 -k 0 01
Xl = <0 —k> 3 X2 = < 0 1) ; Xk‘-i—l = (1 0)

and X; = I for all j # 1,2,k + 1 and when Y is given by

14+V1+k 0 S S— 0 0 k
1+k+2v/1+k T1vitk
Y] = (1+k+(2)\/1+k - . > Yy = ( + J(r) + VTR ) y Y1 = ( B k 1+0 1+k> 7
1+k+2v1+k L+k+2vV/1+k k—1+v1+k

and Y; =0 for all j # 1,2,k + 1.
Proof. By computing the classical extreme points of D4 (1), one finds that Dg(k) = Dp(k) where
Bj(k> = [2 X (Ik+1 — (k + 1)Ej(k‘)) for ] = 1, ey k (33)

and
Biy1(k) = diag(1, —1) @ Jj41. (34)
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It is then straightforward to check that the tuples X = (X1, Xo,..., Xg41)and Y = (Y7,Ys, ..., Yiiq)

above satisfy X € Dy)(2) and YV € Dg(k)@) and

k
Y(k) = Amax ZXj ®Y; |,
j=1

hence the maximum is at least v(k).
Using Theorem 3.10, to show (k) is the maximum it is sufficient to show that

O™ D) (2) € W (y(k)Dagry (1))

By definition, W™ (v(k)Dk)(1)) is the matrix convex hull of the classical extreme points of
Y(k)Dgky(1). Since v(k)D4xy(1) only has finitely many extreme points, we can use [HKM13,
Section 4.1] to reformulate the containment X € W™ (v(k)Da()(1)) as a feasibility SDP for fixed
X € 9™*D »)(2) (see also Proposition 2.12).

We use Theorem 4.9 to classify (up to unitary equivalence) the real matrix extreme points of
D 4(k)(2), see Proposition 5.4. Then, by studying the feasibility SDP in question, we show that it
suffices to only consider a family of matrix extreme points {X (#)} defined in terms of § € [0, 7/2].
Here

X(a) = ()(17 e ,Xn, Xn—i—l(e)) € 8matDA(k) (2)

(1 0 (k0 ~ [cos(f) sin(0)
X1 = <0 —k)’ X2 = < 0 1) - Xen(0) = (sin(@) —cos(#)
and X; = I for all j = 3,4,...,k. The proof is completed by constructing exact solutions in terms
of k and 6 for the feasibility SDP in question. This will be done in Sections 5.1.2 and 5.1.3. O

is defined by

We in fact conjecture that the above result holds even if one does not restrict to level two of
D p(xy and DE(R). That is, we conjecture that the optimum is still #ﬁﬁ/ﬂ even if one searches

over all of Dy and Dg(k).

Conjecture 5.2. Let D) be as defined in Theorem 5.1. Then the mazimum value achieved by

max  Amax Z (Xz X }/;)

(35)
st. XeDy, YeDy.
s equal to
2k
k)= .
) = T ViR
Furthermore, this mazimum value is achieved when X is defined by
1 0 -k 0 01
Xl - (0 —k) 9 X2 - ( 0 1) 9 X]f+1 - <1 0)
and X; =I5 for all j # 1,2,k + 1 and when Y is defined by
1+v1+k 0 P S 0 0 k
_ _ I+k+2v/1+k _ =
Y] = (1+k+6\/1+7 B . >  Ys = ( ; - ) , Yiy1 = ( 8 k 1+0\/1+/<;
1+k+2v/1+k 1+k+2V1+k k—1+V1+k

and Y; =0 for all j # 1,2,k + 1.

)
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n
2 3 4 5 6 7 8
-7.75 | -8.18 | -8.04 | -7.63 | -8.21 | -6.96 | -6.57
-8.12 | -7.78 | -7.51 | -8.06 | -6.32 | -4.89 | -5.79
-7.46 | -7.42 | -7.19 | -6.58 | -5.01 | -4.66 | -3.70
5|-8.04|-7.27|-6.68 | -6.75 | -3.86 | -4.22 | -3.12

= | N

TABLE 1. Observed values for log;o(v(k) — vk,n), where 7y, is the largest numer-
ically observed inclusion constant from optimization problem (17) across 100,000
randomly generated extreme points of D 4, (n).

Evidence: For the dimension free version of the problem where the X; and Y; are allowed to have
any size n, we have run systematic computer experiments for k = 2,3,4,5 and n = 3,4,5,6,7,8.
Theorem 5.1 already gives a lower bound for the objective value, so it is appropriate to use the
formulation from Theorem 3.10.

In particular, for each above pair (k,n) use the Mathematica package NCSE [EEd"25] to ran-
domly generate 100,000 real extreme points X at level n of the free spectrahedron D (). For each
X we record the smallest constant vx > 1 such that

X € yx WM™ (D 40(1)).

For each (k,n) we record 7y, the maximum of the observed constants yx. If the conjecture holds,
then one would expect to see that vy, < y(k) for all such k,n, and this is indeed what we observe.
Furthermore, we typically observe that (k) — vk is small. We report the observed values of
logio(v(k) — V) in Table 1. The fact that (k) — 4, is small suggests our method has done a
reasonably good job of exploring the possible choices for extreme points X. We do observe that
v(k) — Yk is typically larger when k and n are larger. Assuming Conjecture 5.2 is true, this is
unsurprising, as the search space becomes larger as k and n increase.

The methodology used to generate extreme points of D 4y is the same as is used in [EFHY23]. In
particular, as D gy (n) is itself a spectrahedron for fixed k,n, we can use semidefinite programming
to optimize randomly generated linear functionals over D 4(;y(n). As discussed in [EFHY23], these
optimizers are typically observed to be free extreme points. The linear functionals are themselves
generated by taking coefficients from a bounded uniform distribution. The choice to use a uniform
distribution for coefficients instead of the normal distribution has empirically been observed to make
little difference, see [EFHY23, Section 3.1.2]. We additionally note that while these experiments
are done over the reals, since Dy is closed under complex conjugation, any complex element
implicitly considered complex elements of D 4 (n) for n = 2,3, 4.

5.1.1. How we obtained the form of the optimizers. We now discuss how the form of the optimizers
X and Y appearing in Theorem 5.1 was initially obtained. In the following, let B(2) denote a
minimal defining tuple for DE(2)'

To begin, we focused on the case k = 2 and used NCSE [EEd"25] to randomly generate large
numbers of extreme points of the free spectrahedra D,y and Dp(sy. Then, for each computed
extreme point X € Dy(y) and Y € Dp(y), we computed the quantity Amax ) (X; ® Y;). We then by
hand examined pairs that led to large values. This quickly led to the observation that taking

(506

as in the theorem tended to give larger values of Apax > (X; ® Y;).

We mention that this choice of X is intuitively natural for at least two reasons. First, such a
tuple is a Cartesian product of Arveson extreme points of the free simplex and matrix interval,
hence is Arveson extreme in Dy4. Second, given the characterization of the optimization problem
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in Theorem 3.10, the optimization problem can be viewed as finding the non-commutative tuple
X € Dy(g) that is “most difficult” to embed into a commutative tuple Z € YD 42y where v > 1.
As the Arveson extreme points of a free simplex are, up to unitary equivalence, tuples of diagonal
matrices, taking an Arveson extreme point of the interval that is anti-diagonal intuitively makes
the tuple X “more non-commutative”.

Having a guess for the form of X, we turned out attention to Y. We first observed that, up to
unitary equivalence, tuples Y that were near optimal were approximately of the form

(D)6 D)

for some a,b,c € R. To find an exact tuple Y, we used the fact an optimal ¥ must be an extreme
point of Dp(9) together with the observation that extreme points of a free spectrahedron tend to
have large kernel dimension when evaluated in the corresponding linear pencil. See [EFHY23]| for
a detailed discussion of this phenomenon. In particular, evaluating near optimal tuples Y in the
defining equation

I-Y1+2Y5-Y3>0
led to the numerical observation that

_(—a+2b —c _[(—c —c
_Y1+2Y2_Y3_< —c —b—|—2a>_<—c 1)’ (36)

and that ¢ should be chosen so that this matrix has negative one as an eigenvalue. This leads to
two possible choices for ¢, namely ¢ = —1 + /3 and ¢ = —1 — /3. However, adding appropriately
chosen defining equations for Dp(y) shows that if Y € Dp(y), then I —Y3 = 0, which is not the case

if c = —1—+/3. This led us to conjecture that ¢ = —1 + v/3. From here, one can solve for a and b
in equation (36).

The above of course only treated the k = 2 case of the problem. To generalize to other values of
k, we repeated the above choice of k for k = 2,3,4,5 and 6, obtain conjectured optimum values for
each case. The conjectured form for the optimal X is a straightforward generalization of the k = 2
case, and, fortunately, we found the pattern

2k

k) = .
) = T VRt
This then enabled us to compute a conjectured form for the optimal Y.
5.1.2. Proof of Theorem 5.1 for k = 2. Given a tuple X € SM3(C?) and a constant v > 0,

let D, x C SM>(CP) denote those tuples (C1,Ca,...,Cs) € SM2(CY) that satisfy the following
feasibility SDP

@b, C; -0,
Ci—2054+Cs5+ Cy — 205+ Cg = Xy,
C1+Cy =203+ C4 +C5 — 205 = X, (37)

C1+Co+ 03— Cy—C5 — Cg = X3,
Ci1+Co+C3+Cy+C5+ Cs =71,
Proposition 5.3. Let Dy be the free simplex in two wvariables direct sum the interval and let
X € SMy(C3). Then X € yYW™(D4(1)) if and only if D, x is nonempty.
Proof. Using Proposition 2.12, we infer that X € yW™(Dy4(1)) if and only if W™ (D4 (1)) C

vDx. This inclusion can be checked using an SDP [HKM13, Section 4.1], namely the optimization
problem in (9), as W™ (D4(1)°®) = DE@) is a free spectrahedron defined by diagonal matrices (see

(33) and (34)). For the situation at hand, we recover the SDP in (37). Thus, ®, x is nonempty if
and only if W™**(D4(1)®) C yDx. O
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Proposition 5.4. Up to unitary equivalence, every real matriz extreme point of DA(Q)(Q) has the

form
xo = onxso - (0 %).(3 ) (00 ).
Y(H):(Yl,Yg,Y3(9)):(<(1] (1)><_02 ?)(ZT§§3§ —Slclé(sg()e)»

2= mzmon = (3 0) (5 2)- (Sl %))

for some 0 € [0,7]. Moreover, if D, x () is nonempty for all 6 € [0,7/2] and some v > 0, then
Dy w 1s nonempty for all real matriz extreme points W of Dy.

Proof. We first prove that every matrix extreme point of D4 is unitarily equivalent to one of
the three above forms. From Theorem 4.9, we know that any matrix extreme point of X =
(X1, X9, X3) € Dy satisfies that (X7, Xo) is an Arveson extreme point of the simplex and that X3
is an Arveson extreme point of the interval. Since all Arveson extreme points of a simplex are,
up to unitary equivalence, a direct sum of extreme points of Dy (1), it follows that, up to unitary
equivalence, we can take (X7, X2) of the form

o= (5 0). (5 0)

where (aj,b;) € {(—2,1),(1,-2),(1,1)} for j = 1,2. Also, since X is irreducible, we have (a1, b1) #
(ag, b2). This gives six possible choices for (X7, Xs).

Next, since X3 is an Arveson extreme point of the real matrix interval, we have that X3 is a real
valued self-adjoint unitary. Additionally, by conjugating X by the unitary 1 & —1 if necessary, we
can assume the off-diagonal entries of X are positive. Furthermore, the determinant of X3 must be
—1, otherwise X3 would be a constant multiple of the identity and (X7, X2, X3) would be reducible.
It is straightforward to check that such a matrix must has the form

~ [cos(f)  sin(6)
X3 = (sin(@) — cos(@)) ' for 6 € [0, ]

It remains to reduce from six choices of (X7, X2) to the three. Note that for ¢ € [0, 7], one has

OG0 %) (e BN (0 5 =xino

Setting 6 = m — ¢ € [0, 7] shows that matrix extreme points of this form are unitarily equivalent to
X (). Similar arguments can be made for the remaining possible choices of (X1, Xo2).

We now prove the second part of the proposition. From the first part, it is sufficient to show that
if . x () is nonempty for all 6 € [0,7/2] then D, x(4) and D, y(4) and D, z(4) are each nonempty
for all ¢ € [0,7]. To this end, first assume that ©, x(4) is nonempty for some ¢ € [0,7]. That
is, there exists a tuple C' = (Cy, Cy, C3,Cy, Cs, Cg) € SMo(CF) that is a solution to equation (37),
with (X7, X2, X3) in the equation equal to X(¢). Then by adding the negatives of the first and
second equation of the feasibility SDP (38), one finds that

201404+ C3-2C4+Cs5+Ceg=—-X1 — Xo=1I5.

It follows that (CQ, C1,C5,C5,Cy, C@) € Q%Y((ﬁ) and that (CQ, Cs3,Cq,C5, Cg, 04) S :ny,Z(¢>)‘

Next let ¢ € [r/2,n]. The using arguments similar to the above, we find that X (¢) is unitarily
equivalent to X'(0) := (X1, Xa, —X3(0)) where 0 = 7 — ¢ € [0,7/2]. Thus D, x(4) is nonempty if
and only if D, x/(g) is. Furthermore, it is straightforward to check that (C1,Co,C5,Cy,C5,Cp) €
D, x(p) if and only if (Cy, C5, Cs, C1, Ca, C3) € D, x(), which completes the proof. O
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Remark 5.5. In fact, if X is assumed to be a complex valued Arveson extreme point of DA (2), then
X is again unitarily equivalent to one of X (6) or Y(0) or Z(0) from Proposition 5.4. To see this,
note that (X1, X2) still must be Arveson extreme in the free simplex, so up to unitary equivalence we
have the same six choices for (X1, X2). The only barrier is that X3 may have complex off-diagonal
entries. These can be rotated to be real by conjugating X by a unitary of the form 1@ e for some
appropriately chosen 0.

Thus, the barrier to extending Theorem 5.1 to the complexes are those matriz extreme points in
D gy which are not a Cartesian product of matriz extreme points.

Theorem 5.6. Set v := 1+4\/§. Then ©., x ) is nonempty for all 6 € [0,7/2].

Proof. The proof is accomplished by explicitly constructing an element of D, x4 for arbitrary
0 € [0,7/2]. It can be found in Appendix A. O

5.1.3. Proof of Theorem 5.1 for k > 2. We now show that, for the level-fixed version of the op-
timization problem over the Cartesian product of the k-variable simplex and a line described in
equation (32) where X and Y are both tuples of 2 x 2 matrices, we can reduce to considering a
simplex in two variables.

Proposition 5.7. Fiz k > 3 and let S C SM(C)? be the tuple
Sy = diag(1,0,—1/(k — 1),0,0), So = diag(0,1, —1/(k — 1),0,0), S5 = diag(0,0,0,—1,1),

and let A(k) be as defined in equation (31). Then for v € R one has
1 0 -k 0 cos(f)  sin(f) min
<(0 —k> ’ ( 0 1) ' <sin(9) —cos(#) CWHE(Ds (1),

Dagk)(2) CYW™ (D (1))

if and only if

Proof. Following similar arguments to those used in the proof of Proposition 5.4 one can argue
that, to show D 4(4)(2) CYW™ (D y1y(1)) it is sufficient to show that

X(0) = (X1,..., Xn, Xn41(0)) € YW™™ (D g3 (1))

for all 6 € [0,7/2] where

ey 8 e ) (2 2)

and X; = Iy for all j = 3,4,... k.

In particular, using Theorem 4.9 together with the fact that the extreme points of D4 (1) are of
the form (x1,...,x;) where either x; = 1 for all j = 1,...,k or where x; = —k for exactly one
¢e{l,...,k} and z; = 1 for all j # ¢ shows that, up to unitary equivalence, there are only finitely
many families of extreme points to consider. Each such family is parameterized by Xj1(0) of the
above form with 6 € [0,7]. As in the proof of the second part of Proposition 5.4, the fact that
out of these finitely many families one only needs to consider the tuples X () can be proved by
showing that solutions to the relevant SDP for any of one these finitely many families correspond
to solutions to the SDP for X (6).
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Continuing to follow the argument of Proposition 5.4, one can now show that ™D k) (2) €
W (YD 4 1y(1)) if and only if the SDP
C1d - DC1 D1 D@ Dpyq =0,
Ci—kCo+C3+Cs+ -+ Chp1+ D1 —kDy+ D3+ Dy + -+ + Dyq = X,
Ci+Cy—kC3+Cy+---4+Cri1+ D14+ Dy —kD3s+ Dy + -+ + Dpyq = Xo,
Ci+-+Cky1—D1— -+ — Diy1 = X11(60), (38)
Cr+- +Chi1+ D1+ + Dy =71,
—kCe+Y Cj—kDe+> Dj=1 for (=4,.. .k
J#L J#t
is feasible for all § € [0,7/2]. Similarly, one can show that (X7, Xa, Xj11(0)) C W™iB(yDg(1)) if
and only if
CieCyaC3@ D) & Dyd Dy = 0,
Cl — kC) + Cy + Dy — kD5 + Dfy = X7,
Cl+ Cy — kC + D} + Dy — kD = Xo, (39)
Ol +Ch 1 Cl— Dy — Dy — Dl = X (),
C1+Ch+ Cy+ Dy + Dy + Dy = +I,
is feasible for all 6 € [0,7/2].
Suppose (C1,...,Cki1,D1,...,Dyy1) is a feasible point of SDP (38). It is then immediate that
(C1,C5,C3, Dy, Dy, D) := (C1 + Cy + -+ - + Cpy1,Co,C3, D1 4 Dy + - - + Dyy1, Do, D3)

is feasible for SDP (39). On the other hand, if (C{,C%, C%, D}, D, D5) is feasible for SDP (39),
setting

Co=Cy C3=Cf Cj=0C1/(k—1) for j #2,3,
and similarly

D2 D2 DgzDé Dj:Di/(ki—l) fOI‘j;léQ,?),
gives that (Ci,...,Cky1,D1,...,Dgiq1) is a feasible point of SDP (38). In particular, with this
choice, the only equation of (38) that is nontrivial to check is the final equality. This can be

verified by computing
1

1—k
and simplifying the expressions for X; and Xz given in (38). More precisely, for a fixed ¢ > 4 we
have

(X1 +X2) =171

1
I= (X1 +Xp) = 02+C'3+Z kc +D2+D3+Z ij
B sz ! sz !
1—-k—-2 1—k—-2
J#2,3 j#2,3
k+1 k+1
:Cg—i-Cg—‘r'Z (Cj - Cg)—i—DQ—i-Dg—i—Z( Tz 1Dg)
J#2,3 J#2,3
E+1 E+1
=Cr—(k=1);— oHZC +Dg—(k:—17Dg+ZD
J#t J#t

=—kCy+> Cj—kDy+Y_ Dy,
A e
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from which the result follows. O

Remark 5.8. Fiz k > 3 and let Dg and Dy, and Xz and X (0) be as in the statement of
Proposition 5.7. Then the tuples (I, X9, X(0)) and (I,Xs,1,...,1,X(6)) are Arveson extreme
points of Dg and D g, respectively. However, we warn the reader that the optimum value achieved
by the SDPs

max-y s.t.
Cir® - ®Cry1 D1 DD Diy1 =0,
C1—kCy+C3+Cs+ -+ Chry1+ D1 —kDy+ D3+ Dy+ -+ D1 =1,
Ci+Cy—kC3+Cs+ -+ Cpp1+ D1+ Dy — kD3 + Dy + - + Dy = Xo,
Cy+-+Crp1—D1— -+ = Dy = X(0),
Cit+: -+ Cpp1+ D1+ + Dy =71,
—kCy+Y Cj—kDg+Y Dj=1 for (=4, ..k
J#L J#t
and
maxy s.t.
CioCLoCiod D)@ Dyd Dy =0,
C{ — kCy+ CL+ D} — kD) + D} =1,
C1+ Cy — kC5 + D} + Dy — kDj = Xo,
C1+ Ch+ C%, — Dy — Dy — Diy = X (),
C1+ Cy+ C4 + Dy + Dy + Dy =1,
do not necessarily coincide. E.g., when k = 3 our results show that the optimum achieved by the first
SDP for 0 = w/2 is 8/2. Numerically we find that the optimum value achieved by the second SDP

279 for 0 = w/2 22 is approximately 1.456. Thus the choice of extreme point plays an important
role in the reduction of the k variable case to the two variable case.

Theorem 5.9. As in Theorem 5.1, define v(k) by

2k

e

Then the semidefinite program in (39),
Ci®Co®C3® Dy ®Dy® D3 >0,
Cy —kCy+ Cs5+ D1 — kDy + D3 = X,
C1+Cy —kC3+ D1+ Dy — kD3 = Xo,
C1+ Cy+ C3 — D1 — Dy — D3 = X3(0),
C1+ Cy+ C3+ D1+ Dy + D3 = ~(k)I,

is feasible for all 0 € [0, 7/2].

Proof. We have already shown that the SDP is feasible when k& = 2, so it is sufficient to consider
k > 3. In this case, set

a(k) == !
k4 4VE L1 +2
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and set
E—1-— 2 cos (0) (k—1)sin(0)
< )sin(@)  k — 14 2cos(0) >
< 1 + cos() (VE+1+1)sin(0) >
VE+1+1)sin(0) (k+2vk+142) (1 —cos(f))
< (k+2VEk+1+2)(1+cos(d) (VE+1+1)sin(f) >
(VE+1+1)sin(b) 1 — cos(6)
<k—1+2cos 0) —(k—1)sin(0) >
k—1)sin(d) k—1—2cos(d)
( 1 — cos(0) — (VE+1+1)sin(9) )
(VE+1+1)sin(0) (k+2vEk+1+2)(1+ cos())
( (k+2vVE+1+2)(1—cos(d) — (VEk+1+1)sin(6) )
— (VEk+1+1)sin(0) 1+ cos(0)
Then
r(D1(0)) = a(k)(2k —2),
r(D3(0)) = a(k)((1 + cos(f)) + (2 + k + 2k + 1)(1 — cos(6)))
tr(C5(0)) = tr(D2(0)) = a(k)((1 — cos(8)) + (2 + k + 2Vk + 1)(1 4 cos(6)))
and
det(C1(0)) = det(D;(0)) = a(k)?(k — 3)(k + 1) cos(0)?
det(C2(0)) = det(C5(0)) = det(D2(0)) = det(D3(0)) = 0.
Since the trace and determinant of all of these symmetric 2 x 2 matrices are each nonnegative for

all kK > 3 and all § € [0,27], we conclude that all six of these matrices are positive semidefinite
when k > 3. It is a straightforward computation to verify that the remaining equalities hold. [

Remark 5.10. Note that the matrices used in the proof of Theorem 5.9 do not give a feasible point
of the SDP when k = 2. This is due to the (k — 3) factor that appears in the determinant of Cy
and Dy. In particular, these matrices are not PSD when k = 2 (unless 6 = 7/2).

We also point out that there are numerous symmetries that appear in the matrices. In particular,
the tuple (C1(0),C2(0),C3(0), D1(0), D2(0), D3(6)) has the form

al ag bl b2 C1 b2 as —ag C3 —bg b3 —b2
a2 as ’ bg bg ’ bQ C3 ’ —a aq ’ —bg C1 ’ —b2 bl

for appropriately chosen values of the a;,b; and ¢; (which depend on k and 0).

Lastly we mention that for k > 3, the matrices above are in fact a feasible point of the SDP in
question for all 0 € R, not just for 6 € [0,7/2]. However, the solution we construct in the appendix
for the k =2 case only works when 0 € [0,7/2].

5.2. Cartesian product of lines.

Proposition 5.11. Let Dy be the matriz cube in four variables. We consider the optimization
problem

mazimaize Amax (Z X;® Yz)

i€[4]
such that X € Dy(2),Y € D5(2).
Then, the optimal value is at least v/13/2.
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Proof. Let us consider the matrices

10 01 0 e/ 0 e 2m/3
X1 = (0 1> Xo = <1 0> X3 = <6—27rz'/3 0 > Xy = (ezm'/3 0 )

and
) -3
-—= 0 0
V13 2v13
-3 _2mi/3 -3 _—2mi/3

Vi — PR L WP B~ &
3 -3 6727”/3 0 4 -3 e27rz/3 0

213 2

One can verify that indeed X € D4(2), Y € DY(2) and

>\max Z Xz & le = T . U

1€[4]
To give an intuition about how we found these points, we remark that for X = (X1,...,Xg)
in the matrix cube, we know that X is irreducible Euclidean extreme <= X is matrix extreme
<= X is free extreme <= X is both irreducible and satisfies that X? = I for all i = 1,... k.

This can be seen from Remark 3.6 and Lemma 4.4.
We conjecture that the value v/13/2 is actual optimal:

Conjecture 5.12. Let Dy be the matriz cube in four variables. We consider the optimization
problem

maximaize Amax Z X;0Y;
i€[4]

such that X € Da(2),Y € DY(2).

Then, the optimal value is /13/2.

To support this conjecture, we did a search using a net over the set of free extreme points of the
matrix cube at level 2. This means we could easily generate large collections of evenly spread out
extreme points of the matrix cube to compare against.

6. NOISE ROBUSTNESS OF MEASUREMENT INCOMPATIBILITY AS A POLYNOMIAL OPTIMIZATION
PROBLEM

6.1. Optimization problem for any number of measurements and outcomes. We will
now use the formulation of measurement incompatibility in terms of free spectrahedra reviewed
in Section 2.3 to find an optimization problem in non-commutative variables that we can tackle
subsequently with methods from non-commutative polynomial optimization.
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Theorem 6.1. Let g, d € N and k, € N for all x € [g]. Let us consider the optimization problem

maximize  Amax E Ajje @ Xije

i€[ks—1]
z€[g]
subject to - %Ai‘x <1 Vi € [k, — 1],Vz € [g],
Ky
312 Ajje 2 14 vz € [g],
1€lkz—1]
>y ( +25,Jm>Xi|ijd Vi€ [k] x ... x [kg],
z€[g] i€lke—1]
Ajjas Xijw € SMy(C) Vi € [k, — 1],Vx € [g].

Thus, there are er[g] kz many constraints on the A;, and Hme[g] ky many constraints on the X;,.
Then, the solution to this optimization problem is 1/sc(d, g, (k1,...,kg)).

Proof. We want to make use of Proposition 2.14. From [BN20, Definition 4.1 and Proposition 5.1],
we recall that Dep 1 (1) € Da(1) is equivalent to Dep (1) C D(Ai\;c)ie[kx—l](l) for all x € [g]. This
containment can be checked on the extreme points of Depj (1). Using the expression for these
extreme points in [BN20, Lemma 4.3], we obtain the constraints on {4;; }ic[k, —1),z¢[g]- By the first
point of Proposition 2.14 and setting A;, = 2E;, — k%_ld, we find that we are optimizing over all
POVMs (Ejj3)icik,], * € [g]. The constraints on {Xj|, }ic[k, —1),2¢[g are equivalent to X € Dep j, (d).
Finally, it is readily verified that

1
g = )\max Z Az|:r: 029 X’L|CC
i€k —1]
z€[g]

for s # 0 is equivalent to finding largest s such that X € D;. 4(d) = %DA(d). Hence, the optimization
problem gives the largest s such that Dep i € Ds.a for all A € SMy(C)? such that Dep (1) € Da(1).

In order to make the connection to measurement incompatibility, note that using A4;), = 2E;, — iId’
we find that s4;, = 2E;,(s) — k%_fd. Using the second point of Proposition 2.14, the assertion then

follows. O
If we do not fix the dimension d in the optimization problem, we obtain s;(g, (k1,. .., k)L,
where

Sgi(gv (kla ceey kg)) = érellg S]F(dag7 (kla ey kg)) .

For this dimension-independent problem, we can use the NPA hierarchy to compute its optimal
value. We will do this in Section 7.1 for the example of one measurement with 2 outcomes and one
measurement with k£ outcomes.

At the cost of introducing an additional variable, we can replace the maximal eigenvalue in the
objective function by a trace:
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Theorem 6.2. Let g, d € N and k, € N for all x € [g]. Let us consider the optimization problem

o 1
maximize 4 Z tr (Ai|xXi|ac)
1€[ks—1]
z€lg]

k )
;Aﬂm <N Vi € [k, — 1],Vx € [g] ,

ky
1€[kz—1]
2
Z (_k + 25i,jz> Xilz = N Vi € [ka] x ... x [k,
Jieks—1] ~ °
0,

subject to -

[

&'—lzr&n
Y &

—tr(N)=1,
Ajjz, Xije € SMy(C) Vi € [ky — 1],V € [g],
N € SMy(C).

Then, the solution to this optimization problem is 1/sc(d, g, (k1,...,kg)).

Proof. Clearly,

Mp = D Ap®Xpp =0 <= " | M= Y Ap@X, |20 Vel |y =1

1€[ks—1] i€lke—1]
z€[g] z€lg]

Let
1 d
O=— e; ® e,
\/g ; (2 (3
where e; is the standard basis of C4. Then, for any 1 € C%, ||| = 1, there exists a matrix
V € My(C) with ||V'||z = v/d such that
¢ = (V ® Id)Qv
which follows from the Schmidt decomposition. Moreover, for any a € R¥, it holds that if
Z Z azlez\:v = Iq,
z€(g] i€[kz—1]
then
VY > agdi | V=V
z€[g] i€ (ko —1]

Thus, we can define Avi|;r = V* A,V for all i € [k;], x € [g] and N := V*V. Moreover, it holds
that

i€lkz—1] i€ky—1]
z€[g] z€[g]
Thus, the solution of the optimization problem in Theorem 6.2 is larger or equal the one in Theorem
6.1. Conversely, as N = 0, we can write N 4+l as N + eI = V*V for some invertible V' € My(C)
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and some € > 0. Then, we can reverse the above steps. We arrive at the conclusion that if A}
is the optimal value of the optimization problem in Theorem 6.2 and A\j the optimal value of the
optimization problem in Theorem 6.1, then

AT < (1 +¢e)As.
As € > 0 was arbitrary, the assertion follows. ([l

Finally, we can give a version that is less good for numerical optimization but useful for mathe-
matical analysis because it is of the form of the problems studied in Section 3.

Theorem 6.3. Let g, d € N and k, € N for all x € [g]. Let us consider the optimization problem

maximize Amax Z Ajlz @ Xy
’iE[k}x_l]
z€lg]

subject to Ae D%]Fk(d) ,
X e ng(d) ,
Then, the solution to this optimization problem is 1/sg(d, g, (k1,...,kg)).

Proof. We proceed similarly to the proof of Theorem 6.1. By Proposition 2.14 and Corollary 2.21,
for A such that A;, € SMy(F) for all i € [k, — 1], z € [g], A corresponds to a tuple of compatible

measurements (using the transformation 4;, = 2E;, — k%ld) if and only if

Amax Z Ajje @ X | <1
1€k —1]

z€[g]
for all X € D]%k‘ Using [HKMS19, Lemma 2.3] for F = R and [BN18, Corollary 4.6] for F =

C, we can restrict to X € D%k(d). To optimize over all A that correspond to tuples of valid
measurements, we combine Proposition 2.14 and Corollary 2.21 with Proposition 2.12 to find that A

corresponds to a tuples of valid measurements described by matrices of F if and only if A € D%]Fk(d).

As for Ay, = 2E;), — k%_Id, it holds that sA;, = 2E;,(s) — k%_Id, we find that the optimal value is
indeed 1/sr(d, g, (k1,...,kq))- O

Remark 6.4. Considering the form of D%,w it is easy to see that D%,k is a Cartesian product

product of free simplices in k; — 1 variables given in a particular parametrization. See [BN20] for
details.

6.2. One dichotomic and one arbitrary measurement. In this section, we will look more
closely at the situation in which we have one measurement with 2 outcomes and one measurement
with k£ outcomes. In this case, we have the following bounds on the minimum compatibility degree
from Proposition 2.18:

1 2+4kd 1 1 1
Se ST (1 =) < sc(d 2, (2.R) <
2 S 2(1+kd) 2 ( Vak + 1) < se(d,2, (2, k)

Thus, in particular
1
064~ 5 (4+ V6) < 5¢(2,2,(2,3)) <

Sl

Using the results from Section 3, we can in fact compute sg(d, 2, (2, k)) exactly, i.e., the minimum
compatibility degree if we restrict real measurements.
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Theorem 6.5. Let k € N. Then,
k—1++vV1+k 1 1
sp(2,2, (2, k+1) = LTV :<1+ ) ,
2k 2 1+vVEk+1

A pair of mazximally incompatible measurements is
1/1 1\ 1 /1 -1
=G0 ) e )
Ja 00 10 00 00
~\\o 1/)°\0 0/°\0 0)>""""\0 0/))”

i.e, a measurement in the Hadamard basis and one in the computational basis, padded with outcomes
that have zero probability to occur.

Proof. It is enough to realize that the optimization problem in Theorem 6.3 is the same as in
Theorem 5.1, up to an invertible linear transformation of the polytope, which does not affect the
optimal value [PSS18, Lemma 3.1]. The result then follows from Theorem 5.1 and an application
of the invertible linear transformation to the X; which achieve the maximum value. O

In the same way, Conjecture 5.2 would imply that the theorem still holds if we replace the d = 2
with any dimension d > 2 and if we allow complex measurements as well.

Conjecture 6.6. Let k € N. Then,

sc(d,2,(2,k+1)) =

k—1+\/1+kz_1<1+ 1 )
2k 2 1+vVk+1)

A pair of mazximally incompatible measurements is
1/1 1y 1 /1 -1
2=(G ) )
Fo 00 10 00 00
~\\o 1/)°\0 0/)°\0 0)>"""7\0 O '

Remark 6.7. It is interesting to note that the number % (1 + 1+\/1m

level to make two mutually unbiased bases (MUBs) in dimension k+1 compatible [DFK19]. Whether
there is a deeper reason for this or whether it is merely a coincidence remains at present unclear,
since the situation we consider seems unrelated to the one of 2 MUBs.

) 1s also the minimal noise

6.3. Four dichotomic qubit measurements. In this section, we will consider the minimum
compatibility degree of 4 dichotomic qubit measurements. From Proposition 2.18, we know that

1
5 Ssc(24) < 1/v/3 ~ 0.58.

Moreover, there are stronger numerical bounds: In [BQG™17, Table I, the authors find that
sc(2,4) £ 0.5547 (they have more upper bounds for other values of g), which agrees with the
numerical bounds two of the present authors later found in [BJN22]. In [BQG™17, Table I], the
authors also give a lower bound for projective measurements of 0.5437. However, this bound
would only translate into a lower bound on s¢(2,4) if we could prove that the most incompatible
measurements are projective, which is not known for the noise model we use (see also [DFK19]).
Note however that for the cases sc(2,2) and sc(2,3) where we know the minimum compatibility
degree to be 1/,/g, projective measurements are indeed the most incompatible ones. The upper
bounds in [BQG™17] were found using a see-saw algorithm (also known as alternate directions) and
the lower bounds by outer polytope approximation. The authors in [BQG™17] consider a slightly
different noise model, which coincides with ours for rank 1 projective measurements.
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For this situation, the optimization problem in Theorem 6.1 has the form

4
maximize Amax (Z A; ® Xi)

i=1
subject to A} < I, —A; < I,
Ay 2D, —As =,
A3 2L, —A3 =1, (40)
Ay =1, Ay =1,

4
Z&iXi < Ig, Ve € {:l:l}4
=1

B;, X; e SMQ((C) Vi € {1,2,3,4}
Its optimal value is 1/sc(2,4).
Lemma 6.8. In the above optimization problem, we can restrict to A? = Iy for all i € [4].

Proof. Theorem 3.10 tells us that it is enough to consider matrix extreme points of Wmax([—1,1]4),
as the constraints correspond to (Ay,...,A4) € Wm([-1,1]*) = Xiejgg WH([=1,1]) (see also
Theorem 6.3). We can then combine Lemma 4.4 with Remark 3.6, as the matrix and free extreme
points coincide for the matrix cube (see [EHKMI18, Proposition 7.1], using the fact that matrix
extreme points are irreducible). O

Theorem 6.9. The following upper bound on the minimum compatibility degree of four dichotomic
qubit measurements holds:

sc(2,4) ~ 0.5547 .

2
< =
T V13

The upper bound is achieved for the measurements
10 0 0
#=((0 )6 1))
1/1 1\ 1 /1 -1
=G0 ) @
G- 1 1 627”'/3 1 1 6771'1'/3
- 9 6—27ri/3 1 D) 67ri/3 1
1 —27i/3 1 /3
H=1{3 211'/3 ‘ P —11'/3 ‘ .
2 \e " 1 2 \e " 1

Proof. This follows directly from Proposition 5.11 and an application of the invertible linear trans-
formation to the X; which achieve the maximum value. J

If one represents the above measurements in terms of their Bloch vectors, we get three equiangular
lines in a plane and a fourth line perpendicular to them, see Figure 1. If Conjecture 5.12 was true,
we would have the following:

Conjecture 6.10. We conjecture that
2
S(C(2, 4) = \/Tig .

That would mean that the value computed in [BQG™17] is optimal up to numerical precision.
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FiGURE 1. The conjectured most incompatible 4-tuple of dichotomic qubit mea-
surements in Bloch representation. It consists of 3 equiangular antipodal segments
on a plane and a fourth one perpendicular to the first three.

We will now simplify the optimization problem (40). If the maximum is attained on some
pure state 1) € C? @ C?, considering its partial trace p, we can write (considering g dichotomic
measurements in dimension d instead of 4 qubit measurements)

g g9 g
Amax (ZA1®Xz> :'(/J* (ZA1®X1) deQ* <p1/2®Id (ZAZ(X)XZ) p1/2®Id> Q
=1

i=1 =1

g
= 2 4.,1/2x T
;tr(p Aip =X )

Here, Q@ =1/ Vd Eie[d] e; ® e; and e; are the standard unit basis vectors. Optimizing over each A;
gives

|\Anﬁax<1tr<pl/2Aipl/2XiT> = o2 X7 p" 2|1,

which is achieved for A; commuting with p'/ 2XiT p'/2 and having as eigenvalues the signs of the
corresponding eigenvalues of p'/ 2Xi—r pl/ 2. This explains in particular the commutation relation
[A;, X;] = 0 noticed in the case where the state achieving A\j,ax was the maximally entangled state
Q, which corresponds to p = I/d. We have thus shown that

g
1/sc(d, g) = maximize Z o2 X024
=1

g
subject to ZEin‘ <I; Vee{£l}!
i=1

p=0, trp=1
X, € SMd((C) Vi € [g]
p € SMy(C).

Since the Schatten l-norm || - ||; and the constraints on X; are unitarily invariant, we can
diagonalize p and further simplify our problem:



46 ANDREAS BLUHM, ERIC EVERT, IGOR KLEP, VICTOR MAGRON, AND ION NECHITA

g
1/sc(d, g) = maximize Y _ | diag(y/p)X; diag(v/p) |1
=1

g
subject to ZEin‘ <I; Vee{£l}!
i=1

pi=0, Y pi=1

i=1
X; € SMy(C) Vi € [g].
Remark 6.11. Numerical results indicate that we cannot assume in general that the optimal p is
flat (i.e. p; = 1/d). For example, if g =2 and d = 3, numerics indicate that 1/sc(2,3) = v/2, with
p=1(1/2,1/2,0) and

1 1
Xlzﬁgx@o andXQZEUZ@O.

Proposition 6.12. In the case of qubits (d = 2), we further have

g
1/s¢c(2.9) = maximize Yy _ [|lz(]
=1

g
subject to H Zeix(i) <1 Ve € {£1} (42)
i=1

2 e R3 Vi € [g].
Equivalently,

T
1/s¢(2, g) = maximize 5 z; | X1
1=

g
subject to ZsiXi <1 Ve € {1}
i=1

tr[X;] =0 Vi€ l[g]
X; € SM,(C) Vi € [g].

Proof. The first reformulation follows from [BJN22, Theorem 8.5]. Indeed, note that the value
sc(2, g) is the largest element of the form (s, s, ..., s) of the set of (generalized) inclusion constants
II(g, M5, PSD2) from [BJN22, Section 7]. In [BJN22, Theorem 8.5] it is shown that, for centrally
symmetric state spaces, this inclusion constant set is equal to a “traceless version” II’; this is indeed
the case for qubits, where the state space is the unit ball of R3. Hence, using the definition of the
set II" and the formulas for the injective (resp. projective) tensor norms from [BJN22, Section §],
we recover the formulation with ¢ vectors from R? as variables.
The matrix formulation follows by expressing the matrices X; in the Pauli basis:
X; = ng)JX + iL‘gL)Uy + .%'gz)az,
using the vectors M 2@ e R3. ]

Note that the optimization problem with g vectors in R? can be rephrased in terms of the Gram
matrix G € My (R) of the vectors z(*)

Gij = (@D, 20y i jeg]
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as follows (note the rank condition on the matrix G):

g
1/s¢(2,9) = maximize Z \/CT”

subject to £*Ge <1 Ve e {£1}7
G>0
rank G < 3
G € SMy(R).

If we would rather optimize a trace as in Theorem 6.2, this becomes
=
maximize 5 Z; tr[A; X;)
1=

subject to N >0, tr[N]=2,
A; XN, —-A1 =N,
Ay =N, —A3 XN,
A3 XN, —A3=N,
Ay =N, —-A4=N,

ZsiXi = I, Ve € {:l:l}4

N, A;, X; € SM(C)  Vie{1,2,3,4}

47

Instead of solving this directly, we can expand the variables in a basis of Hermitian operators.

A convenient choice are the Pauli matrices together with the identity matrix. We obtain
N =nols +niox +ngoy +n30z,
A; = ag)fg + a(i)ax + ag)ay + agi)az ,
X, = :Ug)lg + argz)ax + xg)ay + ZL‘g)UZ

Then, we get a polynomial optimization problem in commuting variables:

4 3
maximize Z Z agl)azy)

i=1 j=0
subject to 1 —(n )2 - (ng)2 - ( 3)2 >0,
(1—ay)? = (m —a)’)? = (2 —ay’)* = (n3 —a’)* 20, Vie{1,2,34)

) 0
(1+a)? = (m +ai")? — (na +a))? — (ns +af’)2 >0, Vie {1,234}
1>al) > -1, Vie{1,2,3,4}

(1 — ;gix(()i)> i <Z eia'? ) , Ve € {#+1}*

4
1> Zeim((f), Ve € {£1}*

(43)
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This form can be further simplified if we know more about the optimizers. Starting from the
optimization problem in equation (42), we can use the fact that [|z| = supjq<;i(a,z) to find a
simpler polynomial optimization problem in commuting variables:

maximize Z Z a;z)xy)

i=1 j=1
3 .
subject to 1 — Z(agz))Q >0, Vie{l,...,g}
j=1
3 2
-3 (Z eixg.”> >0, Vee{£1}¥ (44)
j=1 \i=1
agl), ZEEZ) eR Vie{l,...,qg},7 €{1,2,3}

This formulation will be useful for numerical experiments, as we can compute bounds with the
Lasserre hierarchy (see Section 7.2).

7. CONCLUDING NUMERICAL EXPERIMENTS AND PERSPECTIVES

In this section, we will present numerical results that support our Conjectures 6.6 and 6.10 ,
obtained vie techniques to solve the polynomial optimization problems in the previous section.

7.1. Numerics for one dichotomic and one arbitrary measurement. Using Theorem 6.1,
we can compute 1/sc(d, s, (2, k)) with the following optimization problem:

k-1
maximize Apax (Alll ® Xy + Z Ai|2 & Xi|2>
i=1

subject to Al\l = 1y, —Am = 1y,

k
— 5141\2 <I; Vie [k - 1]

k k—1
5 ZA]‘|2 =< I, (45)
j=1
9 k—1
£ Xip - o ;Xﬂ +2Xp X Iy, Vi€ [k—1]

g k-1
+ Xy — T ZX]'\Q = I,
j=1
Aqj1, Xap1, Ag2s X2 € Ma(C) Vi € [k —1].
Unlike the problem for 4 dichotomic measurements, this problem is still interesting if we optimize

over d as well, thus computing sgi(g, (2,k)). The advantage of not fixing the dimension is that
we can compute lower bounds of sgi(g, (2,k)) using the NPA hierarchy of semidefinite programs to
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solve the following non-commutative eigenvalue maximization problem:

k—1
maximizeH >\max <A11X11 + Z AZ|QXZ|2>
i=1
subject to  Ayp I, —Ay 21,

k
— A<, Vielk—1]

k k—1
B} Z Ajp 21, (46)
j=1
9 k-1
£ X = 2> Xjp+2Xip 31, Vi€ k1]
j=1

9 k—1
X - > Xp 2
j=1

Aqjns X, Ay Xipp € B(H) Vi € [k —1],

where [ is the identity element of B(H).

Optimal values of all studied semidefinite programs were computed on one of the CALMIP?
servers with 2 Intel Xeon Gold 6140 CPUs @ 2.30 GHz, with 72 logical processors (18 cores per
socket, 2 threads per core) and 800GB of RAM. All the instances have been modeled thanks to the
Julia library NCTSS0S® [WM21], and their corresponding semidefinite relaxations have been solved
with Mosek [AA00]. The results reported in Table 2 can be reproduced with online scripts’. We
now provide more detailed explanation for these results.

For k = 3, we could rely on the theory of extreme points to add the following equality constraints
to the above problem (46): A%H = I,[Aq)2, Agp] = 0, (A2 +2/3)(A32 — 4/3) = 0, for all i =
1,2. At level 4 of the NPA hierarchy, we found a numerical bound of 0.683012 < (1 + /3)/4
and we could successfully extract a tuple of finite-dimensional optimizers (of size 12) thanks to
the linear algebra procedure implementing the Gelfand-Naimark-Segal (GNS) construction; see

2https: ://www.calmip.univ-toulouse.fr/
Shttps://github. com/wangjie212/NCTSSOS
‘nttps://wangjie212.github.io/NCTSS0S/dev/inclusion/
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k | lower bound | upper bound comment

2 1/v2 1/v2 follows, e.g., from [BN18]
3] 0683012 | (1++/3)/4 NPA level 4

4| 0.666666 2/3 NPA level 4

5 0.654508 | (3++/5)/8 NPA level 3

TABLE 2. Upper and lower bounds for sgi(Q, (2,k)). The upper bounds are the ones
from Theorem 6.5. The lower bounds come from applying the NPA hierarchy to
(46), thus they hold for any d.

[BKP16, Algorithm 1.2] for more details. The extracted solution reads as follows:

Xy = (V3-1) <(1) (1J> © L

9

01 .
I, ® (1 0) ® diag(1,—1)

o V3 (—diag(l,-1)® I
2= diag(1, —1) ® diag(v3 - 2,V3 - 1) ® I, )’
V3 diag(2 — v3,1 - V3) ® I
X2|2 = 7 — dlag(l, —].) ® _[2 s
diag(1 —v3,V3 - 2)® I
1
L® <? 0)
Aipp=— 0 1 )
I, ® diag(1,-1) ® (1 0>
9 I, ® diag(1, —2)
Ajp = —5 Iy ,
3 .
I, ® diag(—2,1)
A
22773 I, ® diag(1,-2) )

For k = 4, we added the following equality constraints to the above problem (46): Ail =
I,[Ayp, Agp] = [Agp, Azpp] = [Ayjes Agp] = 0, (A2 + 1/2)(Ayp — 3/2) = 0, for all i = 1,2,3.
At levels 3 and 4 of the NPA hierarchy, we found a numerical bound of 0.666666 < 2/3 but
unfortunately we could not extract a tuple of optimizers.

For k = 5, we similarly found a numerical bound of 0.654508 < (3 ++/5)/8 at level 3 of the NPA
hierarchy without being able to perform extraction.

These numerical results support Conjecture 6.6.

7.2. Numerics for four dichotomic qubit measurements. For four dichotomic qubit mea-
surements, we consider the optimization problem (44). To obtain lower bounds on s¢(4,2), we can
run the Lasserre hierarchy recalled in Section 2.4.1. The results below can be reproduced with
online scripts®.

The upper bound on 1/s¢(2,4) of 1.8029 > +/13/2 ~ 1.8028 is obtained with the TSSOS¢[WML21]
solver at the 3rd relaxation order after 2 rounds of exploiting term sparsity and 10° iterations
with the first-order SDP solver COSMO [GCG21]. Even if it is currently unknown how to extract

5ht'cps ://wangjie212.github.io/TSS0S/dev/inclusion/
6https ://github. com/wangjie212/TSS0S
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minimizers while using term sparsity, this upper bound provides us with a strong numerical evidence
that supports Conjecture 6.10.

7.3. Discussion and open questions. In this work, we have studied extreme points of Cartesian
products of free simplices to compute inclusion constants for free spectrahedra relevant to computing
the noise robustness of measurement incompatibility in quantum information theory.

For one dichotomic and one measurement with k£ + 1 outcomes, we have proved that

E+vV1+k 1 1

An important open question is to prove Conjecture 6.6, stating that
SR(2a 2a (27 k+ 1)) = S(C(Qa 2, (27 k + 1))

for all £ € N. The conjecture is supported by numerical evidence we have gathered using techniques
from non-commutative polynomial optimization.

To make progress towards this conjecture, one way would be to modify the SDP hierarchies that
we have been using such that we can find a flat extension at reasonably low level. This would
give us a certificate that we have indeed found the optimal value for the problem instead of merely
computing a lower bound.

To prove the conjecture analytically, we would need a better understanding of the extreme
points of Cartesian products of complex free simplices. Theorem 4.13 indicates however that this
is a difficult problem. Moreover, it would be very interesting to understand the extreme points of
direct sums of free simplices, which seems to require new techniques.

For the case of four dichotomic qubit measurements we have proved that

2

S(C(Qv 4) < \/ﬁ

and conjectured that equality holds (Conjecture 6.10). To prove the conjecture, we would likely
need both a deeper understanding of the optimizers in the associated optimization problem, en-
abling us to construct a flat extension at a reasonably low level, and a method to generate sums
of squares certificates for the optimal bounds. One promising avenue for further investigation is
to leverage the recently developed high-precision SDP solver [L.dL24], which includes a rounding
feature to produce sums of squares decompositions with coefficients in a field extension of the ra-
tionals.

Acknowledgments. A.B. was supported by the French National Research Agency in the frame-
work of the “France 2030” program (ANR-11-LABX-0025-01) for the LabEx PERSYVAL and by
the ANR project PraQPV, grant number ANR-24-CE47-3023. I.N. was supported by the ANR
projects ESQuisses grant number ANR-20-CE47-0014-01 and TAGADA grant number ANR-25-
CE40-5672. This work was supported by the European Union’s HORIZON-MSCA-2023-DN-JD
programme under under the Horizon Europe (HORIZON) Marie Sktodowska-Curie Actions, grant
agreement 101120296 (TENORS), the project COMPUTE, funded within the QuantERA II Pro-
gramme that has received funding from the EU’s H2020 research and innovation programme under
the GA No 101017733 [@. This work was partially performed using HPC resources from CALMIP
(Grant 2023-P23035).

REFERENCES

[AA00] Erling D. Andersen and Knud D. Andersen. The MOSEK interior point optimizer for linear programming:
an implementation of the homogeneous algorithm. In High Performance Optimization, volume 33 of
Applied Optimization, pages 197-232. Springer, 2000. 49

[AKG*23] Mateus Aratjo, Igor Klep, Andrew J. P. Garner, Tamés Vértesi, and Miguel Navascués. First-order
optimality conditions for non-commutative optimization problems. arXiv preprint arXiv:2311.18707,
2023. 16


https://esquisses.math.cnrs.fr/
https://www.ceremade.dauphine.fr/dokuwiki/anr-tagada:start

52
[BCP*14]

[BIN22]

[BKP16]
[BLN25]
[BM25a]
[BM25b)
[BN18]

[BN20]

[BN22a]
[BN22b]
[Boh28]

[BQG*17]

[BTN02]

[DDOSS17]

[DFK19)]
[DK25]

[EEd*25]

[EEHK24]
[EFHY23]
[EH19]

[EHKM18]

[EP25]

[EPS24)
[Eve21]
[Eve25]

[EW97]

ANDREAS BLUHM, ERIC EVERT, IGOR KLEP, VICTOR MAGRON, AND ION NECHITA

Nicolas Brunner, Daniel Cavalcanti, Stefano Pironio, Valerio Scarani, and Stephanie Wehner. Bell non-
locality. Reviews of Modern Physics, 86:419-478, 2014. 3

Andreas Bluhm, Anna Jencova, and Ion Nechita. Incompatibility in general probabilistic theories, gen-
eralized spectrahedra, and tensor norms. Communications in Mathematical Physics, 393(3):1125-1198,
2022. 43, 46

Sabine Burgdorf, Igor Klep, and Janez Povh. Optimization of polynomials in non-commuting variables.
SpringerBriefs in Mathematics. Springer, 2016. 2, 50

Andreas Bluhm, Cécilia Lancien, and Ion Nechita. Random measurements are almost maximally incom-
patible. arXiv preprint arXiv:2507.20600, 2025. 14

David P. Blecher and Caleb McClure. Real noncommutative convexity 1. arXiv preprint
arXiv:2506.13512, 2025. 7, 11

David P. Blecher and Caleb McClure. Real noncommutative convexity II: Extremality and NC convex
functions. arXiv preprint arXiv:2507.22833, 2025. 7

Andreas Bluhm and Ton Nechita. Joint measurability of quantum effects and the matrix diamond. Journal
of Mathematical Physics, 59(11):112202, 2018. 3, 5, 13, 14, 42, 50

Andreas Bluhm and Ion Nechita. Compatibility of quantum measurements and inclusion constants for
the matrix jewel. SIAM Journal on Applied Algebra and Geometry, 4(2):255-296, 2020. 3, 4, 5, 9, 13, 14,
40, 42

Andreas Bluhm and Ion Nechita. Maximal violation of steering inequalities and the matrix cube. Quan-
tum, 6:656, February 2022. 14

Andreas Bluhm and Ion Nechita. A tensor norm approach to quantum compatibility. Journal of Mathe-
matical Physics, 63(6):062201, 2022. 5, 13, 14

Niels Bohr. The quantum postulate and the recent development of atomic theory. Nature, 121(3050):580—
590, 1928. 3

Jessica Bavaresco, Marco Tilio Quintino, Leonardo Guerini, Thiago O. Maciel, Daniel Cavalcanti, and
Marcelo Terra Cunha. Most incompatible measurements for robust steering tests. Physical Review A,
96(2):022110, 2017. 43, 44

Aharon Ben-Tal and Arkadi Nemirovski. On tractable approximations of uncertain linear matrix inequal-
ities affected by interval uncertainty. SIAM Journal on Optimization, 12(3):811-833, 2002. 2, 14
Kenneth R. Davidson, Adam Dor-On, Orr Moshe Shalit, and Baruch Solel. Dilations, inclusions of matrix
convex sets, and completely positive maps. International Mathematics Research Notices, 2017(13):4069—
4130, 2017. 2, 3, 5, 9, 10, 11

Sébastien Designolle, Maté Farkas, and Jedrzej Kaniewski. Incompatibility robustness of quantum mea-
surements: a unified framework. New Journal of Physics, 21(11):113053, 2019. 14, 43

Kenneth R. Davidson and Matthew Kennedy. Noncommutative Choquet theory: A survey. In Operator
Theory. Springer, 2025. 3

Eric Evert, Aidan Epperly, Mauricio de Oliveira, John Yin, and J. William Helton. NCSE 3.1.2: An
NCAlgebra package for optimization over free spectrahedra, 2025. https://github.com/NCAlgebra/
UserNCNotebooks/tree/master/NCSpectrahedronExtreme. 32

Aidan Epperly, Eric Evert, J. William Helton, and Igor Klep. Matrix extreme points and free extreme
points of free spectrahedra. Optimization Methods and Software, 39(6):1263-1308, 2024. 4, 16, 17, 22, 23
Eric Evert, Yi Fu, J. William Helton, and John Yin. Empirical properties of optima in free semidefinite
programs. Ezperimental Mathematics, 32(3):477-501, 2023. 32, 33

FEric Evert and J. William Helton. Arveson extreme points span free spectrahedra. Mathematische An-
nalen, 375:629-653, 2019. 17, 19

Eric Evert, J. William Helton, Igor Klep, and Scott McCullough. Extreme points of matrix convex sets,
free spectrahedra, and dilation theory. The Journal of Geometric Analysis, 28:1373-1408, 2018. 3, 6, 16,
17, 18, 19, 22, 28, 44

Eric Evert and Benjamin Passer. Matrix convex sets over the Euclidean ball and polar duals of real free
spectrahedra. arXiv preprint arXiv:2507.20325, 2025. 7, 11

Eric Evert, Benjamin Passer, and Tea Strekelj. Extreme points of matrix convex sets and their spanning
properties. arXiv preprint arXiw:2405.07924, 2024. 3, 16, 19

Eric Evert. The Arveson boundary of a free quadrilateral is given by a noncommutative variety. Operators
and Matrices, 15:1351-1378, 2021. 24

Eric Evert. Free extreme points span generalized free spectrahedra given by compact coefficients. Journal
of Mathematical Analysis and Applications, 545(1):129170, 2025. 26

Edward G. Effros and Soren Winkler. Matrix convexity: Operator analogues of the bipolar and Hahn-
Banach theorems. Journal of Functional Analysis, 144(1):117 — 152, 1997. 2, 11, 20


https://github.com/NCAlgebra/UserNCNotebooks/tree/master/NCSpectrahedronExtreme
https://github.com/NCAlgebra/UserNCNotebooks/tree/master/NCSpectrahedronExtreme

[Far00]
[Fing2]
[Gea2t1]
[Hei27]
[HKM12]
[HKM13]

[HKM17]

[HKMS19]

[HL21]
[HMO04]
[HM12]
[HMZ16]
[HSTZ14]
[HZ11]
[Kle14]
[Kri19]
[KS22]
[KTT13]
[Las01]
[LdL24]
[Nem07]

[PABT09)

[Pau03]
[PNA10]
[PSS18]
[RG95]
[WM21]

[WML21]

INCLUSION CONSTANTS FOR FREE SPECTRAHEDRA AND APPLICATIONS 53

Douglas R. Farenick. Extremal matrix states on operator systems. Journal of the London Mathematical
Society, 61:885-892, 2000. 3

Arthur Fine. Hidden variables, joint probability, and the Bell inequalities. Physical Review Letters,
48(5):291-295, 1982. 3

Michael Garstka, Mark Cannon, and Paul Goulart. COSMO: A conic operator splitting method for
convex conic problems. Journal of Optimization Theory and Applications, 190(3):779-810, 2021. 50
Werner Heisenberg. Uber den anschaulichen Inhalt der quantentheoretischen Kinematik und Mechanik.
Zeitschrift fir Physik, 43(3):172-198, 1927. 3

J. William Helton, Igor Klep, and Scott McCullough. The convex Positivstellensatz in a free algebra.
Advances in Mathematics, 231(1):516-534, 2012. 10

J. William Helton, Igor Klep, and Scott McCullough. The matricial relaxation of a linear matrix inequal-
ity. Mathematical Programming, 138(1-2):401-445, 2013. 2, 4, 7, 8, 9, 10, 19, 20, 31, 33

J. William Helton, Igor Klep, and Scott McCullough. The tracial Hahn-Banach theorem, polar duals,
matrix convex sets, and projections of free spectrahedra. Journal of the European Mathematical Society,
19:1845-1897, 2017. 10, 11

J. William Helton, Igor Klep, Scott McCullough, and Markus Schweighofer. Dilations, linear matrix
inequalities, the matrix cube problem and beta distributions. Memoirs of the American Mathematical
Society, 257(1232), 2019. 2, 9, 42

Michael Hartz and Martino Lupini. Dilation theory in finite dimensions and matrix convexity. Israel
Journal of Mathematics, 245:39-73, 2021. 18, 19

J. William Helton and Scott A. McCullough. A positivstellensatz for non-commutative polynomials.
Transactions of the American Mathematical Society, 356(9):3721-3737, 2004. 15

J. William Helton and Scott McCullough. Every convex free basic semi-algebraic set has an LMI repre-
sentation. Annals of Mathematics, 176(2):979-1013, 2012. 20

Teiko Heinosaari, Takayuki Miyadera, and Maéario Ziman. An invitation to quantum incompatibility.
Journal of Physics A: Mathematical and Theoretical, 49(12):123001, 2016. 3, 13, 14

Teiko Heinosaari, Jussi Schultz, Alessandro Toigo, and Mério Ziman. Maximally incompatible quantum
observables. Physical Review A, 378(24-25):1695-1699, 2014. 14

Teiko Heinosaari and Mério Ziman. The Mathematical Language of Quantum Theory. Cambridge Uni-
versity Press, 2011. 12

Craig Kleski. Boundary representations and pure completely positive maps. Journal of Operator Theory,
71:45-62, 2014. 3

Tom-Lukas Kriel. An introduction to matrix convex sets and free spectrahedra. Complex Analysis and
Operator Theory, 13:3251-3335, 2019. 2, 17, 18, 22, 24

Igor Klep and Tea Strekelj. Facial structure of matrix convex sets. Journal of Functional Analysis,
283:109601, 2022. 3

Kai Kellner, Thorsten Theobald, and Christian Trabandt. Containment problems for polytopes and
spectrahedra. SIAM Journal on Optimization, 23(2):1000-1020, 2013. 2

Jean B. Lasserre. Global optimization with polynomials and the problem of moments. STAM Journal on
Optimization, 11(3):796-817, 2001. 15

Nando Leijenhorst and David de Laat. Solving clustered low-rank semidefinite programs arising from
polynomial optimization. Mathematical Programming Computation, 16(3):503-534, 2024. 51

Arkadi Nemirovski. Advances in convex optimization: conic programming. In Proceedings of the Inter-
national Congress of Mathematicians Madrid 2006, page 413—-444. EMS Press, 2007. 2

Stefano Pironio, Antonio Acin, Nicolas Brunner, Nicolas Gisin, Serge Massar, and Valerio Scarani.
Device-independent quantum key distribution secure against collective attacks. New Journal of Physics,
11(4):045021, 2009. 3

Vern Paulsen. Completely Bounded Maps and Operator Algebras, volume 78 of Cambridge Studies in
Advanced Mathematics. Cambridge University Press, 2003. 20

Stefano Pironio, Miguel Navascués, and Antonio Acin. Convergent relaxations of polynomial optimization
problems with noncommuting variables. SIAM Journal on Optimization, 20(5):2157-2180, 2010. 15
Benjamin Passer, Orr Moshe Shalit, and Baruch Solel. Minimal and maximal matrix convex sets. Journal
of Functional Analysis, 274:3197-3253, 2018. 2, 6, 10, 14, 21, 30, 43

Motakuri Ramana and A. J. Goldman. Some geometric results in semidefinite programming. Journal of
Global Optimization, 7:33-50, 1995. 17

Jie Wang and Victor Magron. Exploiting term sparsity in noncommutative polynomial optimization.
Computational Optimization and Applications, 80(2):483-521, 2021. 2, 49

Jie Wang, Victor Magron, and Jean-Bernard Lasserre. TSSOS: A moment-SOS hierarchy that exploits
term sparsity. SIAM Journal on Optimization, 31(1):30-58, 2021. 50



54 ANDREAS BLUHM, ERIC EVERT, IGOR KLEP, VICTOR MAGRON, AND ION NECHITA

[WSV00] Henry Wolkowicz, Romesh Saigal, and Lieven Vandenberghe. Handbook of semidefinite programming:
Theory, Algorithms, and Applications, volume 27 of International Series in Operations Research € Man-
agement Science. Springer, 2000. 2

[WW99] Corran Webster and Soren Winkler. The Krein-Milman theorem in operator convexity. Transactions of
the American Mathematical Society, 351:307-322, 1999. 18
[Zall7] Aljaz Zalar. Operator Positivstellensitze for noncommutative polynomials positive on matrix convex

sets. Journal of Mathematical Analysis and Applications, 445(1):32-80, 2017. 8

APPENDIX A. PROOF OF THEOREM 5.6

For convenience, we restate Theorem 5.6 before proving it.

Theorem A.1l. Set vy := 1+4\/§. Then D, x () is nonempty for all 6 € [0,7/2].

Proof. The proof is accomplished by explicitly constructing an element of D, x4 for arbitrary
0 € [0, 7/2]. To begin, note that by solving for C3, Cy, C5, Cs in equation (37), we find

C3=-C1—Cy+ X3(9)/2 —|—’yI/2,

Cy=-C4 +X1/3 +X2/3—|—’71/3,

Cs =—-Cy — X1/3 +’}/I/3,

Co = C1+Cy — X2/3 — X3(0)/2 — 1/6.
Our goal now is to choose C7 and Cs so that the expressions for Cs, Cy, Cs, Cg given by equation
(47) are all positive semidefinite.

To simplify the computations that occur in the proof, we now separately consider constructions

for # € [0,7/8] and 6§ € [r/8,7/2]. We begin with the interval [7/8,7/2], as this is the more
computationally intensive region to analyze. In this case, choose

1 1\ /11 1 B
a-(Ga)0) e el )
2

o= ,
6+ 4v/3 + /352
and where 8 € R is a parameter depending on # that will be chosen later. Then C; = 0. Addition-

ally, since det(Cy) = 0 and tr(Cy) = a(1 + 8?), we have Cy = 0 since o > 0. Furthermore, from

equation (47), we obtain
1 _ _

(47)

where

3-2vV3 2v3-3
Additionally we have
G_L(ie-vAE s )
3a —33 6(2+v3)
from which we obtain det(C5) = 0 and
(2—v3)B2+6(2+3)

tr(C5) = 30

>0,

since o > 0. We conclude that C5 = 0.
We now choose ( so that the determinant of
— 4 i — _ 2
Cy = 1 (‘308(9) 200+ V3 1 sin(f) — 2a8 ) \/§4—|— 1
2 sm(&)—Qaﬁ—ﬁ%—l —cos(0) — 2ap +o51
is equal to zero. The choices for 5 that give det(C3) = 0 are

_Ga+é =G
br="0 o =g
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where
G =12 <2 + \/§> sin(9) — 4v/3
G = \@\/ 811 sin(0) + 611 sin(20) + 612 cos(8) + 6 (2 + \/3) cos(26) + 181v/3 + 318
G = ~6sin(6) +12 (2+ V3) cos(0) + 14V3 + 21

and where

m=1247vV3 and 1 =54+ 31V3.
With these choices of [, noting that
4 (V3—1)8%+4(5+3V3)

— (B2 2 1=
tr(Cs) = —a (8 +1>+\/§ 1 (3+\/§)B2+2(9+5\/§)20,

we have that Cs > 0, since det(C3) = 0 and tr(Cs) > 0.
At this point we have shown that C5, Cy, and Cy are all positive semidefinite when g = 81 or
B8 = 5_. Now, set

o 1 —cos(f) +2a+1 —sin(f) + 2a64 + % —1
6+~ 9 | —sin(0) + 208, + % -1 cos(f) +2a6% — 1
and
o 1 —cos(f) +2a+1 —sin(0) + 2af- + % —1
6= 72\ —sin(0) +2a8_ + % -1 cos(0) + 2a5% — 1

We will argue that for any choice of 0 € [r/8,7/2], at least one of Cs_ and Cg__ is positive
semidefinite. Since

tr(Ce—) =a(l+52) >0 and  tr(Ce4) =a(l+B3) >0,
it is sufficient to show that either
det(Cs,—) >0 or det(Cg,+) > 0.
To prove this we instead prove that

24 det(C&_) det(CG,_;_)
2

<0
o

for all § € [7/8,7/2]. Using Mathematica to simplify, we have
24 det(Cs,—) det(Cg 1) —54(1 — sin(0))h(6) (48)
a? (—6sin(6) + 12 (2 + v/3) cos(6) + 14v/3 + 21)"

where

h(0) = 3(1659159 + 957244+/3) sin(6) + 24 (108048 + 62413/3) sin(26)
—18 (84547 + 48802v/3) sin(30) — 36 (48096 + 27769v/3) sin(46)
—81 (5307 + 3064+v/3) sin(560) + 48 (11401 + 6598v/3) cos(6)
+54 (5341 + 3100v/3) cos(26) — 36 (7538 + 4359+/3) cos(36)
—108 (3469 4 2003v/3) cos(46) — 324 (362 + 209v/3) cos(56) + 62 (3963 + 2266+/3) .

Note that the denominator in equation (48) is always positive and that the coefficient —54(1 —
sin(0)) is always negative on [r/8,7/2], so it is sufficient to show that h(f) > 0 on [7/8,7/2].
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To accomplish this, we further break the interval into two parts, [1/8,7/4] and [r/4,7/2]. For
0 € [r/4,7/2] the following inequalities hold:
sin(6) >

, sin(260) > 0, — sin(30) —sin(46) > 0, —sin(5t) > —1

-1
>
—_— \/57
0, cos(20) > —1, —cos(360) > 0, — cos(46) > —1, —cos(b0) > —1.

Sl

cos(6)

v

It follows that for t € [w/4, 7 /2] we have

h(0) > 3 (1659159 + 957244v/3) 5 + 24 (108048 + 62413V/3) 0
—18 (84547 + 48802V/3) 75 — 36 (48096 + 27769v/3) 0

—81 (5307 4 3064v/3) + 48 (11401 + 6598+/3) 0
+54 (5341 4 3100v/3) (—1) — 36 (7538 + 4359v/3) 0
—108 (3469 4 2003v/3) — 324 (362 + 209v/3) + 62 (3963 + 2266/3) ,

which simplifies to

3455631
h(#) > —964515 + Y 559132v/3 4 996648v/6 > 0.
Similarly, for 6 € [7/8, /4], we have
1
sin(6) > sin(g), sin(20) = —, —sin(30) > —1, —sin(40) > —1,  —sin(5t) > cos(%)
1
cos(f) > 75 cos(26) > 0, —cos(360) > —sin(%), —cos(40) > 0, —cos(h0) > sin(%),

which in turn gives
h(6) >4 (~751899 + 3925501/2 — 4344073 + 2268276
. ™ s
+3 (1607799 + 927508\/5) sin (g) 81 (5307 + 3064\/3) cos (g) > 0.

We conclude that the tuple (C1,Ca,...,Cs) constructed above is an element of D, x () for all
0 € [r/8,7/2], s0 D, x(g) is nonempty for # in this interval.
For 6 € [0,7/8], we can use a simpler choice of C; and Cy. Here it suffices to take

(Lo (b0
o=(5a)0h)  w es(B )

Since (] is the same as before, and since C; does not depend on (5, we immediately have that
C1,C5 and Cy are all positive semidefinite. Additionally, we have

4 13 0
05:<1+\/§O 10 o 4 )tO,
50 T 143

so we only need to check that C5 and Cg are positive semidefinite.
To accomplish this we show that the trace and determinate of both these matrices are positive.

Observe that

2
tr(Cs) = —% + 53 >0 and tr(Cgs) = 6/25 > 0.

Next, we have

det(C3) = 3275 <125 (2[ - 3) sin(6) — 15 cos(6) — 370v/3 + 663) .
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Since — cos(f) and sin(f) are both increasing on [0,7/8], this function attains its minimum in
[0,7/8] at # = 0 and has a minimum value of
2

48 — ) .
= (68 370v/3) > 0

We conclude Cj is positive semidefinite on [0, 7/8]. Finally, we have

(1 1\ . 12 cos(0) 1 787
det(Cs) = <\/§ - 2) sin(6) + —r + N

The second derivative with respect to 6 of det(Cg) is

which is strictly negative on [0, 7/8]. It follows that det(Cs) attains its minimum either at 6 = 0 or
t = 7/8. Evaluating at these points, we find that the minimum value det(Cg) takes on [0, 7/8] is

1 427 >0
J3 750 7
We conclude that Cg is positive semidefinite for all § € [0, 7/8], which completes the proof. O

Remark A.2. In fact, numerically we observe that Cs _ in the proof above is always PSD on
the interval [7/8,7/2]. Additionally, while one can show that Cg — is not always PSD on the full
interval [0, /2], we numerically observe that det(Ce ) det(Cg +) < 0 on [0, 7/2], which would imply
that for each 0 € [0,7/2], one of Cs — and Cs 4 is PSD. Our restriction to particular intervals was
primarily done to simplify computations.

We further note if h(6) were positive for all 8, then one could in principal compute a Fejér-Riesz
factorization of h to show it is positive. However, one can compute that

h (32”) — —32(202713 + 117038V/3) < 0.

A.1. Alternative point that is conjectured to be feasible. We conjecture that if one instead
takes

Clz<1 1><1 1> and Gy 1<3cos(9)+8\/§_9_5 3sin(0) — 2v/3+ 3 >

V3 2)\ 1 T 12\ 3sin(0) —2v3+3  —3cos() +8v3-3-4

where

8= Jé\/((a - 4\/5) sin(6) + 6.cos(d) — 4v/3 + 13,

then the resulting point is feasible for 6 € [0,7/2], where C3,Cy4,C5, and Cg are defined as in
equation (47). As before one can attempt to argue that the traces and determinants of the C; are
positive for 0§ € [0,7/2] for each i = 1,...,6. The challenge we encounter with this approach is
proving that

det(Cy) = ﬁ (5 <ﬁ —16V3 + 12) 46 (2\/5 - 3) sin(f) + 18 cos(d) — 84v/3 + 189)
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is positive for 6 € [0,7/2].
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