FREE FUNCTION THEORY THROUGH MATRIX INVARIANTS

IGOR KLEP! AND SPELA SPENKO?

ABSTRACT. This paper concerns free function theory. Free maps are free analogs of ana-
lytic functions in several complex variables, and are defined in terms of freely noncommuting
variables. A function of g noncommuting variables is a function on g-tuples of square ma-
trices of all sizes that respects direct sums and simultaneous conjugation. Examples of such
maps include noncommutative polynomials, noncommutative rational functions and conver-
gent noncommutative power series.

In sharp contrast to the existing literature in free analysis, this article investigates free
maps with involution — free analogs of real analytic functions. To get a grip on these, tech-
niques and tools from invariant theory are developed and applied to free analysis. Here is a
sample of the results obtained. A characterization of polynomial free maps via properties of
their finite-dimensional slices is presented and then used to establish power series expansions
for analytic free maps about scalar and non-scalar points; the latter are series of generalized
polynomials for which an invariant-theoretic characterization is given. Furthermore, an in-
verse and implicit function theorem for free maps with involution is obtained. Finally, with
a selection of carefully chosen examples it is shown that free maps with involution do not
exhibit strong rigidity properties enjoyed by their involution-free counterparts.
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1. INTRODUCTION

Free maps are free analogs of classical analytic functions of several complex variables, and
are defined in terms of noncommuting variables amongst which there are no relations. A
function of ¢ noncommuting variables is a function on g-tuples of square matrices of all sizes
that respects intertwinings, i.e., direct sums and simultaneous conjugation. The notion of a
free map arises naturally in free probability, the study of noncommutative rational functions
[AD03, BGM06, HMV06], and systems theory [HBJP87]. Investigation of these maps is in the
realm of free analysis [Tay73, Voc04, Vocl0, K-VV14, HKM11, HKM12, AKV13, AM15, BV03,
MS11, PT+, Pol0] and is dominated by operator theoretic methods and complex analysis.

We present an alternative, algebro-geometric approach to free function theory. For this
we introduce and develop powerful invariant-theoretic methods [Pro76]. While most of the
current efforts in free analysis are focused on (involution-free) free maps where strong rigidity is
observed, our main attention is to free maps with involution, e.g. noncommutative polynomials,

rational functions or power series in freely noncommuting variables © = (z1,...,2,), 2! =
(z%,...,2%). Our methods are uniform in that they work in both cases with only minimal

adaptations needed. Thus we recover some of the existing results on (involution-free) free
maps (cf. [AM+, K-VV14, Pasl4]).

We next give a list of the main results that at the same time serves as a roadmap; we refer
to Section 2 for definitions and unexplained terminology.

(a) A free map with involution f is a polynomial in x,z! if and only if there is d € N such
that each of the level functions f[n] is a polynomial of degree < d (Proposition 3.1);

(b) Analytic free maps with involution admit convergent power series expansions about scalar
points (Theorem 3.3);

(¢) Analytic free maps with involution admit convergent power series expansions about non-
scalar points (Theorem 4.7, Theorem 4.10), whose homogeneous parts are generalized
polynomials. We present an invariant theoretic characterization of the latter in Subsection
4.1;

(d) Free inverse and implicit function theorems for differentiable free maps with involution
are the theme of Section 5, see Theorem 5.2, Corollary 5.3, and Theorem 5.4;

(e) Section 6 presents several illustrating examples demonstrating non-rigidity properties of
free maps with involution. For instance, we give an example of a bounded smooth free
map with involution that is not analytic (Example 6.3).

Acknowledgments. This paper was written while the second author was visiting the University
of Auckland. She would like to thank the first author for the hospitality and the inspiring
atmosphere. The authors thank Dmitry Kaliuzhnyi-Verbovetskyi, Jim Agler, Victor Vinnikov
and Matej Bresar for sharing their expertise.

2. PRELIMINARIES

In this section we present preliminaries from free analysis, polynomial identities [Dre00,
Row80] and invariant theory [Pro76] needed in the sequel.
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2.1. Notation. Let F € {R,C} and let .#(F)¥ stand for |, M, (F)9. We write .#(F) for
A (F). We denote the monoid generated by z, ... , &g by (x), and the free associative
algebra in the variables # = (x1,...,24) by F(x). The free algebra with involution in the
variables z1,21,..., 24,2} is denoted by F(z,z'). The elements of degree d in F(z) (resp.
F(x,2')) are denoted by F(z)g (resp. F(z,zt)y). We write

C=Fll |1<i,j<n1<k<g]

for the commutative polynomial ring in gn? variables. We equip M, (C) with the transpose

involution fixing C' pointwise. The matrices X} = (l‘gf)) € My(C), 1 <k < g, are called
generic matrices. By GM,, we denote the unital subalgebra of M, (C) generated by generic
matrices, and by GML the subalgebra of M, (C) generated by generic matrices and their
transposes. We let R,, stand for the subalgebra of M, (C) generated by the generic matrices
and traces tr(Xj;, - -- Xj, ) of their products, and R}, for the subalgebra of M, (C) generated by

generic matrices, their transposes, and traces tr(Z;, - -~ Zy, ), Z; € {X;, X;}. The center of Ry,
(resp. R},) is generated by the traces, we denote it by Z(Ry) (resp. Z(R})).

2.2. Free Sets and Free Maps. Let G = (G,), be a sequence of groups with G,, C GL,,(F),
satisfying

G, O
(2'1) Gn S Gm = < 0 Gm> - Gn-‘rm-

We will be primarily concerned with the case G,, = GL,,(F) for all n, or G, is the orthogonal
group O, (R) for all n. The modifications needed for the case of the unitary groups G,, = U, (C)
will be discussed in Appendix A. For simplicity of notation we write GL,, O,, U, instead of
GL,(F),0,(R),U,(C), respectively. Let us denote GL = (GL;)nen, O = (Op)pen, U =
(Up)nen. A subset % C .4 (F)l9) is a sequence % = (% [n])nen, where each % [n] C M, (F).
The set % is a G-free set if it is closed with respect to simultaneous G-similarity and with
respect to direct sums; i.e., for every m,n € N:

(2.2) oXo = (oX107h . 0 X0t) € Un)
for all X € Z[n], 0 € G, and

X 0

(2.3) X@Y:(O v

) € U[m + nl

for all X € Z[m|,Y € %« [n].
Let % be a G-free set. We call a sequence of functions f = (f[n])nen : (% [n])neny — A (F)
a G-free map, if it respects G-similarity and direct sums; i.e, for every m,n € N:

(2.4) flnl(eXo™h) = o fln](X) o™
for all X € Z[n], 0 € G,, and
(2.5) flm+n](X ®Y) = fim](X) & fln](Y)

for all X € % [m],Y € % [n]. In the language of invariant theory [Pro76, KP96] the condition
(2.4) says that f[n] is a Gyp-concomitant. If f satisfies only (2.4) for all n (and not necessarily
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(2.5)) we call it a free G-concomitant. Sometimes a GL-free map is called simply a free
map and an O-free map is a free map with involution.’

With a slight abuse of notation we sometimes also refer to a map f : U — # as a G-free
map if its domain I/ is only closed under direct sums, f respects direct sums and f respects
G-similarity on U; i.e, for every n € N:

finl(eXo™h) = o fln](X) o™

for all X € U[n], o € G, such that 6 Xo~! € U[n|]. In this case we can canonically extend
f to the similarity invariant envelope of U (cf. [K-VV14, Appendix A]), and remain in the
framework of the given definition:

Proposition 2.1. Let U C .#(F)9 be closed under direct sums, and let f : U — 4 (F)
respect direct sums and G-similarity on U. Then

U ={cAoc ' | AcU[n],0 € Gn,n € N}

is a G-free set, and there exists a unique G-free map f % — M(F) such that fly = f,
defined by f(cXo 1) =of(X)o! for X €U[n], o € G,,.

Remark 2.2. In [K-VV14, Appendix A] the proof is given in the case G = GL. The same
proof with obvious modifications works also for any sequence of groups G = (Gy,), satisfying
(2.1), in particular for G € {O, U}.

A G-free map f is F-analytic around 0 if there exists a neighborhood
(2.6) B(0,5) = J{X € My (F)? | || X|| < 6.}

n

of 0 in .#(F)l9 such that f[n];; is F-analytic on B(0,8)[n], § = (8,)n, and &, > 0 for every

n € N. It is a polynomial map of degree m if f[n];; are polynomials in Z‘Ef)

at least one of the polynomials f[n];; is of degree m; it is homogeneous of degree m if f[n];;
are homogeneous polynomials of degree m or zero polynomials, and f[n];; is of degree m for
at least one triple (n,1,j).

of degree < m and

2.3. Trace Polynomials. The free algebra with trace T'(x) is the algebra of free noncommu-
tative polynomials in the variables xj over the polynomial algebra T in the infinitely many
variables tr(w), where w runs over all representatives of the cyclic equivalence classes of words
in the variables xy; i.e., w € (x)/cye. Here two words u,v € (z) are cyclically equivalent,

uw v, iffuisa cyclic permutation of v. The free x-algebra with trace T'T(x, 2?) is the algebra
of free noncommutative polynomials in the variables zj,z} over the polynomial algebra Tt
in the infinitely many variables tr(w), where w runs over all representatives of the x-cyclic
equivalence classes of words in the variables x., a:’,;; i.e., words u and v are equivalent if u o

or ut X v. The elements of T(z) (resp. TT(x,a')) are trace polynomials (resp. trace

IThe terminology in free analysis has not been standardized yet. For instance, Agler and McCarthy use
both nc-functions and free holomorphic functions in [AM15], Kaliuzhnyi-Verbovetskyi and Vinnikov [K-VV14]
use nc functions, Pascoe [Pas14] uses free maps, while Voiculescu [Voc04, Voc10] uses fully matricial functions.
We largely follow Helton et al. [HKM11, HKM12].
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polynomials with involution) and elements of T (resp. T') are pure trace polynomi-
als (resp. pure trace polynomials with involution). The degree of a trace monomial
tr(wi) - - - tr(wm)v, wi, v € (z), equals |v| + Y, |w;|, where |u| denotes the length of a word w.
The degree of a trace polynomial is the maximum of the degrees of its trace monomials.

Trace identities of the matrix algebra M, (IF) (with involution) are the elements in the kernel
of the evaluation map from the free algebra (with involution) with trace to M, (F); i.e., trace
identities of M, (F) are trace polynomials that vanish on n X n-matrices. Pure trace identities
are trace identities that belong to T (resp. T'T).

The free (*-)algebra with trace T(z) (resp. TT(x,z!)) and the trace identities have its
interpretation in terms of invariants of matrices. Let G = GL, (resp. G = O,) act by
conjugation on M, (FF) and diagonally (i.e., componentwise) on M, (F)J. The first fundamental
theorem for matrices (with involution) yields that a GL,- (resp. O,-) concomitant is a trace
polynomial (resp. with involution), see [Pro76, Theorem 2.1, Theorem 7.2] or [Pro07, Chapter
11] for a broader perspective on the subject. (For another take on the theory of polynomial
identities we refer the reader to [BCMO07].) Viewing a polynomial map f : M, (F)9 — M, (F)
as an element f € M, (C) we can see that the algebra of GLy- (resp. Op-) concomitants is
isomorphic to R,, (resp. RL), and R, (resp. RL) is isomorphic to the quotient of T'(z) (resp.
TT(z,xt)) by the ideal of trace identities (resp. trace identities with involution).

3. ANALYTIC G-FREE MAPS AND POWER SERIES EXPANSIONS ABOUT SCALAR POINTS

In this section we investigate two distinguished classes of free maps, namely polynomials
and analytic free maps. We characterize free maps which are polynomials in Subsection 3.1,
and use this to show that analytic free maps admit power series expansions about scalar points
in Subsection 3.2. These results are classical — but obtained with totally different proofs —
for G = GL (cf. [K-VV14, Tay73, Vocl0]) and are new for G = O. Throughout this section
G € {GL, O}.

3.1. Polynomial Free Maps. We start by characterizing free polynomial maps f via their
“slices” f[n]. For G = GL this result is due to Kaliuzhnyi-Verbovetskyi and Vinnikov [K-VV14,
Theorem 6.1] who deduce it from their power series expansion theorem for analytic free maps.
In contrast to this we shall first characterize free polynomial maps and employ this in Subsec-
tion 3.2 to establish power series expansions for analytic G-free maps. Our proofs are uniform
in that they work for both G = GL and G = O, and are purely algebraic, depending only on
the invariant theory of matrices.

Proposition 3.1. Let f : #(F)9 — #(F) be a G-free map. If f is a polynomial map and
max,, deg f[n] = d, then f is a free polynomial of degree d. That is, f € F(x)q if G = GL and
f el (z at), if G=0.

Proof. Since f[n] : M,(F)¢ — M,(F) is a concomitant, it follows by [Pro76, Theorem 2.1,
Theorem 7.2] that f[n] is a trace polynomial of degree < d in the variables xy, (resp. z, xfg)
Since there do not exist nontrivial trace identities for M,,(IF) of degree less than n by [Pro76,
Theorem 4.5, Proposition 8.3] (see also [BK09, Raz74]), we can write f[n] in the case n > d+1
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uniquely as

fln) =Y te(hi) M,
M

where M runs over all monomials of degree < d and deg tr(h},;)+deg M < d. Choosen > d+1.
As f is a free map, we have

S (X eY)MX)e ) tr(hif(XeY))M(Y) = f2n)(X&Y)
M M

= fIl(X) @ fIn)(Y) =) te (A (X)) M(X) @ Y te(h (V) M(Y).
M M

Comparing both sides of the above expression we obtain
tr(h3H(X @Y)) = tr(h} (X)) = tr(hl(Y))
since M,,(F) does not satisfy a nontrivial trace identity of degree d. Thus,
tr(h(X)) = a = tr(h}(Y))

for some o € F. Hence, for every n > N, f[n] € GM,, (resp. f[n] € GM])) is represented by
an element f € F(X) (resp. f € F(x,z")) of degree d. Since f is a free map, we can identify
it with a free polynomial in the variables zj (resp. xy,z}). u

Remark 3.2. We note that Proposition 3.1 holds also if f is only defined on B(0, §) (cf. Propo-
sition 2.1), since polynomial functions that agree on an open subset of M, (F)9 represent the
same function on M, (IF)9.

3.2. Analytic Free Maps. We next turn our attention to analytic G-free maps. We show
they admit unique convergent power series expansions about scalar points a € F9, extending
classical results for G = GL, cf. [Tay73, Voc04, Vocl0, K-VV14, HKM12]. By a translation
we may assume without loss of generality that a = 0.

Theorem 3.3. Let % be a G-free set and f: % — M (F) an F-analytic G-free map, and let
B(0,08) C %, where § = (0n)nen, On > 0 for every n € N. Then there exists a unique formal
power series

(3.1) F= i > Fuw,
m=0 |w|=m

where w € (x) (resp. w € (z,x')), which converges in norm on B(0,6), with f(X) = F(X)
for X € B(0,6).

Remark 3.4. If f is uniformly bounded, and G = GL then the convergence of the power
series F'in (3.1) is uniform, cf. [HKM12, Proposition 2.24], while this conclusion does not hold
when G = O. We present examples in Section 6.

We first prove the existence, the uniqueness will follow from Proposition 3.7 below.



FREE FUNCTION THEORY THROUGH MATRIX INVARIANTS 7

Proof of the existence. Since f is analytic, there exists for every X € M, (F)9 a neighborhood
of 0 such that the function ¢ — f[n](¢X) is defined and analytic in that neighborhood. Hence,
f[n](tX) can be expressed in that neighborhood as a convergent power series of the form
oo ot fIn]m(X), where f[n]m,(X) is a function of X. Note that for X € B(0,d), this power
series converges for ¢ = 1. The function f[n],, is a homogeneous polynomial function of degree
m. Indeed, let s € F, X € M, (F)? and choose ¢’ such that tsX € B(0,4) for |¢| < ¢’. Then

Yt fInlm(sX) = f(tsX) =D (t)™ fInfm(X),
m=0 m=0
and thus f[n]m(sX) = s" f[n]m(X).
Let us show that f,, defined by f,[n] := f[n]n, is an analytic free map. Choose ¢’ such that
tX,tY,otXo ! € B(0,9) for |[t| < §'. As f is a free map we have

S 7+ (X ©Y) = o+ (X 0 )
m=0
= fIn](tX) ® f[n Z " (fIn)m(X) & [0 ]m(Y)),
and
Ztmaf[n]m(X)aflzaf[n](tX)a = fln](to X0} Ztmf (cXo™h)
m=0

for all |t| < ¢’, which implies that f,, is a G-free map. By construction, f,, is a homogeneous
polynomial function of degree m (or 0) for every m. By Proposition 3.1, f,, can be represented
by a free polynomial in the variables zj (resp. z, a:fﬁ) of degree m. Thus, f can be expressed
as a power series in noncommuting variables, F' = > f,,,. By construction, this power series
converges on B(0,9). u

While the theories of GL- and O-free maps enjoy certain similarities, there are also major
differences. For instance, for GL-free maps continuity implies analyticity and there is a very
useful formula [HKM11, Proposition 2.5], [K-VV14, Theorem 7.2] connecting function values
with the derivative:

52 (o %)= (97 ).

where 6 f(X)(H) denotes the Gateaux (directional) derivative of f at X in the direction H;
ie.,
SF(X)(H) = lim L) = /(X))
t—0 t

For O-free maps continuity does not imply differentiability; see Section 6 for examples. How-
ever, for differentiable O-free maps we do have an analog of formula (3.2), which can be deduced
from [PT+, Lemma 2.3, Proposition 2.5], but we prove it here for the sake of completeness. We
write D f for a derivative of f, it can be either the Gateaux or the Fréchet derivative. The Lie
bracket [a, B] stands for ([a,B1],...,[a, By]), where a € M,,(F), B = (By,...,B,) € M,(F)J.
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Lemma 3.5. Let f : % — .#(F) be a real differentiable G-free map. Then the identity

(3.3) Df(X)(la, X]) = [a, f(X)]
holds for all X € % [n], a* = —a € M,(R). In particular,

Y 0 0 Y-2z\ 0 fY) = f(2)
(34) Df(o Z) (y—z 0 ) = (f(Y)—f(Z) 0 )

Proof. Note that e%® is orthogonal for a' = —a € M, (R) and s € R. Thus we have
f(esaXe—sa) — eSaf(X)e_Sa
for every X € % [n]. Differentiating with respect to s at 0 yields

Df(X)(la, X]) = [a, f(X)].
Take

0 I
a = <—In 6L> S MQTL(R>7
e : Y 0 I
where I, denotes the identity in M, (R). Setting X = ( 0 Z) we get the identity (3.4). ™

We now show that the power series expansion is unique for a G-free function and give a
way to recover its coefficients.

Lemma 3.6. If f(X) =}, <, Fww, where the sum is over words in the variables x, (resp.
zg, z}), then we can obtain the coefficients F, by evaluations of f on My, 1 (F).

Proof. We proceed inductively and give a constructive proof. Assume that we can obtain
coefficients of f(X) = Z\w\gk F,w for k < m by evaluations of f on My (F). The case k =1
.le . Js
> re1Jk =m and u;, € {xlk,xfk} We denote s;, = Zle Ji- Setting a; = 0 at the beginning,
we define a g-tuple (a;) € M,,11(F)? as follows. We let k run from 1 to s, and at step k we
replace a;, by

is trivial. Suppose that £k = m. Let us determine the coefficient at w = wu;" ---u;°, where

is?

. Sk 3 P
{alk + Zu:sk_l—i-l Cu,ut1 if Wiy, = Tiy,

Qi+ Yo a1 Cuttu If wiy, =T
where e;; € M, (F) denote the standard matrix units.

We shall show that tr(f(ai,...,aq)em+1,1) = Fu,. We need to find the coefficient of
f(a1,...,ay) (expressed in the basis e;;, 1 < 4,5 < m + 1, of My, 41(F)) at eqmi1. Ac-
cording to the definition of the a;’s it suffices to show that e; ,,41 can be obtained in only one
way as a product of < m matrix units from the set S = {e;;+1,€i+1,i | 1 <i < m}. Note that
the multiplication on the right of any matrix unit e;; by any element of S either increases or
decreases j by 1. In order to obtain ey ;41 as a product of < m elements from S, we can thus
only choose matrix units which increase the second subscript of the preceding matrix unit in
the product. Hence, €1 ;41 = €12 - €m,m+1, and any other product of < m elements from S
will be different from €1 ,,,41. As each e; ;11 appears only in one of the a;,al, 1 <i < g, the
order ejg, ..., €mm+1 corresponds to exactly one order of the als. By the definition of a; this



FREE FUNCTION THEORY THROUGH MATRIX INVARIANTS 9

order corresponds to w. Now we can find the coefficients of f — Z|w|:m Fow= Z|w|<m Fyw
by the induction hypothesis on M,,(F) C M,,+1(F). |

Proposition 3.7. Suppose that a G-free map f has a power series expansion in a neighborhood

B(0,9) of 0, § = (0n)nen; €.,

f(X) = Z Z Fww(X)v

m=0 |w|=m
for X € B(0,0). Then F,, for |w| = m is determined by the m-th derivative of the function
t — flm+1](tX) at 0 and hence by its evaluation on My,41(F).

Proof. Let |t| < 1, then tX € B(0,6)[n] for every X € B(0,d)[n], and

FI)(tX) = Y 4" fn[n](X)
m=0

is a convergent power series in t, where f,,, are homogeneous free polynomials of degree m.
We can thus determine f,,[n](X) as
1 d

m! d¢m

[n](£X)

t=0

Since M,,(FF) does not admit a nontrivial polynomial identity (with involution) of degree < n
(see e.g. [Row80, Lemma 1.4.3, Remark 2.5.14]), f,, is uniquely determined on M,,1(F).
Hence we can recover f,, by the m-th derivative of the function ¢ — f[m + 1](tX). The
coefficients of the polynomial f,,, can be constructively determined by evaluations on M, (F)
by Lemma 3.6. [ |

4. GENERALIZED POLYNOMIALS AND POWER SERIES EXPANSIONS ABOUT NON-SCALAR
PoINTS

Theorem 3.3 gives a convergent power series expansion of a free analytic map about a
scalar point a € F9. In this section we present power series expansions about non-scalar
points A € M, (F)9, whose homogeneous components are generalized polynomials. These are
the topic of Subsection 4.1 and their obtained properties will be used in Subsection 4.2 to
deduce the desired power series expansion. Our methods are algebraic, and work for G = GL
and G = O. We refer the reader to [K-VV14] for an earlier alternative approach to power
series expansions about non-scalar points in the case G = GL.

Throughout this section G € {GL, O}.

4.1. Generalized Polynomials. We call the elements of the (unital) free product M, (F) x
F(x) generalized polynomials (cf. [Ami65], [BMM96, Section 4.4]). They can be written
in the form

Z Qi Thy Ay They "+~ Qig_y They Uiy
where a;; € M,(F). Let e;; denote the standard matrix units of M, (F). Then a basis of
M, (F) « F(z) consists of monomials

€io,joLk1 Cir,j1%ka " " Cip_1,50—1LkeClpje
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for £ € No, I,J € {1,....n}* K € {1,...,9}, where I = (ig,...,i0),J = (jo,...,Je), K =

(k1y ..., ko).
The algebra M, (F) «F(x) can be evaluated (as an algebra with unity) in M,s(F) for s € N
and we have an isomorphism

(4.1) Homyy, (M, (F) * F(x), M,,s(F)) = Hom (20, (F(x)), M(F)),

where 20,, denotes the matrix reduction functor (i.e., the left adjoint to the matrix functor
A — M, (F)®A) (see [Coh95, Section 1.7]). The isomorphism is a consequence of the identity

For the free algebra F(z) = F(x1,...,z4) we have

(k

W, (F(z)) =Fy) |1 <i,j <n1<k<g),

where yz(]-e), as the brackets suggest, denote free noncommutative variables. For example, the
evaluation of the element
e11r1e12x2e22 € Mo (F) x F(x)

in My(FF), defined by mapping z1,x2 to A, B € My(F), is
I Ann Ar I B11 B A11Bao
Ag1 Ag By1 B Iy

where 5 denotes the identity of M>(F), and A;; (resp. B;;) denotes the (i, j)-block entry of
A (resp. B), or
(en1 ® I2)A(e12 ® I2) B(ee ® Iz) = e12 ® Ay1 Baa,

viewed as en element in My (F) ® Ma(F) = My(F).

Note that (4.1) and (4.2) imply that no generalized polynomial vanishes on M,s(F) for all
s. In fact, two generalized polynomials of degree 2d which agree on M, s(F) for some s > d
are equal. We denote by g7,s the ideal of the elements in M,,(IF) « F(x) that vanish when
evaluated on M, s(F) and let

CnS:IF[xg?) 11<i,j<ns,1<k<g].
The quotient algebra gGM,s = (M, (F) * F(z))/gTns is isomorphic to the image of
¢ : My (F) x F(z) = Mps(Chs),

defined by mapping z; to the corresponding generic matrix (:Bff)) We write gR,,s for the
subalgebra of M,,s(Cys) generated by gGM,,; and traces of the elements in gGM,,s. Note that
every polynomial map p : My,s(F)9 — M,,s(F) can be considered as an element p € M,,5(Chs)-

Let GL,,s act on M,s(FF) by conjugation. We will be interested in the action of its subgroup
I, ® GLs. In the next proposition we describe the invariants and concomitants of this action.

Proposition 4.1. If p: M,s(F)9 — M,s(F) is an I,, ® GLg-concomitant, then p € gRy;.
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Proof. We can assume that p is multilinear of degree d. Then p corresponds to an element in
(M,5(F)®4)* @ M,,s(IF), which is canonically isomorphic to M, (F)®%! @ (M,(F)®4)* @ M,(F)
as I, ® GLg-module. The action of the group I, ® GLs reduces to the action of GLs on
(M,(F)®4)* @ M (). The invariants of this action correspond to multilinear trace polynomials
of degree d in M4(Cs) by [Pro76, Theorem 2.1]. Moreover, the elements of the form

Zeiljl Q- @ €igjg O TLI,
1,J

where 777 € (M,(F)®?)* @ M,(F) is a GL,-concomitant map, can be identified with multilinear
elements of degree d in gRys. [

4.1.1. Generalized Polynomials with Involution. To consider the case of algebras with invo-
lution we need to introduce some additional notation. We call the elements of the algebra
M, (F) x F(x,2') generalized polynomials with involution. By gﬁs we denote the ideal
of elements in M, (F) * F(x,z') that vanish on M,s(F). The quotient algebra is isomorphic
to the subalgebra gGMILs of M,s(Cys) generated by gGM,,s and transposes of elements in
gGM,,s. We write gRqTq,s for the subalgebra of M, s(C)s) generated by gGMLS and traces of
elements in gGM] .

We have the (usual) action of O,s on M,s(Cys). The following proposition is the analog of
Proposition 4.1 for the action of I, ® Os on M,,5(Chs).

Proposition 4.2. If p € M,,s(F)9 — M,s(F) is an I,, ® Os-concomitant, then p € gij.

Proof. The proof goes along the same lines as that of Proposition 4.1, we only need to invoke
[Pro76, Theorem 7.2] instead of [Pro76, Theorem 2.1]. |

4.1.2. Block and centralizing G-concomitants. Let us denote ., (F)Fl = | J, M,s(F)* ke N.
We say that a map f : #,(F)9! — .4, (F) is I, ® G-concomitant if

flns] : (Mo (F) @ My(F))“ = M, (F) @ M,(F)
is a I, ® Gs-concomitant for every s € N.

Proposition 4.3. If f : 4, (F)l9 — #,(F) is a homogeneous polynomial map of degree d
and I, @ GL-concomitant (resp. I, ® O-concomitant) that preserves direct sums, then f €
M, (F) « F(z) (resp. f € M,(F)*F(z,zt)).

Proof. We prove the lemma only in the case G = GL, the modifications needed to treat the
case G = O are straightforward. We can assume that f is multilinear. Since f[ns] is a
I, ® GLs-concomitant, f[ns| € gR,s by Proposition 4.1. We can view f[ns| as an element in
M, (F)®4+1 @ (M (F)®9)* @ My(F) and write it in the form
flns] = Z Cirjy @ @ €igjy & Cigpyjap @ Tl(j‘)’
1,J

where 7‘1(? is a GLs-concomitant. Let s > d. Since f preserves direct sums we have

flns](X) @ [flns|(Y) = fl2ns)(X ©Y).
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We obtain for all I, J an identity
(4.3) X o)) =P X ey)

Let us fix I, J. To simplify the notation we write (%) instead of Tl(j). We have

r(s) — Z hg\‘})M
M

where hjs is a pure trace polynomial, M is a monomial in the variables x;, and deg M +
deg hpsr = d. Then the identity (4.3) together with the fact that there are no trace identities
of Ms(FF) of degree < s yields

WG (X)) =2 (x @ v) = Al (v)

for all monomials M, which implies that
S Y
M

for some ap; € F. Thus, f[ns] € gGM,; for every s > d is represented by the same
generalized polynomial f. Since f respects direct sums, we can identify it with f. ]

For a subset B of M, (F) we denote by C(B) its centralizer in M, (F); i.e.,
C(B) ={ce€ M,(F) | ¢b = bc for all b € B},

while Cg, (B) stands for C(B) N G,. We say that a map f : #,(F)¥ — #,(F) is a
(Cg, (B),G)-concomitant if f[ns]is a (Cq, (B) ® Ms(F))NGys-concomitant for every s € N.

Lemma 4.4. Let B be a subalgebra of M, (F). If f : ., (F)l9 — #,(F) is a homogeneous
polynomial map of degree d that is a (Cqr,, (B), GL)-concomitant, then f € C(C(B)) x F(x).
)-

Proof. By Proposition 4.3, f € M, (F) * F(x). Since GL, is dense in M,(F), the vector
space spanned by Cqr, (B) coincides with C(B). Thus we can choose a basis {c1,...,¢t}
of C(B) with ¢y € GL,,. Let {b1,...,b,} be a basis of C(C(B)) and complete it to a basis
{by | 1 < ¢ < n?%} of M, (F). We can write f uniquely as

f= E argbi T biy - Trybiy,
LK

where I runs over all d+1-tuples of elements in {1,...,n%}, and K over all d-tuples of elements
in {1,...,9}. Take s > d and evaluate f on Mays(F) = M, (F) @ My (F) @ M,(F). Note that
f on Moys(F) can be identified with the evaluation of the generalized polynomial

2t 2t 2t
ZOAU(<Z[)Z‘1 ®€z‘i)$k1(zbig ®6n‘> .”xkd<zbid+l ®eu‘).
I.K =1 i=1 i=1

in Mop(F) * F(x) = (Mp(F) @ My (F)) « F(x), and every element in Mo, (F) x F(z) has a
unique expression with the matrix coefficients by ® e;j, 1 <i,5 < 2t, 1 < £ < n? on Maps(F)
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as s > d. Let

t
o= <a1 ®1+8D (cr®eppp—c;' ® etw)) ®1 € (Car, (B) ® My(F) @ M(F)) N GLagps
(=1

for a? + 8% =1, o, B € R. Note that

t
(4.4) ol = (al ®R1—-p Z(Cg ® epitp — Cg_l & et+e,4)> ® 1.
/=1

Since f is a (Cqar, (B), GL)-concomitant we have

2 : o (o o _ §
aIKbilxlﬁbig e xkdbid+1 = aIKbilxk‘lbig . 'xkdbi(”l,
LK LK

where by a slight abuse of notation b; denotes b; ® 1 ® 1, and

t
(45) b =0 'hio=a’h @ 1@ 1+ Y BPebic, @ en ® 1+ B2 bicy @ epppppe ® 1
(=1
+ aB(bic — cobi) @ erpre @ 1 — aB(bic," — ¢ 'bi) @ e @ 1.
Since s > d both sides of equation (4.5) have a unique expression as generalized polynomials
in Moy, * F(z) with the generalized coefficients by ® e;;, 1 < 4,5 < 2¢t, 1 < £ < n?. We thus
derive

(4.6) Z aliK(bkcz — b)) =0
k

forevery 1 < j <d+1,1<¥¢<t, where I,f; denotes a tuple of d + 1-elements in {1,...,n?}
with & at the j-th position. Equation (4.6) implies that

ZaliKb"«‘ € C(C(B)),
K

which is by the choice of by, 1 < ¢ < n?, only possible if ;. = 0 for by, & C(C(B)). Therefore
k
we have f € C(C(B)) * F(z). [

Lemma 4.5. If B is a x-subalgebra of M, (R), then the subalgebra generated by Co, (B) is
equal to C'(B), and C(Co, (B)) = C(C(B)) = B.

Proof. Since B is a x-subalgebra of M, (R), C(B) is also a %-subalgebra of M,(R), thus
semisimple. Notice that in order to show that R(Co, (B)), the subalgebra of C'(B) generated
by Co, (B), coincides with C(B), we can assume that C(B) is simple. We have ¢! — ¢ €
span Co, (B), the vector subspace of M,,(R) spanned by Co, (B), for every ¢ € C(B). Indeed,
eMNe'=9) e Cp (B) for every A € R, ¢ € C(B) yields ¢ — ¢ € spanCo, (B). If C(B) is
isomorphic to R, M3(R), C, or M3(C), where the involution on C is the complex conjugation,
then one can easily verify that span Co,, (B) = C(B). Recall that a finite dimensional simple
R-algebra with involution which is not isomorphic to R, Ms(R), C, or M3(C) coincides with
its subalgebra generated by the skew-symmetric elements (see e.g. [KMRT98, Lemma 2.26]).
Therefore R(Co,, (B)) = C(B), which further implies C(Co,, (B)) = C(C(B)), and the identity
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C(C(B)) = B follows from the double centralizer theorem (see e.g. [KMRT98, Theorem
1.5)). ]

Lemma 4.6. Let B be a *-subalgebra of M, (R). If f : #,(R)9 — .#,(R) is a homogeneous
polynomial map of degree d that is a (Co, (B), O)-concomitant, then f € B * R(z, z!).

Proof. Since the proof is similar to that of Lemma 4.4 we omit some of the details. By
Proposition 4.2, we have f € M, (R) * R{x,z'). Let c1,...,c be a basis of span Co,, (B), the
vector space spanned by Co, (B), with ¢; € O,,. Let us write

F=" arxbiug, b, - ug,biy,
LK
where uy, € {zy,z}}. Take s > d and evaluate f on Mayy,s(F). Let

t
o= (al ®1+4+p Z(C( QK epire — CE & €t+g’4)) ®1e (Co,(B)® My(F) @ Ms(F)) N Ogpes
(=1

for a® + 8% =1, o, B € R. Note that o € Qg and

t
(4.7) ol = (al ®1-B8) (t®eppe— ¢4 @ €t+£,£)> ® 1.
=1

Since f is a (Co,, (B), O)-concomitant we have
E aIbelukle; .. ukdbfd+1 = E arrbi ug, biy - - 'ukdbid+17
LK LK

where b; denotes b; ® 1 ® 1, and

t
b =olbio =’ ®1®1+ Z BPepbict @ e @1+ Bebbicy @ eryp e @ 1+
=1
+ af(bice — cobi) @ epppr @1 — aB(bich — chby) ® erroe @ 1.
As s > d both sides of the last identity have a unique expression as generalized polynomials
in Moy, * Rz, z") with the generalized coefficients by @ €5, 1 < i,j < 2t, 1 < ¢ < n?. Thus,
apg = 0 for by & C(Co,,(B)), where I denotes a tuple of d + 1-elements in {1,...,n?} with
k at the j-th position. Since C'(Co,, (B)) = B by Lemma 4.5, f belongs to B * R{z, x!). ]

4.2. Power Series Expansions about Non-Scalar Points. We next turn to analytic free
maps and exhibit their power series expansions about non-scalar points A. Homogeneous
components of such an expansion will be generalized polynomials. For G = GL their matrix
coefficients belong to the double centralizer C(C(A)), while for G = O they lie in the *-
subalgebra F(A, A') generated by A.
Let us first introduce neighborhoods of non-scalar points. Given A € M,,(F)Y, set
oo S
B(A,8) = [ J{X € Mus(F)? | | X — D A|| < s},
s=1 =1

where § = (J5)sen, s > 0 for every s € N.
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4.2.1. GL-free maps. The next theorem gives a power series expansion of a GL-free map
f about A = (Ai,...,A4y) € M,(F)?, whose matrix coefficients are elements of the double
centralizer algebra C(C(F(A))) C M, (F) of the subalgebra F(A) generated by Aj,..., A,.

Theorem 4.7. Let % be a GL-free set, f : % — #(F) be an F-analytic GL-free map, and
let B(A,0) C %, where A € My(F)9, and 6 = (d5)sen, 0s > 0 for every s € N. Then there
exist unique generalized polynomials fp, € C(C(F(A))) x F(zx) of degree m so that the formal
POWET SEeTies

(4.8) F(X) =) fm(X - A),
m=0

converges in norm on the neighborhood B(A, ) of A to f.

Proof. As A € % [n] and % is a GL-free set we have
APS = @A € U ns]
i=1

for every s € N. Since f[ns] is analytic in a neighborhood of A®*  the function
t— flns] (AEBS +t(X - A%))

is defined and analytic for all |t| < dx, where dx depends on X € M,s(F). Thus, we can
expand it in a power series

(4.9) Flns] (A@S (X — A@S)) = S " fns)n (X — A%)
m=0

that converges for |t| < 0x. If X € B(A,d), then we have dx > 1. We claim that f[ns],, is a
homogeneous polynomial function of degree m. Indeed, as

Z t’lnf[ns]m<t2 (X - A®S)) = flns] (A@S + t1ta (X — A®S)) = Z ey fns)m (X — A%®)
m=0 m=0

for all ¢; that satisfy |t1], [t1t2] < dx, we obtain
fnslm(tY) = " f[ns]m(Y)
forallt € F, Y € M,s(IF)J. Let us show that
fm o Mo (F) — Ao (F)

defined by f,[ns] := fns|m is a (Car,, (B), GL)-concomitant that preserves direct sums. Take
seN, o€ (CqL,(F(A)) @ Ms(F)) N GL,s and note that

o APl = A®s,
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Then the identity
>t fnshn (X = A%)o™t = of[ns] (AT 4 4(X — 4%) )
= fIns) (A% + 1o Xo™! — 4%))
= Yt sl (o (X - 4%)071),

for all small enough ¢ yields the desired conclusion.

To conclude the proof of the existence we proceed as at the end of the proof of existence in
Theorem 3.3. Thus, f,, € C(C(F(A))) * F(xz) by Lemma 4.4. Note that setting ¢ = 1 in (4.9)
establishes the existence of the desired power series.

For the uniqueness, we can also follow the proof of uniqueness in Theorem 3.3 carried out in
Lemma 3.6 and Proposition 3.7, after recalling the identity (4.1). Hence we can recover f,, by
the m-th derivative of the function ¢ — f[n(m+1)](t(X —A)) at 0, and the matrix coefficients
of the generalized polynomial f,,, can be determined by evaluations on M,,(,,41)(F). ]

Remark 4.8. If f is a uniformly bounded GL-free map then the convergence of F' in (4.8)
is uniform, which can be proved in the same way as the analogous statement for F = C and
power series expansion about scalar points in the last part of the proof of [HKM12, Proposition
2.24]. The only modification needed is to replace exp(it)l,s, exp(—imt)Il,s € M,s(C) in the
equation

1 . ' i
0> | [ stexoli)ess(-imnie] = 15 0]
with the corresponding matrices in Mays(R).

In general one cannot expect the matrix coefficients of the power series expansion of a GL-
free map f about a non-scalar point A to lie in F(A)  F(z). In this case one would have
f(A) € F(A), which is not always the case by [AM+, Theorem 7.7]. However, this does hold
true in the case that A is a generic point. That is, if ¢ = 1, then A is similar to a diagonal
matrix with n distinct eigenvalues, and if g > 1 then F(A) = M, (F).

Corollary 4.9. Let % be a GL-free set, f : U — #(F) be an F-analytic GL-free map, and
let B(A,0) C %, where A € M,(F)9 is a generic point, and 6 = (ds)sen, 0s > 0 for every
s € N. Then there exist generalized polynomials f, € M,(F) « F(x) of degree m so that the
formal power series

F(X) =) fu(X - A),
m=0

converges in norm on the neighborhood B(A,d) of A to f.

4.2.2. O-free maps. In the case of free maps with involution the matrix coefficients in the
power series expansion of an analytic O-free map about A = (A1,...,Ay) € M, (F)¢ lie in the
x-subalgebra F(A, A") of M, (F) generated by Ay,..., A4. This contrasts the analogous result
for GL-free maps (Theorem 4.7) where the double centralizer of F(A) is required.
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Theorem 4.10. Let % be an O-free set, f : U — #(F) be an F-analytic O-free map, and
let B(A,0) C %, where A € My(F)9, and § = (s)sen, 0s > 0 for every s € N. Then there
exist unique generalized polynomials f,, € F(A, AY) x F(z, 2t) of degree m so that the formal
power series

m=0

converges in norm on the neighborhood B(A,d) of A to f.

Proof. The proof resembles that of Theorem 4.7 with obvious modifications. One only needs
to apply Lemma 4.6 instead of Lemma 4.4. [ |

5. INVERSE FUNCTION THEOREM FOR FREE MAPS

As an application of the tools and techniques developed we present an inverse and implicit
function theorem for free maps. For G = GL these results have been obtained (using quite
different proofs) by Pascoe [Pas14], Agler and McCarthy [AM+], Kaliuzhnyi-Verbovetskyi and
Vinnikov (private communication).

Following [K-VV14] we recall two topologies on . (F)9. The first is the finitely open
topology. Its basis are sets U C .# (F)l9 for which the intersection with M, (F)¢ is open for
every n € N. The second topology is the uniformly open topology and its basis consists
of sets of the form

B(Ar)=|J{X eM (F)Y||X-PA||<r}
s=1 1=1

for A € M,(F)9, n € N, r > 0. Further topologies in this free context are considered in
[AM15, AM+].

Let us recall a version of the classical inverse function theorem, giving information on
the injectivity domain (see e.g. [Lan93, Theorem XIV.1.2], [KP02, Theorem 2.5.1], [KK83,
Theorem 0.8.3]). We state it only in the case when f: U — V fortd C V', 0 is in the domain of
f, f(0) =0, Df(0) = idy, to which the general case can be reduced by replacing the function
f:U — V with the function f(z) = Df(xo) ' (f(x + z0) — f(w0)), if 20 is the point in the
domain of f. Here D denotes the Fréchet derivative. We say that f € C" ifall D*f, 1 <k <,
exist and are continuous.

Theorem 5.1. Let V be a Banach space, U C V an open set containing 0, f: U — V, and
let f € C" for some r € N (resp. f is analytic). Let Df(0) : V. — V be a continuous bijective
linear map. If Ball(0,20) C U and |D(z — f(z))|| < 3 for ||z| < 26, then f is injective on
Ball(0,6), and there exists h : Ball(0, g) — V, where V is an open subset of Ball(0,d), such
that ho f =idy, foh = idBaH(O’g), and h € C" (resp. h is analytic).

With a slight abuse of notation, we call a ¢’-tuple of G-free maps f = (f1,..., fy), fi :
U — M (F), also a G-free map. Throughout this section we let G € {GL, O}.



18 I. KLEP AND S. SPENKO

5.1. Uniformly Open Topology. In this subsection we work with the uniformly open topol-
ogy. The Fréchet derivative Df is continuous in the uniformly open topology at A € M, (IF)Y
if for every e > 0 there exists § > 0 such that [|[Df(X) — Df(A®®)| < e if s € N and
X € B(A,d)[ns].

Theorem 5.2 (Inverse free function theorem). Let % C .4 (F)19 be an open G-free set
containing 0, f : U — M (F)9 a G-free map, and let f € C" for r € N (resp. f analytic),
with Df(0) invertible as a continuous linear map. Then there exist open G-free sets W C
MBI ! C (P9 containing 0, f(0) respectively, and a G-free map h : W' — W so
that f oh =idy+, ho f = idy, and h € C" (resp. h analytic). Moreover, h is analytic for
every v € N in the case G = GL.

Proof. Since .# (F)[g] is not a Banach space we cannot directly apply Theorem 5.1. However,
we can use it levelwise. Without loss of generality we can assume that f(0) =0 and Df(0) =
id 4 e by replacing f with the function

foa (B9 — (@) F=Df0)"(f - f(0)).

As Df is continuous on % and invertible at 0 with a continuous inverse in the uniformly open
topology, there exists (by the definition of the topology) & > 0 such that B(0,20) C % and
ID(z — f(2))|| < & for ||z|| < 26. Theorem 5.1 therefore implies that f is injective on B(0,6),
and provides a C"-map h : B(0, g) — V, where V is an open subset of B(0,4), that satisfies
the desired identities.

Let us first show that V is an O-free set and A is an O-free map. Let u € O,, Y € B(0, $)[n].
As uYu! € B(0, g)[n] and f is a G-free map we have

(5.1) f(h(uYu)) = uwYu' = uf (R(Y))u" = f(uh(Y)u').

Since uh(Y)u! C uVu! C B(0,6) and f is injective on B(0,4), h respects O-similarity. In
the same way one can show that h respects direct sums, so it is indeed an O-free map. In
consequence, V = h(B(0, %)) is an O-free set. Thus, in the case G = O, the proposition follows.

It remains to consider the case G = GL. We claim that h is analytic in this case. In the
case F = C, f is analytic (see [HKM11, Proposition 2.5] or [K-VV14, Theorem 7.2]). Our
assumptions imply that f is (uniformly) bounded in B(0,¢), therefore we can apply [K-VV14,
Theorem 7.23, Remark 7.35] to deduce that f is analytic also in the case F = R. Thus, h
is analytic by Theorem 5.1. Since h is an O-free map according to the previous paragraph,
it can be expanded in a power series (3.1) in z,z! about 0 by Theorem 3.3, which converges
in B(0, g) Note that (5.1) holds also if we replace u,u’ by 0,01 respectively, for o € GL,,
such that oY o=t € B(0,3), oh(Y)o~! € B(0,0). Note that for every Y € B(0,3) there exists
8o > 0, such that toY o1 € B(0, %),Jh(tY)J*1 € B(0,0) for every |t| < d,. Thus,

h(otYo ') = oh(tY)o ™!

for every |t| < d,. Writing this identity as a power series in ¢, we can deduce that each
homogeneous part h,, of the power series H of h is a GL-concomitant. Thus, H is a power
series in z, and h is a GL-free map on B(0, g) Now notice that the GL-similarity invariant
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envelopes

—_—

=y, W :B(O,g)

are open sets since the function X + 0 Xo ! is an (analytic) isomorphism. As % is a G-free
set, # is contained in %. Furthermore, h (cf. Proposition 2.1) maps #" to #. Thus, we
only need to check that f and h satisfy the desired identities. Let X = 0 Xo ™! € #, where
X €V[n],o0 € GL;,. Then

B(f(O'XU_l)> =h(of(X)o ') =oh(f(X))o ' =0Xo?
implies that h o f = idy . The identity f o h = idy~ can be checked similarly. |

The proof used in the classical setting to derive the implicit function theorem from the
inverse function theorem can be also utilized in the free setting. Thus, we obtain an implicit
free function theorem. We denote by Do f(a,b), where f : U xV — W, and (a,b) € U x V, the
Fréchet derivative of the function y — f(a,y) evaluated at b.

Corollary 5.3 (Implicit free function theorem). Let % x % C .4 (F)9) x .# (F)l9" be an
open G-free set, f : U X UWo — .///(IF)[Q/] a G-free map, and let f € C" for some r € N, with
D2 f(0,0) invertible. There exist an open G-free set ¥ x Vo containing (0,0), and a G-free
map h: ¥ — Yo, h € C", such that f(z,y) =0 for (x,y) € ¥4 x ¥ if and only if y = h(x).

We now turn our attention to the inverse function theorem about neighborhoods of non-
scalar points. Let us denote
Ca(A)={oc€eG,|dA;=Ai0,1<i<g}
for A = (Aq,...,Ay) € M,(F)9. We say that % C #,(F) is a Cq(A) ® G-free set if it is
closed under direct sums and simultaneous Cg(A) ® G-similarity. By

DF(A) : ln(B) — t,(F)]

for f: U — M, (F)I, A e U C ,(F)9, we denote the linear map defined levelwise for
every s € N as 3
Df(A)[ns](H) :=Df(A%)(H).

The next theorem generalizes Theorem 5.2 to the case of non-scalar center points.
Theorem 5.4. Let % C . (F)!9 be an open G-free set, A€ U[n], f: U — M (F)9 a G-free
map, and let f € C" forr € N, with ﬁf(A) invertible as a continuous linear map. There exist
open Cg(A) @ G-free sets W C M (F)9L, W' C ,(F)9) containing A, f(A) respectively, and
a Cg(A) @ G-free map h: W' — W so that foh =idy+, ho f =idy, and h € C".
Proof. Note that

Df(cXo Y oHo™') = oDf(X)(H)o!
for every X, H € M,(F)’,0 € G,,n € N. Since A € %, which is an open G-free set, there
exists § > 0 such that B(A,5) € %. Then the function f : B(0,8) N .#,(F)9 — ., (F)l!
defined by

Flns] : B(0,8) 0 Myo(F)? — My (F)9,  Fns)(X) := D (A%) 7 (f(X + A%) = f(4%))
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is Cg(A) ® G-free with f(0) = 0, Df(0) = id_4, (). A similar reasoning to that in the proof of
Theorem 5.2 with obvious modifications and using Theorem 4.7 in the place of Theorem 3.3
now yields the desired conclusions. [ |

5.2. Finitely Open Topology. Now we state a weak form of the inverse function theorem
for the finitely open topology. The Fréchet derivative Df is continuous in the finitely open
topology if D f[n] is continuous for every n € N.

Proposition 5.5. Let % C .#(F)9 be an open G-free set, f : % — M (F)9) a G-free
map, and let f € C" for some r > 0 with invertible Df(0). There exist finitely open sets
W, V, containing 0, f(0) respectively, and a free O-concomitant map h : V — W such that
foh=1idy, ho f =idy, and h € C". In the case F = C, h is a a free G-concomitant map.

Proof. By the classical inverse function theorem we can find for every n € N neighborhoods
Vi, B(0,0,,) of 0, f[n](0) respectively, such that f[n]:V, — B(0,d,) is a diffeomorphism with
the inverse h[n] € C". Since B(0,dy,,) is Oy-invariant so is V,, for every n € N. As in the proof
of Theorem 5.2 it is easy to show that h(uYu') = uh(Y)u! for every u € O,, Y € V,. By
the definition of the finitely open topology, the sets V = |J,, Vn, W = U,, B(0,d,,) are finitely
open. This establishes the proposition in the case G = O. In the case G = GL,, and F = C
we proceed as in the proof of Theorem 5.2, and replace V, W by Vv, w respectively. To show
that f, h satisfy the required identities one also only needs to follow the steps in the proof of
Theorem 5.2. [

We do not know whether YW and V in Proposition 5.5 can be taken to be G-free sets; if this
were the case then h would be a G-free map; cf. [AM+, Section 8].

5.3. Global Free Inverse Function Theorem. In [Pasl4, Theorem 1.1] it is proved that
a GL-free map f with nonsingular D f(X) for every X € .#(C) is injective, cf. [AM+]. This
also holds for O-free maps.

Proposition 5.6. If f : .#(F)9 — .#(F)9 is a differentiable G-free map such that Df(X)
is nonsingular for every X € #(F) then f is injective. If f € C" for some r € N then
there exists a G-free map h : f(#(F)W) — #(F)9, h € C", such that ho f = id|_y (@191

Proof. Suppose that f(Y) = f(Z) for some Y, Z € M, (F)9. Then (3.4) yields

or(y 2) vz ") =6 o)

Since D f ( 0 g) is nonsingular we have Y = Z, which implies the injectivity of f. The

proof of the existence of the free map h satisfying the required properties is the same as that
of Theorem 5.2. [

Remark 5.7. We remark that a free real Jacobian conjecture can be deduced from Proposition
5.6. (See e.g. [Pasl4, Theorem 1.3].)
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6. EXAMPLES OF O-FREE MAPS

The theory of GL-free maps is very rigid to the point that many properties are stronger
than for complex analytic functions [K-VV14, HKM11, HKM12, Voc10]. In contrast to this is
the theory of O-free maps as we shall now demonstrate. We start by presenting the following
examples:

e a continuous O-free map which is not differentiable (Example 6.1); more generally,
e C*-maps which are not C**! (Example 6.2);
e a smooth O-free map which is not analytic (Example 6.3).

Example 6.1. Consider the O-free map f,, : #(R) — .#(R) defined by
fm(x) = (x:ct)% for some m > 2.
It is continuous by [ZZ97, Theorem 1.1]. Note that f,, is not differentiable at 0.
Example 6.2. Let £k € N and
fra(R)— HR) flx)=(za)"z.
Then f is an O-free C*-map [ZZ97, Theorem 1.1], but is not C*+1,

Example 6.3. For an example of a smooth nonanalytic O-free map consider the map
f:Ml(R)— #(R), f(x)= E e_@cos (27 (z + 2")).
j=0

Since || cos(27(A + AY))| < 1 for every A € .#(R), the power series is convergent. We show
that there exist derivatives of all orders in all directions at all points of .Z(R), but f is not
analytic. Let us show first that f is not analytic at 0. This holds already for the function
f[1] : R — R. Indeed, since

1 1
(’I’L) n 7
lim sup <M> < lim sup ¢ - n_ 0,

the radius of convergence of the Taylor series of f[1] at 0 is 0. Consider now the ¢-th order
derivative of the function = — cos(kx) at a point A € M, (R) in the direction H € M, (R).

We define matrices
A H

Ay =

- €M R).
A H (Z—i—l)n( )

A
Let F' be an analytic function around 0 with the radius of convergence oo. The £!-multiple of
the (1,£+ 1)-entry of the matrix F(A%) equals the (-th order derivative of F at the point A
in the direction H. By [Hig08, Theorem 4.25] we have

|| cos(kA%)|| < (€4 1)nak™,



22 I. KLEP AND S. SPENKO

where o depends only on A, for A = A", H = H' € M, (R). This implies that

ie_@Héz cos (27(A+ A"))(H + Ht)H < (0+ 1)!nai e~VPoitn o o
j=0 J=0

Hence the ¢-th order derivative of f at A in the direction H exists and equals

Z e V¥ 5! cos (2j(A + A")(H + HY).
§=0
Let f: % — #(C) be an analytic GL-free map. If f is uniformly bounded on % then
the m-th homogeneous part of the corresponding power series is also uniformly bounded (see

e.g. the last part of the proof of [HKM12, Proposition 2.24]). In the case of O-free maps this
is no longer the case.

Example 6.4. The analytic O-free map
x > sin(za?)
is uniformly bounded on .Z (F), however its (4m + 2)-th homogeneous part

E—

t\2m+1
G )

is not uniformly bounded.

If an analytic GL-free map f : % — .4 (C) is uniformly bounded then it converges uniformly
on % by [HKM12, Proposition 2.24]. The proof of the uniform convergence is easily established
after noticing that the homogeneous parts of f are also uniformly bounded by the same
constant. As the previous example shows this does not necessarily hold for O-free maps. Here
is an explicit example of a uniformly bounded analytic O-free map, which does not converge
uniformly in a neighborhood of 0.

Example 6.5. We provide an example of a bounded analytic O-free map, such that the
corresponding power series converges uniformly on M, (R) for all n but does not converge

' ' y oH CoR O
uniformly on .7 (R). Define the homogeneous polynomials z;; = 23x5 o™ — zh2) and let
hi(z1, 22, 23) = Sor(211, 222, 212, 233 - - - Zhkks Zh—1,k» Zh1,k+1)5

where Sy, denotes the standard polynomial of degree 2k; i.e.,

Sor (w1, ..., T2n) = Z (—1)0%(1)"'%(%)-

o€Sym(2n)
We take
(61) f(l'l, T2, 333) = sin (Z k'(hk(xlv x2, IE3) + h‘k:(xla x2, $3)t)> .
k=1

Since Sy is a polynomial identity of M, (R) for k¥ > n by the Amitsur-Levitzki theorem
(see e.g. [Row80, Theorem 1.4.1]), f[n] can be defined by taking only a finite sum in the
argument of sin in (6.1). Since x +— sin(z) is analytic on M,(R), f[n] is real analytic on
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M, (R). Moreover, f is uniformly bounded by 1, since the argument of sin in f is symmetric.
Note that the corresponding power series F' = > f,,, where f,, is homogeneous of degree
m, converges uniformly on M, (R)? for every n, since the sum in the argument of sin in the
definition of f is finite on M, (R)? and the power series corresponding to sin restricted to
symmetric matrices converges uniformly.

We will now show that F' does not converge uniformly on .#(R). Assume for the sake of
contradiction that for every € > 0 there exist N and r > 0 such that

Hf(X) - Z fm(X)H < ¢ forevery || X|| <r,n>N.
m=0

Fix € < 1 and the corresponding N and r. Take n > N such that

2
ry2n2+3n+1
Let
n n n+1
T = g €iit+1, T2 = g €i+l4, X3 = E €ii T enn+l
i=1 i=1 i=1

be elements in M, 1(R). Note that z;; = e;j for 1 <i,j <n+1,i < j. and z;; = €;; + € nt1.
For n > 2 we thus have

n—1
hi(z1,22,23) =0 for k#n, hp(xi,z2,23) = (—1)"""(n+ 1)e1nt1,
where the last identity follows by the identities
S2n(6117 €22,€12,€33,.--,€k—2k—1,CEnnt+1,Ck—1k;--->En—1n, 6n+1,n+1)
—1
= S2n(en,n+1> €22,€12,...,€n—1n,En—1,n, €n+1,n+1) = (_1)71 €1n+1

for 2 <k <n+1, and setting eg; = e11. By (6.2) there is ' < r such that

/N 2n%+3n+1 7r
(n+1)! <2> =5
Letting
yi= e, 1<i<s,

we have ||y|| < r and

r/\ 2n2+3n+1
) (’I’L + 1)61,n+17

hn(yl, Y2, ?JS) = (_l)n_l <§
whence
Fyry2,u3) = (=1)" N (ernt1 + ent1).
Note that f,, (A1, A, A3) =0 for m < £ if hy(Aq, Ag, A3) =0 for k < £. Thus,

N
> fnyr,y2,y3) =0

m=0
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and .
Hf(yhy%?/?)) -> fm(y17y2ay3)H =1>e¢,
m=0

a contradiction.

APPENDIX A. U-FREE MAPS

In this section we give a sample of the minor modifications needed to handle the case
G = U = (Up)pen, F = C. The free algebra with trace with involution over C consists
of noncommutative polynomials in the variables xj,z} over the polynomial algebra T™* in
the variables tr(w), where w € (X, X*)/cye, with the involution tr(w)* := tr(w*), o = @
for a € C. The evaluation map from the free algebra with involution with trace to M, (C)
respects involution, in particular, tr(A®") = tr(Aw).

It follows from [Pro76, Theorem 11.2] that a polynomial map in the commuting variables
©, (09
and nontrivial trace identities in the variables xj,x} of M, (C) first appear in the degree

Z(f) that are real analytic can be

T )* is a Up-concomitant if and only if it is a trace polynomial in the variables xy, z7,

n. Note that functions in commutative complex variables x

expressed as power series in the variables :Ugf), (acl(f))* With this observation and the previous

statements the proofs of the following proposition and theorem go along the same lines as the
proofs of analogous results (Proposition 3.1, Theorem 4.7) in the cases G = GL, G = O.

Proposition A.1. Let f : .#(C)9 — .#(C) be a U-free map such that f[n] is a polynomial
(k) (

map in the variables x;;", acij(k))* for every n € N, and max,, deg f[n] = d, then f is a free
polynomial of degree d in the variables xy, x;,.

Theorem A.2. Let f : % — #(C) be an R-analytic U-free map, and let B(A,d) € %,
A e M, (C)9, § = (0s)sen, 0s > 0 for every s € N. There exist f,, € C(A, A*) x C(x) and a
formal power series

m=0

which converges in norm in a neighborhood B(A, ) of A such that F(X) = f(X) for X €
B(A,9).

Remark A.3. If f is a U-free polynomial map (i.e., for every n € N, f[n] is a polynomial map
in xl(f), 1<4,5,<n,1<k<g)of bounded degree, then f is a polynomial in the variables
xy, x}, by Proposition A.1. However, as f is a polynomial map, it does not involve conjugate
variables, so f is a polynomial in the variables xj. This also follows from the fact that U, is
Zariski dense in GL,,. Therefore U-free C-analytic maps are fairly close to GL-free C-analytic

maps.
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