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Abstract

Understanding the capabilities and limits of quantum systems is central to quantum informa-
tion processing. This includes determining which correlations can arise in networks of distributed
quantum systems. Yet for general quantum networks, no systematic method is known to bound
these correlations arbitrarily well without restricting the dimension of the quantum systems
involved. We resolve this problem for all quantum tree networks through a new source-transfer
model, which we prove equivalent to a mixed quantum model. The mixed model places no
restriction on dimension and reduces to the standard tensor-product model in finite dimensions;
the source-transfer model instead describes these correlations through states on C*-algebras and
completely positive maps composed recursively along the tree. We prove the equivalence by
reconstructing local measurements as Radon-Nikodym derivatives in the spatial tensor products
prescribed by the network. Building on this characterization, we establish two convergent
outer hierarchies of semidefinite programs (SDPs): a novel source-transfer hierarchy and the
inflation-NPA hierarchy. For the first, we extend noncommutative real algebraic geometry to
multi-state polynomials with completely positive maps, prove a reconstruction theorem estab-
lishing its convergence, and give a sufficient stopping criterion for extracting finite-dimensional
realizations. For the second, we reconstruct source-transfer realizations from weak operator limits
of averages over source copies. Consequently, the game-value promise problem for quantum tree
networks in the mixed model is coRE-complete.
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1 Introduction

Understanding what quantum systems can and cannot achieve is a central goal of quantum information
theory. For information processing protocols in a quantum network, these possibilities depend on
how the parties are connected and which quantum sources they share. Here, we characterize the
correlations achievable when separated parties perform local measurements on systems distributed
by independent quantum sources in a prescribed network structure (figure FD This is a first step
towards understanding more general quantum causal structures that arise in tasks such as distributed
quantum computation. In a device-independent setting, the source states and measurement operators
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NPA hierarchy Source-transfer and inflation-NPA
converges from outside both converge from outside

Figure 1: From Bell scenarios to quantum tree networks. Squares denote parties and circles denote
independent sources. Dashed contours illustrate outer approximations, with arrows indicating convergence.
In (a), the NPA hierarchy converges from outside to the commuting-operator set Cyc, which in general strictly
contains Cqa, the closure of finite-dimensional tensor-product correlations. In (b), the source-transfer and
inflation-NPA hierarchies both converge from outside to the nonconvex mixed-model correlation set Cix on
tree networks.

are unspecified, so this characterization provides bounds valid for every choice consistent with the
network structure [LH18|.

Bell scenarios, in which all parties share a single quantum source (ﬁgure@, provide the canonical
setting for studying quantum nonlocality |Bru+14]. The standard tensor-product model assigns
separate Hilbert spaces to the parties, whereas the commuting-operator model expresses locality
through commutation relations between their measurements. These axiomatizations agree in finite
dimensions, but the commuting-operator model is strictly more general: it admits correlations
outside even the closure of finite-dimensional tensor-product correlations .

This distinction raises a fundamental computational question: which model admits a systematic
characterization through inner or outer approximations? The RE-completeness of the tensor-product
model and the coRE-completeness of the commuting-operator model rule out general algorithms
producing convergent outer approximations of tensor-product correlations or convergent inner
approximations of commuting-operator correlations . Inner approximations establish
achievable performance and can demonstrate quantum advantages over classical strategies, while outer
approximations establish limits valid for every strategy allowed by the model. To bound quantum
performance and adversarial capabilities in device-independent protocols, the commuting-operator
model is therefore a natural target for complete outer hierarchies ﬂPir+10ﬁ \Pri+23ﬂ.

The Navascués—Pironio—Acin (NPA) hierarchy provides such a complete outer approxima-
tion [NPAOS|. It is an instance of noncommutative polynomial optimization, in which positivity
and algebraic relations among measurement operators are tested through a hierarchy of semidefinite
programs (SDPs) . The hierarchy is outer: every correlation in the model passes every level.
It is also convergent: every correlation outside the model is rejected at some finite level. We call a
hierarchy complete when it has both properties, as illustrated by figure la. Thus, the NPA hierarchy
provides rigorous, arbitrarily tight bounds on optimal performance in the commuting-operator model
of Bell scenarios.




Quantum networks with several independent sources generalize the Bell setting of a single
shared source |Tav+22|. The natural next question is which axiomatizations of measurement
locality and source independence admit complete outer approximations that characterize network
correlations and bound their performance. Such bounds have applications to device-independent
cryptography, randomness generation, and the certification of entangled states and measurements
in networks |]Min+25); ‘RKBIS% ‘Sup+23k ‘Wol+21]. More broadly, SDP hierarchies also bound the
performance of quantum provers in cryptographically compiled nonlocal games [Bar-+26; Kle+26].
Quantum networks also reveal foundational distinctions, such as separations between real and
complex quantum theory and between fermionic and bosonic information theory [Kal+26; Ren+21].
Questions about correlations permitted by locality and causal constraints also arise in distributed
quantum computing and in online and dynamic graph models [Akb+26; Bal+24].

The main difficulty in extending complete outer hierarchies to quantum networks is to enforce
source independence. The network problem is generally nonconvex (figure m: a mixture of two valid
quantum network strategies need not be a valid strategy for the same network ﬂRen+19ﬁ \Tav+22ﬂ.
The original NPA hierarchy does not enforce source independence and is therefore too weak for
this task. The challenge is to identify additional constraints that can be imposed in finite SDP
relaxations and prove that their limiting solutions reconstruct realizations with the required network
structure.

For correlations generated by independent classical sources in a network, inflation provides a
complete hierarchy of linear-programming relaxations based on source duplications \\ Its
quantum counterpart—quantum inflation and the associated inflation-NPA hierarchy |Wol+21]—
provides outer relaxations, but convergence remains a major open question for general quantum
networks. The authors of proved convergence of a modified inflation-NPA hierarchy with
additional bounds on operator Schmidt ranks and norms of local operators. These bounds, however,
mean that the resulting relaxations are no longer outer for the unrestricted model.

Prior to this work, completeness of inflation-NPA and two alternative SDP hierarchies had been
established for bilocal networks, where three parties are connected by two independent sources
, with extensions to star networks, where independent bipartite sources connect a central
party to the other parties Corollary 3.3.17]. A key step in these completeness proofs is an
operator-algebraic reconstruction that “splits” the central party into subsystems associated with
its connected sources [LG23; RXL26; Xu23|. However, already on the four-party line in figure ,
the same argument does not guarantee consistent splittings of the two internal parties 2 and 3.
Extending the above results therefore requires new tools to make these local splittings consistent
across the network.

In this work, we develop these tools and resolve the problem for all quantum tree networks, that
is, connected networks whose graph of sources and measurement parties contains no cycles (ﬁgure.
Central to our contribution is a novel source-transfer model, which we prove equivalent to the mized
quantum model on every such tree network. The model is called mired because it uses tensor
products of states to describe source independence and commuting observable algebras to describe
measurement locality; in finite dimensions, it is equivalent to the standard tensor-product model.
The source-transfer model describes the same correlations through states on source C*-algebras
and completely positive maps composed recursively along the tree, without the source duplication
used by quantum inflation. We prove the equivalence by reconstructing local measurements as
Radon—-Nikodym derivatives in the spatial tensor products prescribed by the network. Building on
this equivalence, we establish two complete SDP hierarchies. For the first, we extend noncommutative
real algebraic geometry to a framework of jointly optimizing over measurement operators, states on
different algebras, and completely positive maps between them, subject to the network structure.
This leads to a new source-transfer hierarchy based on multi-state polynomials with completely positive



maps. We prove a reconstruction theorem establishing its completeness and give a sufficient stopping
criterion for extracting finite-dimensional realizations. The second hierarchy is inflation-NPA itself:
we resolve its convergence for all quantum tree networks by reconstructing source-transfer realizations.
A direct computational consequence is that the game-value promise problem remains coRE-complete
for quantum tree networks in the mixed model.

1.1 Mixed and source-transfer models for quantum tree networks

To obtain device-independent bounds valid for systems of unrestricted dimension, including infinite-
dimensional realizations, we must specify the network model to which our outer approximations
converge. We formulate the mized quantum model for general networks, extending the bilocal
formulation of Corollary 7|. The mixed model combines commuting observable algebras for
measurement locality with tensor products of states for source independence, and reduces to the
standard tensor-product formulation in finite dimensions. We then introduce a novel source-transfer
model and prove its equivalence to the mixed model on every quantum tree network.

To illustrate the two models, we consider the line-of-four network 1 —a—2——3—~—4 in figure 2.
We describe two models for correlations p(a|x) arising in this network, where a = (a1, ag, a3, a4) and
x = (21, x2,x3,14) denote the outcomes and measurement settings.
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Figure 2: Two quantum models for the line-of-four network. Squares denote parties and circles denote
independent sources. In the mixed model, local measurements act on the source systems. In the source-transfer
model, arrows indicate the recursive evaluation of the correlation from party 1 towards the root at party 4.

In the mixed quantum model, each source § € {«, 3,7} has a Hilbert space Hs and a unit
vector |€25). Source independence is expressed by the product vector [€2,) ® |Qg) ® |Q). The two
parties receiving each source have von Neumann algebras M}, M2 C B(H,), MQ,M% C B(Hp),
and M%, Mi C B(H~), respectively, satisfying

[M(lJuMi] = [MévM%] = [M?’Y,Mfﬂ =0. (1>

Each party measures the systems from its neighboring sources with positive operator-valued measure

(POVM) effects

1 1 2 2 = 2

Ma1|m1 e M, MmE2 € Mg @ Mg, @
3 3= 3 4 4

My € M@ M, My, € M,

where ® denotes the spatial tensor product of von Neumann algebras. We regard each POVM effect
as an operator on H, ® Hg ® H, by tensoring with identities on the remaining source spaces. Born’s



rule gives

4
pla]x) = (2 ® Q@ Q| [[ M1, 100 © Q5 0 2,). (3)
v=1

The source-transfer model describes the same correlation recursively through abstract C*-algebras,
states, and completely positive maps, without specifying Hilbert-space representations. Choosing
party 4 as the root, we evaluate the correlation by transferring party 1’s measurement operator from
source « to 8 through the map at party 2, and then to « through the map at party 3. The three
sources are now described by unital C*-algebras A}, A%, and .A3 with states wq, wg, and w,. A

leaf POVM m € Al is followed by completely positive maps and a positive root functional:

1|z1

<I>am AL — A3, aslzg P AG — A3, a4|x4 : A2 — C. (4)

They recover the correlation by

p(alx) = wy, ., <(I)a3|3:3 (%m <mzlzl|r1))) : (5)

Source independence requires

Z (bag‘mz OL(Q) ]]‘A%’ q € Aiv
2
Z (I)as\xs wg (g )]1A3 q € Aj, (6)

4 _
Z Wagleg = @
as

We call these identities source-replacer conditions. In the Schrodinger picture, summing over a
party’s outcomes gives a channel that discards the input state and prepares the fixed source state.

The general definitions of the mixed and source-transfer models are given in definitions 2.1
and respectively. Further examples of mixed and source-transfer realizations are worked out in
appendix A. We prove that the two models give the same set of correlations on every source-party
tree (theorem ; this set is compact (remark . In finite dimensions, both are equivalent to the
standard tensor-product model of quantum information (remark . Note that a characterization
based on measurement-algebra factorization alone [Poz-+19; YHH26| is not sufficient on tree networks;
see appendix B|for a counterexample already on the line-of-four network.

1.2 Main results

We now state the results for an arbitrary finite quantum tree network. The source-transfer char-
acterization yields two complete SDP hierarchies: one directly imposes polynomial constraints on
states and transfer maps, while the other uses quantum inflation. Their constructions are described
in sections 1.3 and respectively. The following statement summarizes theorems 4.2,

and 6.7, corollaries 5.8, 6.12 and |5.13, and remark 4.3,

Theorem A (Informal). Let T be a finite quantum tree network with finite setting and outcome sets.

EQUIVALENCE AND COMPLETENESS. The source-transfer hierarchy and the inflation-NPA hierarchy
are complete for the mized model on T. Specifically, for a correlation p, the following are equivalent:



(i) p admits a mized quantum realization on T as in definition 2.1;
(i1) p admits a source-transfer realization on (T,r) for every root party r, as in definition '

(iii) p passes every level of the source-transfer SDP hierarchy on (T,r) for every root party r, as in

definition |5.2;
(iv) p passes every level of the inflation-NPA hierarchy on T as in definition 6.11.

FINITE-DIMENSIONAL REALIZATIONS AND EXTRACTION.

(i) In finite dimensions, the mized, source-transfer, and tensor-product models give the same
correlations on T.

(i) From a finite-level feasible solution of the source-transfer SDP hierarchy satisfying the stopping
criterion of theorem 5.12, we can extract a finite-dimensional realization in each of the models
in (i), reproducing the prescribed correlations.

OPTIMIZATION. Let f be a real polynomial in the correlation entries, and write f(R) for its value
on the correlation generated by a mixed realization R on T. For either hierarchy, let ,Bgnm(f) and
BT (f) denote its lower and upper SDP bounds for this objective, as the level increases through the
hierarchy, with a fixed root r in the source-transfer case. Then

FE () < ) <o ind F(R),
B () 2 B () = - s S(R) @)

where R ranges over mized realizations on T.
For the source-transfer hierarchy, an optimal finite-level solution satisfying the stopping criterion
for f yields an optimal finite-dimensional realization in each of the models above.

COMPUTABILITY. Consequently, given a finite tree network and a game, the promise problem
YES :  optimal mized-model winning probability = 1,

1
NO :  optimal mized-model winning probability < 3

18 coRE-complete.

Although both hierarchies characterize the same correlation set in the limit, their finite-level
bounds can differ. The size and strength of the source-transfer relaxations can also depend on the
chosen root (remark 5.10). In addition, we extend the source-transfer characterization to networks
in which removing the classical sources leaves a disjoint union of quantum trees, by treating the
classical values as additional measurement settings (section 4.3).

1.3 Multi-state polynomials with completely positive maps and their SDP
hierarchy

We now construct the first of the two hierarchies in theorem Al The source-transfer model raises
a new optimization problem: how can we impose source independence while optimizing jointly
over states and completely positive maps? Existing SDP hierarchies for post-measurement states
and quantum instruments characterize convex sets of Bell correlations [Bar+26; Kle+26], but their




constraints do not enforce independence between several sources. For networks, the source-replacer
identities couple the maps to products of independent source-state evaluations, and these additional
constraints must survive reconstruction from the SDP data.

We resolve this problem by introducing a new framework of multi-state polynomials with com-
pletely positive maps, extending noncommutative real algebraic geometry to multiple states linked
by completely positive maps. Going beyond state-polynomial optimization , the framework
incorporates recursively composed maps between distinct source algebras and polynomial relations
among their source states. We prove a reconstruction theorem for these states and maps simultane-
ously while preserving complete positivity and source independence (lemma . This establishes
completeness of the resulting source-transfer hierarchy for the nonconvex network models considered
here (theorem 5.7).

Returning to the line-of-four example in section 1.1, we replace the source algebras by formal
x-algebras AL, A%, and Qli We introduce formal letters mclllm for the measurement effects at
party 1, which generate .. For each word ¢ € AL and each outcome and setting (ag,z2), we
introduce a formal symbol \1122'362 (¢). These symbols generate Ql%; repeating the construction with

symbols \1123|x3(q) for words g € Q(% generates Ql% We extend the formal maps linearly and require
adjoint preservation. In particular, the construction includes products of map outputs, such as
EZ‘M (¢)* (212|I2(q), as well as compositions of different maps.

For each word ¢ in 2, 2[%7 or Qlf’y, we introduce a scalar symbol ¢5(q) representing its expectation
under the corresponding source state wgs, with § = «, 3, , respectively. Likewise, for each word
q € 91%, we introduce symbols gg4\w4 (q) representing the values of the root functionals w34 " These
scalar symbols commute and generate the commutative multi-state polynomial x-algebra .. The
correlation and a source-replacer condition are represented by the following polynomial expressions,
where ¢ € 2L and wy,ws € Ql%:

. 3 2 1
ha\x = gZzn4lm <\I/a3|903 (‘Ila2|"32 (m‘”'xl))) ’

Z B (w:TqJZQ‘IZ (Q)U)Z) = §a(Q) SB (wfwg).

az

(9)

We can evaluate these expressions on a given source-transfer realization by replacing the formal
measurement letters with the realization’s measurement effects, \I}Zv\xv with Py [z, S8 with ws, and
§g4\x4 with w§4 2, This recovers hpjx = p(alx) from equation (5) and the first source-replacer identity
in equation tested between wi and ws in the state wg.

This polynomial framework gives rise to SDP hierarchies: one optimizes finite-dimensional
restrictions of a normalized positive linear functional L : . — C, subject to constraints encoding
the required properties of the measurements, states, and transfer maps. For instance, complete
positivity of \I'?mxz is encoded by constraints of the form

n

(s ¥t =0 o

for finite families of words ¢; € A} and w; € QI%, indexed by i = 1,...,n. Together with normalization,
state positivity, the archimedean condition, and source-replacer relations, these constraints yield a
finite SDP at each level. We call this the source-transfer SDP hierarchy. The general polynomial
construction and SDP hierarchy are given in sections and Explicit examples of the resulting

SDP relaxations are given in appendix
We prove completeness in theorem and establish a sufficient stopping criterion in theorem 5.12.



From a feasible solution satisfying this stopping criterion we extract a finite-dimensional source-
transfer realization at a finite level of the hierarchy.

1.4 Quantum inflation and the inflation-NPA hierarchy

The second hierarchy in theorem A is built from quantum inflation. Quantum inflation constrains
the correlations achievable in a quantum network through the device-duplication principle [Wol+21].
Suppose a correlation p is compatible with the line-of-four network in the mixed quantum model,
with POVM effects M;)v‘mv at parties v = 1,2, 3,4. Parties 1 and 4 measure systems from « and 7,
respectively, while parties 2 and 3 perform joint measurements on systems from («, 8) and (3, 7).

We now prepare m independent copies of each source, as illustrated for m = 2 in figure 3. Each
party can apply its original POVM to any choice of copies of the sources it receives.

Figure 3: Quantum inflation of the line-of-four network with two copies of each source. Squares denote
parties and circles denote independent source copies. Colored indices and edges indicate the source copies on
which each measurement acts.

Writing [m] := {1,...,m}, we denote these inflated POVM effects by

Eél\xl (Z)a E22|x2 (i7j)v E23\x3 (]7 k)? E;l4|:c4(k)a iaja ke [m]a (11)

where i, j, k label copies of «, 3, , respectively. The inflated effects act on the tensor product of all
(1,2) is a copy of M?  acting on 7—[((11) ® %(ﬂz)

copied source Hilbert spaces. For example, Es asls

and as the identity on the remaining copies.

For each fixed choice of copy indices and measurement setting, the inflated effects form a POVM.
Effects at different parties commute by measurement locality. At the same party, effects commute
whenever they act on disjoint source copies; for example, [Egzm2 (,7), EgzlyQ (7,7)] = 0 when i # i’
and j # 7.

The duplicated source states define a state wy, on the algebra generated by the inflated POVM
effects. Let S, be the permutation group of [m] and I'y, = S, X Sy X Sy An element g =
(9a» 98, 9) € I'ny acts on this algebra by relabeling the copies:

2|2

g (Bl () = Eby 0y (90(0),

ag( B2 1:0) ) = B2y (90 (i), 95(1)),
(

oy <E23|m3 (7, k‘)) = E) 1, (980

)
g (B 1oy (1)) = B0, (0(1)).

For each event e = (a|x) and t € [m], define the event operator acting on the tth copy of every



source by
DY = E, |, ()EZ,,,(t,)ES | (t,)EL . (1) (13)

The device-duplication principle implies

Wm © Qg = Wy, g €lm,
0 L (1 4)
o (m@) b, 1<i<m
t=1 t=1
for all complete events eq,...,ep. The first identity holds because permuting identical source copies

leaves the state unchanged. The second follows because the event operators act on disjoint copies of
the sources, so independence makes their joint probability factorize. The general definition of the
inflation test is given in definition

Applying the NPA hierarchy at each fixed inflation level m, and then increasing m, gives the
inflation-NPA hierarchy. The construction above ensures that every mixed-model correlation passes
all levels. To show completeness in theorem |A, we prove the converse for all quantum tree networks:
every correlation passing all levels admits a mixed-model realization on the given tree (corollary .
Thus, consistency with the device-duplication principle at every level is sufficient to characterize the
mixed-model correlations on a tree network. Note that we use the POVM formulation while the
original inflation-NPA is projective; the two agree in the limit (remark m

1.5 Technical outline

After defining the mixed model in section 2, we develop in section 3| the tools that establish its
equivalence with the source-transfer model, which we prove in section We then reconstruct
source-transfer realizations from the multi-state and inflation-NPA hierarchies in sections 5/ and 6,
respectively. This reduces both completeness proofs in theorem |A to constructing source states and
transfer maps satisfying the source-replacer conditions.

From transfer maps to mized-model measurements. To prove the model equivalence in theorem
we reconstruct mixed-model POVM effects from transfer maps using Arveson’s Radon—Nikodym
theorem [Arv69)] (see also Theorem III.1]). Represent each source algebra on the Gelfand—
Naimark-Segal (GNS) space of its state, with weak closures N, N3, and N,. Under the source-
replacer conditions in equation corollary @ gives POVMs at parties 2 and 3 satisfying

e N, ' RN, 8> M3

as|rs

e NZBON,, (15)

2\$2

where the prime denotes the commutant. Thus, the reconstructed POVMs act on the prescribed
sources and satisfy the commutation relations required by the mixed model. The expectation
identities of corollary recursively recover Born’s rule for this model.

Corollary also applies to general trees. We remark that the localization of the reconstructed
POVMs due to the corollary allows a consistent and simultaneous “splitting” of the POVMs on the
associated source algebras. This is the central obstruction to generalizing the bilocal and star-network

techniques of |Lig24; LG23| to general networks.

From multi-state SDP solutions to transfer maps. A key step in proving completeness of the source-
transfer SDP hierarchy in sections E and 5.2 is reconstructing transfer maps ! . from the
formal symbols W7 Sy We express the SDP constraints, including the prescribed Correlation, as
nonnegativity on a quadratic module Q C . and prove that £ is archimedean (section . This

10



allows us to extract a subsequence of feasible SDP solutions converging pointwise to a normalized
positive functional L : . — C nonnegative on . Applied to L, the Kadison-Dubois representation
theorem Theorem 5.4.4] yields a character K : . — C, that is, a unital *-homomorphism
nonnegative on . The reconstruction in lemma turns K into a source-transfer realization.
For the line-of-four example, the source-state functionals K o ¢,, K o¢g, and K o ¢, give GNS
representations 7, mg, and ., of 2L, A%, and ng, respectively, leading to source C*-algebras AL,

.A%, and A?’y. We define

2,1y (7a(@) =75 ( 92, (@), g e (16)

Due to the source-replacer condition in equation we prove that this expression is well-defined
and extends to a completely positive map AL — .A%. The extension satisfies the source-replacer
conditions. The full reconstruction produces all the data of a source-transfer realization reproducing
the prescribed correlation, establishing completeness in theorem We refer to appendix A|for
explicit calculations on concrete examples that may help the reader follow the general proof.

In section we also establish a sufficient flatness criterion for extracting a finite-dimensional
realization from a finite-level solution. The computational consequence in section 5.7 is coRE-
completeness of the mixed-model game-value promise problem on quantum tree networks. Another
consequence of theorem 5.7 and corollary 5.8 is the compactness of the mixed-model correlation set
Chix for tree networks.

From inflation to transfer maps. In section @ we reconstruct a source-transfer realization for a
correlation p compatible with quantum inflation at every level m. Following the de Finetti argument
of , we obtain a permutation-invariant state w on the algebra generated by infinitely
many copies of the inflated measurements, reproducing p and factorizing on disjoint source labels
(lemma . We use w to reconstruct the source-transfer model as follows. For the line-of-four
example, work in the GNS representation of w on H, and let Al be the C*-algebra generated by
E;lm(l). For q € AL, write ¢\ for its copy with source-a label i. For each fixed source-3 label j,

define maps AL, — B(H) by averaging over the input label i

m

2,5; . 2 ..
<I>a2]|;;(q) =— Z (](1)E(12|x2 (1,7). (17)
i=1
We show that, along a subsequence as m — oo, these maps converge pointwise in the weak operator
topology to completely positive maps, with the limit at j = 1 defining ®2 Summing p2Im (q)

az|z2” az|z2
over ag gives m™~! Yoy ¢, which we show converges strongly to w(q)I as m — oo, recovering the
source-replacer condition in equation In lemma we show that the construction is well-defined
with the required commutation and permutation relations, allowing us to iterate it along the tree
network. Finally, we verify that the resulting source-transfer realization reproduces p, completing
the proof of theorem 6.7

1.6 Discussion and outlook

We characterize the correlations achievable in quantum tree networks within the mixed quantum
model, obtaining convergent bounds on their performance through two complete SDP hierarchies
and an equivalent source-transfer description. Our flexible new framework of multi-state polynomials
with completely positive maps lets us model states and maps in a way compatible with the network
structure. In finite dimensions, the mixed, source-transfer, and tensor-product models give the
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same correlations (remark . The stopping criterion in theorem connects this equivalence to
finite-level solutions of the source-transfer SDP hierarchy: a solution satisfying the stopping criterion
yields a finite-dimensional realization, and an optimal solution yields an optimal realization.

The source-transfer hierarchy has two structural advantages: it avoids source duplication and
provides a sufficient finite-dimensional extraction stopping criterion. For inflation-NPA, reconstruc-
tion of independent sources relies on a de Finetti theorem as m — 0o, so it remains unclear whether
current techniques can yield a sufficient flatness condition at a fixed level (m,d) (remark 6.14).

Our results provide strong evidence that the mixed quantum model is a natural target for complete
outer hierarchies on general quantum networks. It keeps the commuting-operator description of
measurement locality used in Bell scenarios, while representing source independence by tensor
products of source states. On tree networks, we prove that every correlation passing all levels of
either hierarchy admits a realization with both structures. In particular, inflation-NPA completeness
shows that consistency with device duplication at every level suffices to recover such a realization.
The mixed-model game-value promise problem on trees is consequently coRE-complete, retaining
the computational classification of its commuting-operator Bell counterpart.

The main open problem is to extend this characterization to general networks containing cycles,
such as the triangle network (figure @ Resolving this problem is an important first step towards
the rigorous characterization of more general causal models arising from, for example, distributed
quantum computing. The extension in section already covers networks whose quantum sources
form disjoint trees after removing the classical sources. Beyond this case, our reconstruction faces
a structural difficulty: it uses the independence of source states in disjoint branches of a tree,
whereas on a network with cycles those branches can remain connected through the rest of the
network. Hence, a general characterization must account for these connections while preserving
source independence. Completeness of the original inflation-NPA hierarchy for the mixed model on
arbitrary networks remains open.

A practical next step is to implement both hierarchies and compare the bounds they give
on quantities such as game values for concrete tree networks. One can also introduce additional
constraints at the level of states and completely positive maps for specific applications. The
comparison should include SDP size and the dependence of the source-transfer bounds on the chosen
root. For the stopping criterion, useful improvements would include smaller degree requirements
for specific tasks and procedures for extracting states and measurements from numerical solutions.
Symmetries in the network structure and sparsity may also help reduce the computational cost.

Another direction is to incorporate quantum inputs or partial information about the devices,
such as trusted input states, specified measurements, or dimension bounds. These extensions could
connect the framework to semiquantum games, steering, and semi-device-independent certification
on networks. Existing SDP hierarchies for operationally non-signaling sequential strategies
Kle+26] also motivate extending our framework to sequential measurements with multiple independent
quantum sources. The recursive use of completely positive maps also suggests an algebraic connection
with finitely correlated states . We plan to investigate this connection and the extensions
described above in future work.

The operator-algebraic tools may be of independent interest beyond the study of quantum
network correlations. Our Radon—Nikodym lemmas reconstruct measurement operators in prescribed
spatial tensor products from completely positive maps satisfying source-replacer conditions. It would
be useful to determine whether analogous conclusions hold for maps dominated by more general
reference maps. The novel polynomial optimization framework that we introduce may also be of
independent interest to noncommutative real algebraic geometry, extending the noncommutative
polynomial optimization framework to incorporate multiple states linked by completely positive
maps.
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2 Source-party graphs and mixed quantum models

In this section, we introduce the mixed quantum model for general quantum networks. The model
is called mized because it uses commuting observable algebras for measurement parties sharing
a source, while independent sources are described by tensor-product Hilbert spaces and product
states. We describe the network structure using source-party graphs. Since our main results concern
quantum tree networks, we also fix the rooted-tree notation used in the source-transfer construction
in section

2.1 Notation for tree graphs

Consider a finite undirected graph T = (V(T),E(T)), where V(T) is its set of vertices and E(T) is
its set of edges. We say that the graph T is a tree if it is connected and contains no cycles. A rooted
tree is a pair (T,r), where r € V(T) is a distinguished vertex called the root.

For a rooted tree (T,r), let v € V(T) with v # r. Since T is a tree, there is a unique simple path
V=1 ~vL ~Vy~ -~y =7 from v to r. The vertex next to v on the path to r is the parent of
v, denoted by par(v) := v;. The children of v are the vertices whose parent is v, forming the set
ch(v) ={u € V(T) | par(u) = v}. A vertex v is called leaf if ch(v) = (), and the root has no parent.

For any vertex v € V(T), the subtree rooted at v, denoted by T,, is the subgraph consisting of v
together with all vertices u whose unique path to the root r passes through v.

For v € V(T), define its neighborhood by Nt(v) == {u € V(T) | {u,v} € E(T)}. The degree of
the vertex v is degy(v) = |N1(v)|.

Throughout this manuscript, the words parent, child, and leaf are understood relative to the
chosen root 7.

2.2 Source-party graphs and source-party trees

Let T = (V(T),E(T)) be a finite graph whose vertex set is partitioned as
V(T)=P(T)us(T). (18)

The vertices v in P(T) represent measurement parties, while the vertices o in S(T) represent
independent quantum sources. We require every edge in E(T) to connect a party to a source, i.e.,

E(T) c {{v,a} |veP(T), aeS(T)}. (19)

We call T a source-party graph, and a source-party tree if T is also a tree; see figure 4/for a pictorial
illustration.

The neighbors of vertices alternate between parties and sources, i.e., N7(v) C S(T) and Nt(a) C
P(T). If a party » € P(T) is chosen as the root, then the parent and children also alternate:
par(v) € S(T), ch(v) C S(T) for a non-root party v, while par(a) € P(T), ch(a)) C P(T) for a source
. (The choice of root will be used later for the source-transfer model in section 4!)

2.3 Mixed quantum models

Recall that ® denotes the von Neumann spatial tensor product, namely the weak-operator clo-
sure of the algebraic tensor product , I11.1.5.4]. We now introduce an infinite-dimensional
generalization of the quantum information description for source-party graphs, in which we model
independent sources with tensor products and measurement locality with commutation. See figure 4
for an illustration.
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Definition 2.1 (Mixed quantum model on a source-party graph). Let T = (P(T)US(T),E(T)) be a
finite source-party graph. For each party v € P(T), let X, and A, denote its finite set of measurement
settings and outcomes. A correlation

p(a|x), a= (av)veP(T)7 X = (xv)veP(T)7 (20)

admits a mixed quantum realization R-rFixed on T if the following objects exist.

For every independent source o € S(T), there are a Hilbert space H,, a unit state vector
|Q0) € Ha, and, for every party v € Ny(«), a von Neumann algebra MY, C B(Hy). The algebras
M, associated with the same source are mutually commuting:

(Mg, Mgl =0 (21)

for any u # v and u,v € Nt(«).
For every measurement party v € P(T), define its local observable algebra by

M= Q Mic R BHa). (22)

a€Nt(v) a€N1(v)

For every setting x,, € Xy, there is a positive operator-valued measure (POVM) {Mé’vm}a ca, C MY,
Finally, denote the global Hilbert space and global vector state by

Hi= Q@ Har 0= Q) Q) (23)
) )

acY(T aey(T

The observed correlation satisfies

plalx) = (@ [ M., 1o, (24)
veP(T)

where we identify each MY with its natural amplification to H, acting trivially on He for a ¢ Nt(v)
so that [M", M"] = 0. Denote by Cpnix(T) the set of correlations p admitting a mized quantum
realization on the graph T.

The quantum causal compatibility problem in the mixzed quantum model asks whether a prescribed
correlation p admits a realization as in definition , e, is p € Cpix(T) or p & Cnix(T). As we
shall show in remark the set Chix(T) is compact.

Remark 2.2 (Relation to the standard tensor-product model). The mixed model of definition is
indeed the direct generalization from the standard tensor-product model in quantum information
theory , differs only in the notion of locality within an individual source space B(Hy) for
a e S(T).

Indeed, in the standard tensor-product model, every source a shared by parties v € Nt(«) is
described by a multipartite Hilbert-space decomposition Ho = @), Nr(a) H?Y. The associated von
Neumann algebras are

M =BH)® Q)  Iny. (25)
ueNt(a)\{v}
By contrast, the mixed model replaces only this tensor-factor requirement with the weaker commu-

tation condition [My, M}] = 0 for u,v € Nt(«).
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(Ha» [92a1)) (Haz:Qa))

) (an) . () .
My, N a2, M2, M,

3
M,

M3 M3, M3,

(’Ha4, |Qoz4>) (Ha37 IQ(743>)
Figure 4: A source-party tree with parties 1,...,5 represented by squares and independent sources
Qq,...,a4 represented by circles. The source as is tripartite and is shared by parties 2,3,4, while a;

and ag are bipartite. The source a4 is a local source connected only to party 3. In the mixed model of
definition each source «; carries a Hilbert space H,; and a unit vector |Qaj > For every adjacent party
i € Nt(a;), the von Neumann algebra /\/lflj C B(’H%) describes the observables of party ¢ on source o;

for each fixed source, these algebras mutually commute. The local observable algebras are M! = M} L

M2 = M2 BMZ, M3 =M3 @ME DM, M =M, , and M® = M3, . The global mixed realization

@) Qg

acts on He, @ Hay @ Hay @ Ha, with product source vector [Qq, @ Qa, @ Qg @ Qo).

In particular, the mixed model is a priori more general than the standard tensor-product model
in infinite dimensions . However, in finite dimensions, the commuting-algebra formulation
reduces to the tensor-product one , and by the same inductive argument in the proof of
Corollary 9], a finite-dimensional mixed model for trees reduces to the standard quantum-information
model for tree networks.

For the rest of the manuscript, we restrict to the case where T is a source-party tree. We refer to
these as quantum tree network scenarios. When a root is needed, it will always be a party vertex

P(T).

3 Source-replacer maps and their Radon—Nikodym derivatives

In this section, we make some technical observations on Arveson’s Radon—Nikodym derivatives for
replacer channels and source-replacer maps, which are the key machinery for the proof of equivalence
between the mixed and source-transfer models on quantum tree scenarios. We refer to for
background on completely positive and completely bounded maps, and to Bla06ﬁ Tak02| for general
C*- and von Neumann algebra theory.

3.1 Stinespring dilation of replacer channels

Let X, Y be unital C*-algebras with units 1y, 1y, respectively. Let wy : X — C be a state. The
replacer channel (sometimes called erasure) with respect to wy is a completely positive map

X =Y, z—wy(z)ly. (26)

Physically, in the Schrédinger’s picture, the replacer channel discards any input and prepares a
fixed state; in the Heisenberg algebraic picture, it evaluates the input in a given state and returns a
scalar multiple of the identity.

We make the following observation on the Stinespring dialtions |Bla06L 11.6.9.7] of replacer
channels on the Gelfand-Naimark-Segal (GNS) representations 11.6.4].
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Lemma 3.1 (Stinespring dilations of replacer channels). Let X,) be unital C*-algebras with units
Lx,1y. Let wy and wy be states on X and Y, with the GNS representations (’H;g,ﬂ;(, |Q,\g>) and
(Hy,my,|Qy)), respectively.

Then (Hx ® Hy,mx ® I3y, Viy) is the minimal Stinespring dilation of the replacer channel
represented on Hy

z = my(wr(2)ly) = wr (@) I, (27)
That is, the map Ty & Iy, defined by
x>y (z) ® Iy, € B(Hx ® Hy) = B(Hx) @ B(Hy) (28)
is a unital x-representation of X on B(Hxy @ Hy),
Vor 1 Hy =2 Ha @ Hy, [y) = Q) @y) (29)
1s an isometry, such that
Vi (M () @ I313,) Vi = wa(w) I3y, (30)
with (mx @ Iy, )(X) Vo Hy dense in Hy @ Hy and is unique up to unitary equivalence.

Proof. The replacer channel represented on Hy,  — wx(x)I3,,, is unital and completely positive
since wy is a state and A — Al is a unital *-representation of C. It also follows immediately from
the fact that my is a unital x—representation that mx ® I3, is also a unital *-representation of X
on Hy @ Hy.

Let Vi, : Hy = Ha @ Hy, |y) — |Qx) ® |y). Since for every |y) € Hy one has

Viowe [9)17 = 12 19217 = )17, (31)

Vi, is an isometry. Furthermore, for every x € X and |y1), |y2) € Hy, we calculate

wx

(W1 Vioy (ma () @ Iy )Vorn [y2) = (Qu| @ (1) (ma (2) © Ty, ) (1202) © |y2))
= (Qu|mx(2)[Qx) - (Y1ly2) = wa(z) - (Yily2) = <y1!wx($)fﬂy|y2(>~ |
32
Therefore, V; (Tx(x) @ I31y,) Vi = wa(x) I3,
The minimality is due to

(T2 @ Iy ) (@) Vioy [y) = T () Q) @ |y) (33)

for every z € X and |y) € Hy and the cyclicity of the GNS triple (Hx,mx,|Qx)). The unitary
equivalence then follows from the standard Stinespring dilation theorem for completely positive
maps; see |Bla06, 11.6.9.7] and also [Pau02, Chapter 4]. O]

3.2 Arveson’s Radon—Nikodym derivatives for source-replacer maps

Let Z C Y be a unital C*-subalgebra sharing the common unit 1z = 1y. Consider completely
positive maps ®; : X — Z indexed by ¢ in a finite index set I. We say that {®;}; satisfies the
source-replacer condition with respect to the state wy : X — Cif 3, ; ®;(x) = wx(x)1z for all
reX.
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Physically, each ®; transfers algebraic information from the input source algebra X to the specified
subalgebra Z of the output source algebra ), conditioned on outcome i. The source-replacer condition
states that, upon marginalizing/forgetting the outcome i, the input is erased and replaced by the
source state wy. These ®; are the objects with which we shall reconstruct the measurement POVMs

via Arveson’s Radon-Nikodym derivatives (see also |Rag03, Theorem III.1]) in the source-
transfer model. The introduction of Z C Y shall correspond to MY, C B(H,), which localizes the
derivatives to the correct observable algebras of a multipartite quantum source.

Lemma 3.2 (Arveson’s Radon—Nikodym derivatives for source-replacer maps). Let X,) be unital
C*-algebras with units Ly, 1y, and let Z C Y be a unital C*-subalgebra with 1z = 1y. Let wx
and wy be states on X and Y, with the GNS representations (H;{,?T)(, |QX>) and (7‘[3},7‘(‘)}, |Qy>)
Define the von Neumann algebras My = mx(X)" C B(Hx), My = myp(Y)" € B(Hy), and
Mz =7y(Z)" € My completed by double commutant, respectively.

Suppose that ©; : X — Z are completely positive maps over a finite index set I satisfying the
source-replacer condition with respect to the state wy:

Z O;(x) =wx(x)lz, foralzelX. (34)
el
Then, there exists an isometry V : Hy — Hx @ Hy and a unique positive operator
F,e My@Mz Cc My®@ My C B(Hy) ® B(Hy) (35)
for every i € I, such that
my o ®;(z) = V' Fi(mx(v) @ Iy,,)V
= Vi(rx(z) ® Iy, ) FiV (36)
— V*F} P (ra(2) ® Iy ) F}PV
for all x € X and
> Fi=Dypony = Iy @ Ingy,. (37)
el
Moreover, for every x € X and every Z € M';, a useful expectation-value form of equation (36)
18
(| Z my(@i(2)) 1) = (Qx @ Qy|Fi (tx(2) @ Z) [Qx @ Qy). (38)
That is, {F;}; form a POVM and each F; is the Arveson’s Radon—Nikodym derivative of ®;.

Proof. Applying lemmato Ty o (D ier i) = waly,,, where we have used 1z = 1y, we obtain its
minimal Stinespring dilation (Hx ® Hy,mx ® I3, Vi, ). The desired isometry is then V =V, :
ly) = [Qx) @ |y) such that Vi (mx(z) @ I3, ) Vi = wx(x) I3,

Then, since every my o ®; < 7wy o (3 ;; ®i) in the sense of completely positivity, we can apply
Arveson’s Radon-Nikodym derivative theorem (|[Rag03, Theorem IIL1]). It follows that there exists
a unique operator F; € (mxy ® Iy, )(X) = (mx(X) ® Iy,,)" satisfying 0 < F; < Iy, ® Iy, and
equation It remains to check that F; € M, ® Mz, the expectation-value identity equation
and the POVM completeness equation
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To see this, first note that
Fi € (mx(X) ® Iy,)' = (72 (X) ® Ty)") = (mx(X)" @ Chyy))' = My @ B(Hy),  (39)

where the first equality is due to the fact that commutants are invariant in weak closure (by the
double commutant), the second equality is due to the definition of von Neumann spatial tensor
product [Bla06, III.1.5.4], and the last equality is due to the commutation theorem for tensor

products |Bla06, I11.4.5.8].

We now further show that F; € M, @ Mz C M/, ® B(Hy). Take any Z € M';, note that
(I @ Z2)Woaoy = Vur Z, Vo, Uy, ®2Z) =2V, (40)
Indeed,
Iz ® Z2)Varr ly) = (Tnx @ Z)(1Q) ® [y) = [Q2) @ Z |y) = Vi Z |y) (41)

for all |y) € Hy; an analogous calculation proves the V;;, identity. Then, for every z1,72 € X’ and
ly1), |y2) € Hy, we have

|V, (mx(2]) ® Iy [Ty @ Z, Fi)(mx(22) @ Ty, ) Vi [y2)
= (1| Vi, Una ® Z) Fi(ma(2772) @ I303,)Via [y2)
—_—————

AU
— |V, (mx(2122) @ I3y, ) Fi (g ® Z) Vi |y2) (42)
—_—————
Viy 2
= |2V, Fi(rx(x]12) @ I15,)Vioy [y2) — (1| Vi, (mx (2772) ® Ipgy, ) FiVigy Zlyo)
myod;(zix2) myod;(ziw2)

= (2, my o @i(722)][y2) = 0,

since F; € My ®B(Hy), and myo®;(xfzs) € my(Z) C Mz, hence commutes with Z. By Stinespring
minimality of (Hx ® Hy,7x ® I3y, Vi), i.e., density of (mx ® I, )(X) Ve, Hy, it follows that
I3, ®Z,F;] =0. So F; € (I, ® M’;)'. Thus, by [Bla06, II1.4.5.9] on intersections of spatial tensor

products, we have
Fi € (My ® B(Hy)) N (I, ® Mz)' = (My ® B(Hy)) N (B(Hx) @ Mz) = My @ Mz.  (43)

We now prove the expectation-value identity equation (38). Let # € X and Z € M’;. Using
equations and (40), Vi, [Qy) = [Qx ® Qy), and [F}, [y, ® Z] = 0, we obtain

Q| Z my(@i(2)) [Qy)
= <Qy|ZV*FZ (71’/\/(1') & IHy) V’Qy>
= (Qx @ Q| (Iny ® Z) Fi (nx(2) ® Ingy, ) |Qx @ Q)
= (Qx @ Qy|F; (mx(2) ® Z) [Qx ® Qy).

(44)

This proves equation (38).
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Finally, for every z1,z2 € X and |y1), |y2) € Hy,

WV, (rx (@) @ Iy ) O F = Ty ) (mx(22) @ Iy ) Voo |y2)

el
=Y | VI Fi(ra(@iee) @ Ty )V |y2) — (0] Vi, (ra(212) © Ty )V [2) (45)
= Wyoézxfwg) WX(JUTQQ)IH);
= (n|my(d_ Bi(wjra) — wa(xims)ly)lya) = 0,

il
due to the source-replacer condition with respect to the state wxy. Equation (37) then follows from
the minimality /density again. O

Remark 3.3 (Finite-dimensional Choi-Jamiotkowski form). In finite dimensions, lemma has a
direct interpretation through the Choi-Jamiotkowski isomorphism [Cho75|. Let X = M,,(C), let
Z C M;,(C) be a unital C*-subalgebra, and let wy(x) = Tr(px) for a density operator p € M, (C).
Fixing a basis {|j)}}_;, define the Choi matrix of ®; by

J(®;) =D [i) (k| @ ®i(|j) (k]) € My (C) ® Z. (46)
gk=1

The source-replacer condition becomes

> J@)=p" @1z (47)
el
If p is faithful, define
B = ((pT)*W ® ]12) J(®;) ((pT)*l/2 ® ]12) . (48)

Then F; > 0 and Zie[ E; = I, ® 1z by construction. (If p is not faithful, the same statement
holds after restricting support pT.) These operators E; can be identified with the Radon—Nikodym
derivatives F; of ®;, and thus, lemma can be seen as a basis-free and dimension-independent

version of this Choi—Jamiotkowski description.

3.3 Source-replacer maps for product states

We make the following observation on replacer completely positive maps for product states on the
max tensor product of C*-algebras, which shall be the the key technical result for recovering the
mixed quantum model on trees from the source-transfer model. The proven appropriate localization
of the Radon—Nikodym derivatives is precisely what allows us to progress further from the bilocal
and star networks to all the tree.

Corollary 3.4 (Arveson’s Radon—Nikodym derivatives for product-source-replacer maps). Let
Xi,... X and Y be unital C*-algebras, and let Z C Y be a unital C*-subalgebra with 1z =
1y. Let wx, : & — C fori =1,...k and wy : Y — C be states, with GNS representations
(Ha, 7, Q) fori=1,...k and (Hy, 7y, |Qy)), respectively. Define the von Neumann algebras
My, = 7x,(X)" C B(Hy,) fori=1,...k, My =7my(¥)" C B(Hy), and Mz = ny(Z)" C My

completed by double commutant, respectively.
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Suppose that ®; : X1 Qmax -+ - Qmax X — Z are completely positive maps over a finite index set
I satisfying the source-replacer condition with respect to the product state of wy,:

D 0i(2) = (wa, @ @wx)(@)lz,  for all 2 € Xi Bmax ++ Bmax Xk (49)
i€l
Then, there exists an isometry V : Hy — Hy, @ --- @ Hy, ® Hy and a unique operator
Fie My @ My Mz C My, B3 My, B My )
CBHx)® - @B(Hx,) @ B(Hy)

for every i € I, such that
Ty 0 ®i(z) = V' E((Ta @ - @ 1, ) (2) @ Ipyy))V
=V*((7ra, @ @ ma) (@) @ Iy, )V (51)
= V'F (o, @ -+ @ m2,)(2) ® Iy ) 2V

for all x € Xy @max ** * Omax X and

Z Fi = I’Hx1®~-~®7-lxk®7'ly = IHXl -0 IHXk ® Iy (52)
el

Moreover, for every r € Xi Qmax * - @max Xk and every Z € M's, a useful expectation-value

form of equation (51) is

k k
(W Z my(®i(2)) ) = () Q, @ WIF; ((ny, @ -~ @ 7x,) (2) © Z) | (R v, @ Q). (53)
=1 =1

Proof. Denote the max tensor product C*-algebra and the product state by
X =X Omax -+ Omax Xk, Wx =wy, @ - Qwyx,, (54)
respectively. Then we claim that
HymHay ® @My, o=y ® o ©1y, |0) = [0n) @ © Q) ()

is a GNS representation of (X,wy). Indeed, the *-representations I @ --- ®@ mx,(x;) ® --- @ I of &;
having commuting range for ¢ = 1,...k, Hence, by the universal property of the maximal tensor
product, they induce a s-representation my of X satisfying mx(r1®---Qwg) = mx, (21)®- - -@7mx, (Tk)-
Also,

k k

wr(e1 @ @ag) = [Jow (@) = [[(Qlrx (@)1Qx) = Qalrr(@ - ©2)|Qx),  (56)
i=1 i=1

thus agreeing on X since X ® --- ® A&} is norm dense. Cyclicity of |2x) follows since each |Qx,) is
cyclic in H y,, proving the claim.
Furthermore, the norm density of X} ® --- ® A in X, gives

My =mx(X)" = (72, (X1) @ O ma, (X)) = My, ® - @ My, (57)
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by the definition of spatial von Neumann tensor product [Bla06, I11.1.5.4] and the commutation

theorem for tensor products [Bla06, 1I1.4.5.8]. Note that M’y = M/, @ --- @ MY, by [Bla06,
I11.4.5.8] as well.

Finally, applying lemma to @; 1 X Omax -+ - Omax X = X — Z gives equations and (52).
Under the product-GNS identification above, equation (53) is exactly equation (38) O

We finish the section by two useful remarks on corollary 3.4 that will be useful later.

Remark 3.5 (Partial sandwich form of the Radon-Nikodym identity). We first record a useful
reformulation of the Radon—Nikodym identity equation This form gives the main intuition
behind the source-transfer constructions in section 4, and will also be useful in the proof of equivalence
to the mixed model in theorem

Recall that the Stinespring isometry V' in corollary is given by Hy 3 |y) = [Qx) ® -+ @
|Qx,) ® |y). Thus, we may identify

V= |QX1> - ® ’Q-Xk> @ I’Hy = |QX1 X ® QXk) ® IHy' (58>
Hence, equation (51) can equivalently be written as

my(®i(2)) = ((Qu, @ -+ @ Q| @ Iy, ) Fi (e, @ -+ @ ) () @ Igy) (|10, @ -+ @ Q) © Iy,
= (Qu, @+ @ Uy | Fi (7, @ -+ @ 7,) () ®@ Ingyy) (D, @ -+ @ Q)

Qv @ @ Q| (T, ® -+ @ 7, ) (2) @ Ipyy,) FiQy @ -+ @ Q)

(Qx, @ @ Qg |(F)V? (2, @ - @ 1 ) (2) @ Tny,) (F3) Y2 Q, @ -+ @ Q).

(59)
That is, the sandwich takes the expectation value of the source state |Qy,) ® --- ® |Qyx,) over
Hy, ® -+ ® Hyx,, while leaving an operator on Hy.

Remark 3.6 (Special case for functionals). When ) = C, then necessarily Z = C as well. In this
case, every decomposition wy, ® -+ ® wx, = Y _;c; P; into positive functionals is represented by a
POVM (F});er in M’Xl - @M’Xk via

<I>Z(£L') = <Q)(1 (SRR ka‘Fi(ﬂ')ﬁ & ®7TXk)(:B)’QX1 Q& Q)(k>. (60)

This special case can also be proven directly from the Radon-Nikodym derivative theorem for

functionals |Bla06, 11.6.4.6].

4 Source-transfer model on source-party trees

The mixed quantum model of definition is formulated in terms of source Hilbert spaces and
commuting observable algebras. For source-party trees, the same correlations admit an equivalent
description directly in terms of source C*-algebras, source states, and completely positive maps. We
call this description the source-transfer model. In addition, we refer to appendix A for the motivating
examples illustrated by figure

The name emphasizes two features of the construction. First, its basic objects are algebras and
states associated with the independent source in S(T), rather than algebras generated by the party
measurements; compare, e.g., |Lig24; LGG23; RXL26; Wol+21].

Second, fix a party r as the root. Then the source-transfer model describes quantum tree
scenarios as: each party transfers algebraic information from some source algebras to some other
source algebras, starting from the leaves of the tree T with the endpoint being the root party r.
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Specifically, at a source o € S(T), it receives messages @, produced by its child parties v € ch(«),
and combine them into one message @, = ®Uech(a) @y Then, at each non-root party v € P(T),
it maps the messages @, from all of its child sources « € ch(v) to a new message @), and sends
to its parent source par(v), using quantum instruments ®¥. The root party r finally evaluates the
incoming messages through post-measurement subnormalized states. This transfer direction is only
part of the mathematical description and does not represent physical communication between the
parties. Similarly, as we shall show, the choice of r is purely mathematical and does not change the
set of described correlations.

Al = Ao = A Af = Ap = A7 A3 = Ay =AY

. . . . a2‘£2
Ao = A2 @max Al = AP

Mooy Wasles A2

2

AL = A, = Al AZ=A A

. ° . e . a . A4 e A
s w,
Yaylzy & Ai
aales . . .

. 3
A5 = Ap @max Ay q)ns\m nﬂm

m! w3 m?

ay|ey 1\11 azl|es

(a) The line-of-four network, rooted at r = 4 (top) and (b) The four-party tripartite-tail network, rooted at
r = 3 (bottom). r=1.

Figure 5: Source-transfer descriptions of two quantum tree networks. Circles denote sources, squares denote

parties, and blue squares denote roots. Each source « carries a state w, on the joint source algebra A,
max

formed from the algebras A? of its child parties. The input algebra of a party v is A" = ®a€ch(v) A, Leaf
parties carry POVM elements, internal non-root parties carry transfer maps, and root parties carry positive
functionals. Arrows indicate the direction of transfer toward the root.

4.1 Definition of the source-transfer model

Definition 4.1 (Source-transfer model on a rooted source-party tree). Let T = (P(T)US(T),E(T))
be a finite source-party tree, rooted at a party r € P(T). For each party v € P(T), let X, and A,
denote its finite set of measurement settings and outcomes, respectively. A correlation

p(a|X), a= (av)veP(T)7 X = (xv)veP(T)7 (61)

admits a source-transfer realization Rt ,y on (T,r) if the following objects exist.
For every source o € S(T) and every child party v € ch(a), there exists a unital C*-algebra AY,.
For each source o, define the joint source algebra

max

&) A (62)

vech(a)

and let wy, : Ao — C be a state. Each A%, can be identified with its canonical copy in A, sharing the
same unit. If o is a leaf source, we use the convention A, = C and ws = idc.
For every party v € P(T), denote its incoming joint source algebra and incoming source state by

max
Al = ® Ao, Wil = ® Wa- (63)
aech(v) aech(v)
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If v is a leaf party, we use the convention A" = C and wi® = idc. The party data are as follows.

(i) For every non-root leaf party v, and every setting x, € X,, there is a POVM
{mzv\xv}aveAv - Agal(v)‘ (64>
(ii) For every non-root internal party v, there are completely positive maps

v : .A,lvn — AY ) C Apal(’l])? ay € Ay, Ty € Xy, (65)

Q| T par(v

satisfying the source-replacer condition

Y (@) =W (@) Ly, (66)

ay€Ay
for every ¢ € A and every z, € X,.

(iii) At the root r, there are positive functionals

w’ : AR C, ar €A, 1z, €X,, (67)

ar|Tr

satisfying the source-replacer condition

Z wgr\mr - w;n (68)

ar€A,

for every x, € X,.

Fiz outcomes a and settings x. We define a transfer message Q, € Agal(v) for every non-root

party v and a source message Q, € A, for every source o, by a single recursion running from the
leaves of T towards the root. The recursion starts at the leaf parties, whose messages are their POVM
elements:

v

o0 v is a leaf party,

Q= (69)

v

q)alev ® Qo |, v is an internal party.
aech(v)

Each source then combines the messages of its child parties:

Qo= ) Q. (70)

vech(a)

If a is a leaf source, then ch(a) = () and the empty tensor product gives Qo = 1 € C, consistent with
the convention A, = C above. The correlation is recovered at the root by

plal) =) . | @ Qal- (71)
acch(r)

We call a source-transfer realization finite-dimensional if every joint source algebra A, is finite-
dimensional, equivalently if every local source algebra AY, is finite-dimensional.

23



As required by the commuting-operator formulation of measurement locality, the maximal tensor
product @™ used above arbitrary commuting representations of the child-party algebras,

Note that the separate treatment of leaves and the root in definition 4.1 is only for readability.
Indeed, a leaf POVM can equivalently be viewed as a completely positive instrument from C to
Agar(v), while the root functionals are completely positive maps from A® to C. A source leaf
represents a local source: we assign its joint source algebra to be C, and absorb the state information
into the transfer map of its parent party.

See figure 5 for an illustration, and appendix A for worked examples.

4.2 Equivalence with the mixed quantum model

We now prove that the source-transfer model in definition is exactly the mixed quantum model
on source-party trees.

Theorem 4.2 (Equivalence of the source-transfer and mixed models). Let T be a finite source-party
tree and let r € P(T) be any choice of root party. A correlation p(alx) admits a mized quantum
realization on T as in deﬁmtz’on if and only if it admits a source-transfer realization on (T,r) as
in definition 4.1,

Consequently, the set of correlations admitting a source-transfer realization on (T, r) is independent
of the choice of root party r € P(T).

The equivalence of source-transfer correlations means that the choice of root changes only the
algebraic data, but not the set of correlations. We refer to appendix A for explicit calculations on
concrete examples that may help the reader follow the general proof below.

Proof. Mized model = source-transfer model. Recall T, is the subtree rooted at v, consisting of v
as the root together with all vertices whose unique path to the root r passes through v. We first
construct a source-transfer realization from a mixed quantum realization of p.

Constructing source algebras and states. For every source a and every child party v € ch(a), let

AL =ML CBHa),  Aa= X AL (72)

vech(ar)

Since the algebras MY, v € ch(a), mutually commute, the universal property of the maximal tensor
product gives a canonical unital *-representation ®v€ch( Q) v = HUECM ) Qv We omit this canonical
representation from the notation throughout this direction for simplicity. With the omission, define
the source state wy : Ay — C by

wa(q) = (QalaQ), g€ Aa. (73)

Constructing data for parties. Let v € P(T) be a non-root party, define the incoming algebras and
spaces over its child sources by

max
Al = Q) Aoy HI= Q) Hao )= X 1) (74)
aech(v) aech(v) aech(v)

Again, we use the canonical product representation on H® and omit it for simplicity. We now
construct the data for every party.
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If v € P(T) is a non-root leaf, simply define

Mg e, = Mz, € Mpaw) = Aparv)- (75)
If v € P(T) is a non-root internal party, the transfer maps at v, ®¥ ol V. L Apar(v C Aparv)
is defined analogously to remark 3.5 by partial sandwiching:
1/2 1/2) i
ZU‘-TU( ) <an’( avlm ) / (q ® IHpaI('u)) (Mv |l’v) / ‘Q}Un>7 (76)

this partial sandwich

for all ¢ € AP Since M Lz € (@a@h@) M ) ®Mpa1(v C B(HI) ®Mpa1(v
indeed gives an operator in MY par(v) = Agal(v) acting on Hpay ). In addition, it is completely positive
as a composition of the conjugation map by positive operators and the partial trace by a vector
state. Moreover, by construction M;leu commute with all ¢ ® Iy, ) its square root also commutes
with all ¢ ® Iy, £ [Bla06, 1.4.2.1]. Summing over a, and using POVM completeness implies

Z ®(lv \xv (q) ]lAgaI(v) ’ (77)

so the source-replacer condition equation (66) holds.
At the root r, define HI", |Q >, in the same way and analogously let

W o (@) = (R (M, ) Py, ) P, g e A, (78)

ar|$7 arlwr

The same commutation and POVM-completeness argument gives
Zwarlwr =w, (79)

which is equation |(68) the desired source-replacer condition.

Recovering the correlations by inductively computing transfer messages. It remains to verify the
correlation-recovery condition equation (71). Fix outcomes a and settings x. For every non-root
party v and its subtree T,, we claim that the recursively defined party message satisfies

® Q| H aw\xw ® Qa>a (80)

aeYTy) weP(Ty) a€Y(Ty)

where the sandwich is taken over all source Hilbert spaces in the subtree T,, leaving an operator
acting on the parent-source Hilbert space Hayy)-

We prove equation recursively from the leaves towards the root. For a leaf party v, the
subtree T, contains no source vertex, so the identity is simply equation Now let v be an
internal party and suppose that equation holds for every u € ch(a) and every o € ch(v). Recall
that Q, = ®uech(a) Q. For fixed « € ch(v), the subtrees T,, u € ch(a), are pairwise disjoint, and
the same is true for the branches corresponding to distinct o € ch(v). Consequently,

X =R e QK K & 1)), (81)

aeYTy) a€ech(v) acch(v) uech(a) BEYTy)
Qi)
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and

H awlxw M:z}q,|x1,)1/2 H H H aw\xw (11}1,|x1,)1/2 (82>

weP(Ty) acch(v) uch(a) weP(Ty,)

due to the mlxed—model commutation relatlons of M? e Thus, using the induction hypothesis

equation |( and equations (7 , and ( , we obtaln

Qo= (M )" R Qe | (M2,) 7100
aEch(v) (83)

() %l [ MLl @ Q)

aesm) wEP(Ty) a€YTy)

This proves equation (80) for v.
Finally, at the root r, the same disjoint-subtree argument of internal vertices applies. Therefore,

by equation (78) and the claim equation (80)

ote | @ Qa | =( Q) Ul [ Ml @ Q) =n(akx). (84)

acch(r) aey(T) veP(T) aeS(T)

Hence the constructed source-transfer realization reproduces the original mixed correlation.

Source-transfer model = mized model. Conversely, suppose that a source-transfer realization on
(T,r) is given. For every source o € S(T), let (’Ha, Ta, \Qa>) be the GNS representation of (Ag,we)
and define the source von Neumann algebra by

Mgy = 70(An)" C B(Ha) - (85)
For every child party v € ch(«), define the observable algebras of v on source a by
M=o (A% € B(Ho),  MPHY) = M. C B(Ha)- (86)

Note that MY, v € ch(«), mutually commute because they arise from different factors of the maximal

tensor product A, and the parent algebra Mgm(a) commutes with all of them by construction.
Define the global source Hilbert space and source vector by

= X Ha, = & 1) (87)

aey(T) aey(T)

For every party v, the incoming product state wi® = & acch(v) Wa has the GNS representation

W= @ M = @ e ()= @ 100, )

a€ch(v) a€ch(v) aEch(v)

by the product-GNS argument in corollary

26



Reconstructing measurement POVMs. For every non-root leaf party v, define

Mgz, = 7Tpaf(U)( Mg, o, ) € M) (89)

Now let v be a non-root internal party. Observe that the completely positive maps {CIDZU . YaueA,
satisfies the source-replacer condition with respect to wi™1 AV Thus, apply corollary 3.4 to its

input algebras A, a € ch(v), ambient algebra V = Apay), and output subalgebra Z = A;a )
This gives a POVM satisfying

v / ’U v o v
fe | ® s | s - @ Memae 0
aech(v) =My a€N+(v)
The partial-sandwich identity, equation (59), becomes
To) (P10, (@) = (M1, (7M@) © Ty, IO8), g € AT (97)
oIz V. L ApaI(U instead of ®? ol . L Apar(v)

the reconstructed POVM to the correct ./\/lpa 1) in the multlpartite parent source Mp,yp)-)
At the root r, remark 3.6 gives a POVM satisfying

arlzy € @ Mg = @ Mg =M, (92)

a€ech(r) acch(r)

(The reason we require ®? is precisely to localize

and

Wi o (@) = (P My o M@l g e AN (93)
It follows that every reconstructed POVM belongs to the local observable algebra required in
definition 2.1!

Recovery of the correlation from source-transfer realizations. It remains to verify that the reconstructed
mixed model reproduces the source-transfer correlation p(a|x). For every non-root party v, we claim
that its recursively defined message @), satisfies

Tpar(v) Qv - ® Qa | H aw\xw ® Qa>7 (94>

a€Y(Ty) weP(Ty) aeY(Ty)

where the partial sandwich is taken over all source Hilbert spaces in subtree T,, leaving an operator
acting only on Hp,y,). This is analogous to equation (80) from the forward direction.
We prove equation (94) by induction from the leaves towards the root. If v is a leaf party, then

S(Ty) = 0 and Tpaye) (Qv) = Tparv) (mzv|%> = M, ., leading to equation (94). Now let v be an

internal party and suppose that the claim holds for every u € ch(a) and every a € ch(v). For each
child source « € ch(v), Qo = ®u€ch(a) @, and multiplicativity of the GNS representation give

I[I ma(@u) (95)

uech(a)
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Then, we calculate

Tpar(0) (Qv) = Tpartw) | Phje, | X Qa

aEch(v)

<an‘ av|zv Tri)n ® QOL & I'Hpa,(v) ‘QLH>
a€ch(v)

U|73v ® H Wa(Qu) ® IHpax(u) |Q'lun>

aech(v) uech(a)

(Q iy, 1T 11 11 Miel @ @)

(96)
= (| M,

BeYTy) acch(v) uech(a) weP(Ty,) BeYTy)
- < ® QB| H aw|xw ® Q'B
BEYTy) weP(Ty) BeYTy)

The first equality is the recursive definition of @, in equation (69), while the second follows from

equation (91). For the third equality, we use equation (95) and 7 & aceiiv) Qa> = Quceiw) Ta(Qa)-

For the fourth equality, apply the induction hypothesis to every u € ch(«). Since the associated
subtrees are pairwise disjoint, their partial sandwiches can be taken simultaneously. Using the
same source-vector decomposition as in equation m then gives exactly the fourth line. The last
equality follows because of the commutativity of the reconstructed POVMs and the same party-vertex

decomposition equation (82). This proves the claim of equation (94)
Finally, using equations , and , and the disjoint subtree decomposition in equa-
tions @) and , we ananlogously compute

plax) =u | & @

aech(r)

(an’ ar|m 7_[_in ® Qa an
aech(r) (97)

=@M | QT me(@u) ] 10

acch(r) uech(a)

e U O | B e e R L R

acch(r) uech(a) weP(Ty,) veN(T)

Therefore the reconstructed objects form a mixed quantum realization on T and reproduce the
original source-transfer correlation p(a|x).

Root-independence of quantum correlations on trees. Finally, let r,s € P(T) any two choices of the
root party. A source-transfer realization rooted at either party r or s is equivalent to the same mixed
quantum model on T. This proves root independence and finishes the proof. O

We remark that the equivalence of both models preserve in finite dimensions.
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Remark 4.3 (Equivalence in finite dimensions and the tensor-product model). On source-party
trees, finite-dimensional mixed realizations and finite-dimensional source-transfer realizations give
exactly the same correlations. Together with remark this shows that both are equivalent to the
finite-dimensional standard tensor-product model of .

Indeed, the mixed-to-source-transfer construction in theorem 4.2 takes AY = MY C B(Ha).
If every H, is finite-dimensional, these algebras and their maximal tensor products A, are finite-
dimensional. Conversely, if every A, is finite-dimensional, its source-state GNS space is finite-
dimensional, with dim H, < dimc¢ A,. The algebras MY, and M., in the reconstruction act on these
same spaces, and corollary gives each party’s POVM on the tensor product of its neighboring
source GNS spaces. The resulting mixed realization therefore acts on the finite-dimensional global

space H = @peq) Ha-

Before considering an application to general networks with classical sources, we explain where
the preceding proof uses the tree structure.

Remark 4.4 (What is special about source-party trees?). The proof of theorem uses the tree
structure in two places. First, every non-root party has a unique parent source, and every source
has a unique parent party. Thus the output algebra of each party’s transfer maps is unambiguously
determined.

Second, the subtrees below different child sources of a given party are disjoint. Since distinct
source vertices represent independent quantum sources, their states form exactly the product state
wi, giving the product-source-replacer condition required by corollary Note that the same
product-state mechanism also plays a central role in the previous equivalent results for the bilocal
network .

The same argument does not extend directly to source-party graphs containing cycles. For
example, consider the quantum triangle network 1 — aj9 — 2 — aig3 — 3 — a3 — 1, which is a six-cycle
in the source-party graph. If party 1 is chosen as the root, the branches starting with a2 and
a3 remain connected through party 2, source ags, and party 3. They are therefore not disjoint
source subtrees, and the product-state replacer channel on the right hand side of the source-replacer
condition in corollary is no longer available.

4.3 Application to networks with classical sources

A natural question is to what extent theorem extends beyond source-party trees. We show that
it also gives a characterization of source-party graphs when removing the classical sources results in
a disjoint union of source-party trees. For simplicity, we demonstrate the argument for a triangle
network with a classical source v connecting A, B. The other sources «a, § connect A,C and B,C),
respectively. Removing 7 leaves the bilocal tree A —a— C — 3 — B, which we root at C; see figure 6.

— [AH@Ho 1B 5]

Figure 6: A triangle network, an elementary example of a source-party graph with a cycle. Here, suppose
that v is classical; removing it leaves the bilocal tree A — a — C' — 8 — B, rooted at C.
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Proposition 4.5 (Triangle networks with one classical source). Let p(a,b,c | x,y, z) be a correlation
with finite outcome sets A, Ap,Ac and finite setting sets X4, Xpg,Xc. Then p admits a mized
triangle realization with a classical source v if and only if there exist N € N, a probability distribution
(w)N.,, and a correlation q with the outcome sets Ax,Ap,Ac and setting sets X4 x [N], Xp x [N],
X, respectively, such that g admits a source-transfer realization on the bilocal tree A—a—C —5—B
and

N
pla,bc|z,y,2) =Y wiq(a,b,c| (x,1), (y,1), 2) (98)
t=1

for every a,b,c,x,y, z.
Proof. Suppose that p admits a mixed realization on the triangle such that ~ distributes a possibly

continuous classical variable A € A according to a probability measure p. The measurements at A, B
may depend on ), so we write M7 (\) and M[ (\). The remaining source product state |Q,) ® |Q3)

alz bly
and the measurement Mc(fz do not depend on A.

The correlation p then satisfies

p= /AF)\ dp(A),
Fy(a,b,c|z,y,2) = (Qq ® 95|Mﬁx(A)Mﬁy(A)MSZ|Qa ® Qg).

(99)

Carathéodory’s theorem |[RGW18, Proposition 2 and Appendix A] implies that there exist N € N,
values A1,..., Ay € A, and weights wq,...,wy > 0 such that

N N
p=> wkFy, > w =1 (100)
t=1 t=1

Thus, p can be replaced by a discrete distribution on {A,...,An}. It suffices to use the finitely
many measurements M ;Tx()\t) and Mﬁy()\t), while |Q,) ® |Q25) and MSZ remain fixed.
Regarding t,s € [N] as additional measurement settings at A, B, respectively, we define a

correlation ¢ with the following mixed realization on the bilocal tree:
q(a,b,c | (x,1), (y,5), 2) = (Qa @ Q3| M}, (\) My, (As) M. |00 ® Q). (101)

Then equation gives equation The correlation ¢ is defined on the bilocal tree A — o —
C — B — B, with finite setting sets indexed by (z,t), (y,s), and z. Hence theorem gives a
source-transfer realization of g.

Conversely, suppose that ¢ admits a source-transfer realization and that p satisfies equation
for a finite probability distribution (w;).,. By theorem ’EL we obtain a mixed realization of ¢
with source states |€2,) , [€23) independent of ¢, s and measurements M;“(m), Mlﬁy,s)’ and Mc(fz Add
an independent classical source v that sends the same value ¢t to A, B with probability w,. Using

M ;?(% y and Mﬁ(y’ 1) Tecovers p by equation |(98) O

Remark 4.6 (Generalization beyond triangle networks). The proposition generalizes inductively
to networks in which removing the classical sources results in a disjoint union of source-party
trees. Indeed, we reduce each classical source in turn to finitely many values by the Carathéodory
argument, and regard these values as additional measurement settings at its neighboring parties.
Each remaining tree then has finite setting sets, so theorem 4.2 applies to it. For each fixed choice of
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the classical source values, the joint correlation is the product of the tree correlations since they are
disjoint. Summing these products with the probabilities of the classical source values recovers the
original correlation.

5 A complete source-transfer SDP hierarchy for quantum tree net-
works

The characterization in theorem 4.2 replaces the more concrete Hilbert-space description of a quantum
tree network by source C*-algebras and states, positive root functionals, and completely positive
transfer maps satisfying source-replacer conditions. In this section, we use this characterization to
construct a new complete SDP hierarchy for quantum tree networks.

Positivity of states and functionals can be imposed through Hankel and localizing matrices. To
handle nonlinear constraints on state values, the state-polynomial framework |Kle+23| provides a
systematic approach, with many quantum applications [MH24; RXL26; Xu+26]. Such constraints
arise naturally in the source-replacer condition through products of source-state values. This
motivates extending the framework to multiple states on distinct source algebras.

A further extension is needed to incorporate the completely positive transfer maps between
these algebras. Completely positive maps have also been incorporated into SDP hierarchies for Bell
scenarios , where they are represented through dilating *x-homomorphisms. However, an
arbitrary dilation of each transfer map need not preserve the source-party structure of a quantum
network. We therefore encode complete positivity directly through operator-valued Hankel matrices,
allowing us to reconstruct the required maps with their prescribed input and output algebras
unchanged. The resulting framework extends noncommutative real algebraic geometry to jointly
optimize over several states and the completely positive maps linking them, rather than over the
moments of a single state.

We first construct the multi-state polynomial algebras associated with rooted source-party trees
and define the source-transfer SDP hierarchy. We then introduce its quadratic-module formulation
and show how characters satisfying the constraints reconstruct source-transfer realizations for trees.
These results establish convergence to the source-transfer model and, by theorem to the mixed
quantum model. We conclude with a consequence for the computability of quantum tree game
values: the corresponding promise problem is coRE-complete.

Throughout this section, we fix a finite source-party tree T, rooted at a party r € P(T), together
with finite setting and outcome sets X, and A, for every party v € P(T).

5.1 Multi-state polynomials with completely positive maps

We begin by rewriting the C*-algebraic objects of definition 4.1 in the language of noncommutative
polynomials. We then introduce the multi-state polynomial *-ring for our problem, generaliz-
ing by allowing different state symbols on different source x-algebras.

The noncommutative *-algebras 2(, are again constructed recursively from the leaves towards
the root, alternating between party and source vertices. If « is a leaf source, set A, = C. Let v # r
be a leaf party. For its parent source par(v), define nga o) to be the unital x-algebra generated by
the symbols

{mzvm tay €A, Ty € Xv} (102)

satisfying the POVM relations (m?

* v v —
av\xu) =M and Y7, o m =1.

ay Ty
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Given an internal source o, whenever the local source algebras Y have been defined for every
child party v € ch(a), define its joint formal source algebra by

A= Q) A, (103)

vech(a)

where @) denotes the algebraic tensor product and each tensor factor is identified with its canonical
unital copy in 2.

Now let v # r be an internal party and suppose that 2/, has already been defined for every child
source a € ch(v). Define the formal incoming algebra by

A= Q) Ao (104)
aech(v)

For every monomial w € Q[i)n and every (ay,xy) € Ay X Xy, introduce a formal symbol

Y (w), (105)

ay|Toy

(w)* and extend the
symbol linearly to all of 2i". The algebra Ql; ar(v) is then defined to be the unital x-algebra generated

modeling the action of the transfer map at v. We impose \szlxu (w*) = \I}Zleu

by the symbols \IJZvIa:v (w). At the root, after the formal algebras of its child sources have been
defined, similarly let

A= Q) Aa. (106)
aech(r)

Next, we define the degree on these formal algebras. Every leaf POVM symbol has degree one,
deg(mzv|zu) =1, and the degree is extended additively to products. For elementary tensors and
transfer map symbols, set

deg <® p7;> = Z deg(p;), deg (\Ilzvm (q)) =1+ deg(q), (107)

and let the degree of a polynomial be the largest degree of its monomials. Since T, the setting sets,
and the outcome sets are finite, there are only finitely many formal monomials of degree at most d
for every d € N.

We now introduce the state-polynomial extension. For every source o € S(T) and every monomial
w € Ay, introduce a formal scalar state symbol ¢, (w) modeling the joint source state w,. At the
root, for every (a,,x,) € A, x X, and every monomial w € Qlirn, introduce a formal scalar functional
symbol ggrlzr (w) modeling wgr‘mr. Extend these symbols linearly to all polynomials and impose

W) =1,  w@)=w®" Y M= (@) =@ (108)

All scalar symbols are required to commute. Denote the resulting commutative unital x-algebra by
) = C[ga(p), cgr‘xr(q) |laeS(T), (ar,z,) €A x Xpy pE Ry, qE Ql;n] (109)

We call it the multi-state polynomial x-algebra.
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We further extend <4, <! and \I}Zleu by (1, -linearity. That is, for s € 7 ,), we impose

r‘xry

‘s

Salsp) =s6a(p);,  S4pe, (50) =55 1o (@), Wo 5, (s0) = 5T |, (q). (110)

The degrees of the scalar symbols are

deg(ca(p)) = deg(p),  deg(cy, |, (0)) =1+ deg(q), (111)

and are extended additively to all of .(t ;). Denote by 5”(”.!'.77,) C (1) the subspace of polynomials
of degree at most d.
For every source a and party v, define the noncommutative multi-state polynomial rings

FLo= L0 @0y, IV =Sy WY, (112)

where the tensor products are algebraic. The state symbol Sa 18 naturally a (T ,)-linear map on
&, while the root symbols ggrm are .7(1 )-linear maps on ;. The degree on these rings is again
defined additively, and a superscript d denotes the subspace of degree at most d.

For every party v, the product of the state symbols over its child sources defines a .#( ,y-linear
map

H St 0= LT (113)

aech(v)

I |5 & | =5 [ salta) (114)

aech(v) aech(v) aech(v)

This formal product corresponds to the incoming product state wi® in equation (63). We do not
introduce yet another state symbols ¢ to avoid difficulty of degree tracking.

For any *-algebra 2 with a fixed set of generators, let Mon<4(2() denote the set of monomials of
degree at most d, and let Mon(2() denote the set of all monomials.

The construction of 2A? is clearly parallel to A?, in definition so any abstract polynomials
in above has a concrete counterpart given an exact source-transfer realization. We refer to this as
evaluation.

Definition 5.1 (Evaluation on a source-transfer realization). Let R(t,r) be a source-transfer realiza-
tion on (T,r) as in definition ’471 The formal *-algebras above admit a natural evaluation in R .,
defined recursively from the leaves towards the root.

At a leaf party v, the measurement symbols are evaluated as the corresponding POVM elements
in Agar(v)' At a source a, the tensor factors of U, are evaluated in the corresponding factor algebras
AY and combined in Ay. At every non-root internal party, set

ool (DR(Tm) = 4 1, (@(Rr.)) - (115)

This defines p(R(t ), the evaluation of p on R(1,r), for every formal noncommutative polynomial p.
The scalar symbols are evaluated by

Sav (p) (R(T,r)) = Wo (p(R(T,r))) e C, Cgrm (Q) (R(T,r)) = WZT|xT (Q(R(T,r))) eC. (116>
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Extending multiplicatively and linearly defines f — f(R(t,y) € C for every f € S1,). We call
f(R(1r)) the evaluation of f on Rt .

5.2 Source-transfer SDP hierarchy

We now define the hierarchy of SDP relaxations for definition using the multi-state polynomial
rings above.

Fix d € N sufficiently large so all objects below are appropriately defined, and let L, : Y(?l.‘%r) —C
be a hermitian linear functional. We first define the matrices in our relaxation.

1. Source Hankel and localizing matrices. For every source aw € S(T) and every self-adjoint

f € &, define

{Hg_{deg;f)l (f;Ld)} = Lq(sa(w] fw2)), wy, W € Mongd_[de%(f)w (ZLa). (117)

wi wa
The source Hankel matrix is H§(Lq) := H§(1; Lq).

2. Post-measurement Hankel and localizing matrices at the root r. For every (a,,x,) € Ay X X,
and every self-adjoint f € % we similarly define

[Hj:'fzw-‘ (f7 Ld)] =Ly <§£r|mr (wffuu)) s w1, w2 € Mongdi [%_‘ (,5’:}1)
w1,W2

(118)

The post-measurement Hankel matrix is H;ilf "(Lg) = H;:‘f "(1; Lyg).

3. Transfer map complete-positivity matrices. For every non-root internal party v and every
(ay, zy) € Ay X Xy, define

cd_l(\pgvm;Ld)L = Ly (gpm) (wm;m (t’ftg)u@)) , (119)

w1,t1),(wa,t2)
where w; € Mon(# payy)) and t; € Mon(#1*) satisfy deg(w;) + deg(t;) < d —1 for i = 1,2.

Here \I/va (tt2) € nga o is identified with its canonical copy in the joint parent-source algebra
A pax(v)- Next, define the following multi-state polynomials in 7 ).

(1) Source-replacer polynomials at internal parties. For every non-root internal party v € P(T),
Ty € Xy, P1,P2 € FLpar(v), and q € L7, let

1, (1,4 02) = Spar) [ 1| DL Vo @ = | ] sa| @ |2 |- (120)
ay €Ay aech(v)

(ii) Source-replacer polynomials at the root r. For every z, € X, and q € | let

W@ =Y sw@—{ ] «|@- (121)

ar€A, acch(r)
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(iii) Correlation polynomials. For every (a,x), define the formal source and party messages
recursively as in equations @D and m:

v v is a leaf party,

Qv | Ty’
Qo = Qu, Qu = 122
" v;%a) ° b \Ilzlev ® Qo |, v is an internal party. (122)
aech(v)
Define
ha‘x = géj”“‘r ® Qa ’ (123)

aech(r)

We are now ready to define the hierarchy.

Definition 5.2 (Source-transfer multi-state SDP relaxation). Let T be a finite source-party tree
rooted at r € P(T), with finite setting and outcome sets X, and A, for every party v € P(T), and
with the associated multi-state polynomial algebras defined in section 5.1, Fiz d € N large enough so
that all objects below are appropriately defined.

Let SST(T, r) be the set of hermitian linear functionals Ly : <5”(2Td7r) — C satisfying

Ly(1) =1, (normalization)

Hi(Lg) = 0, VaeS(T), (source-state positivity)

Hsﬂfr (Lg) = 0, V(ar, ) € Ap X X, (root-functional positivity)
Hflideg(g&)(]l — grnga; La) = 0, Vg gevn‘;‘fast(;i’ of e, (source archimedean constraint)
H;:'f:deg(gr)(]l —grgr; Lqg) = 0, Vo ge\jzijgi;s)’of ain, (root archimedean constraint)

H jﬂ”) (Mg, 2,5 La) = 0, :/?ifzz)léagvpfggz (leaf POVM positivity)
Cd_l(\IlZUm;Ld) =0, vvé&j@i@tgz(gfﬁy’ (transfer-map complete positivity)

Yv#r an internal party, Y@y,
Lg(hy, (w1,t,w2)) =0, w1, w2 €Mon(F payr)), teEMon(F3), (internal source-replacer)

deg(hy,, (w1,t,we))<2d,
Lq(h% () =0, vggé(zgvl(i)n)gg)’ (root source-replacer).
(124)
As d increases, the sets SCSIT (T,r) define a hierarchy of multi-state SDP relaxations for optimization
over quantum tree networks. In particular, for a self-adjoint f € Z%fir), define

dn(f) = if  La(f), a o (f)=sup  La(f). (125)
LqaeLST(T,r) LaegST(T,r)

To test a prescribed correlation p(alx), let £57(T,r,p) C £31(T,r) denote the subset further
satisfying

* V thiat] El EM ‘V ™)) - .
Lg (57 (hax — p(alx))s2) =0, deg(.:;(+(iselg§§2)+?12g(;(l;;;;)§2d, (prescribed correlation).  (126)
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We say that p(a|x) passes the level-d source-transfer SDP relazation if £31 (T, r,p) # (.

Each level of relaxations can be cast as an SDP because all matrix entries and equality constraints
are linear in the moments of L;. Moreover, the restriction of every Ly € 2311(1_,7’) to .72

(Tr)
belongs to £3T(T,r), and the same holds for £57(T, 7, p). Thus the hierarchy is monotone:

BER() = BEN(S),  BET(S) < BF(S) (127)

for all sufficiently large d.
We refer to appendix A for some concrete examples of the source-transfer SDP hierarchy.

5.3 Quadratic-module formulation of the SDP hierarchy

We reformulate the SDP hierarchy in definition 5.2 in the language of archimedean quadratic modules
for the later convergence proof.

The positive-semidefinite matrix constraints in definition can equivalently be written as
positivity conditions on multi-state polynomials. For every self-adjoint [ € Zq,

2

Hy (a0 20 = Lalsals'fp) 20 (128)

_ [dL(f)—‘

d .
for every p € & . Similarly, for every self-adjoint f € ",

HS:'F;g(g)HW (fiLa) =0 <= Ld(gng(p*fp)) >0 (129)

g [destn) 41
for every p € (&") [ 2 w

The complete-positivity matrix has the analogous interpretation

m
Ca1 (¥, i La) 70 <= Ly Z<pal<y)(p?‘I’Zm(q;kqj)pj) >0 (130)
ij—1

for every finite family p; € &,y and ¢; € S satisfying deg(p;) + deg(q;) < d — 1. In the limit,
this is the multi-state polynomial form of the complete-positivity criterion in [Bla06, 11.6.9.8].

The equality constraints have a similarly useful polynomial interpretation. By linearity, the
source-replacer constraints in equation are equivalent to requiring that L, vanishes on the
complex linear span of the source-replacer polynomials A7 and A} _. By the -preserving property of
state symbols, this span is closed under involution, so vanishing on it is equivalent to vanishing on
its hermitian part. We can therefore rewrite the source-replacer constraints as

Ld(E(T,r)) =0, E(T,r) = {h = h* | h € spang {hzv (p1,4,p2), h;r(q)}} C AT (131)

The correlation test with hax — p(alx) can be treated analogously.
We now combine the preceding positivity and equality conditions into a single quadratic module.

Definition 5.3 (Source-transfer quadratic modules). Let the source-transfer quadratic module
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Q(T,r) C F 1, be the following cone in the hermitian part of S (1 ):

Q(T,r) = cone({ga(p*p) | aeS(T), pesa}

(ar,xr)EAR XXy, qgESL IR }

OlGS(T), pPEL a,
*(1 — 9a90)p) ‘ Ja a generator of Qla}

(ar,zr)EAr X Xp, gESL N,
gr a generator of 20

SREAMCYY

U

{aatv
U { Saplz, (@ (L = g79r)q)
{

Spai(v) ( av|zvp)

(-

v#r a leaf party, (av,Tv)EAL XXy,
peypar(v)

v#r an internal party, (av,Tv)EAL XXy,
U Z Spar(v) ( i ‘I’Zv‘xv (Q;Qj)pj) MEN, Pi€S parv)» GES D ) + g(T, 7").
ij=1
(132)
Here cone denotes the set of all finite nonnegative real linear combinations of the displayed multi-state
polynomials.
For a prescribed correlation p(a|x), define

Q(T,rp) = T, ) + {h —

h € spanc{si(ha;x — p(alx))sz | 33
51,82 € <5ﬂ(T,r)7 a,x}}.

Finally, let Qq(T,r) and Qq(T,r,p) denote the corresponding degree-2d truncated cones. Their
unions over d give back Q(T,r) and Q(T,r,p), respectively.

We now justify the name “source-transfer quadratic module”. For every s € .t ), multiplication
of the positivity generators by s*(-)s can be absorbed into the corresponding test polynomials,
namely p — ps, ¢ — ¢s, and p; — p;s. The equality space E(T,r) is closed under the same operation
due to the St ,-linearity of the state symbols. Hence

s*Q(T,r)s c Q(T,r), (134)

so 9Q(T,r) is indeed a quadratic module. Then Q(T,r, p) is also a quadratic module since the added
correlation span is also closed under s*(+)s.

Remark 5.4 (Quadratic-module formulation of the hierarchy). Consider hermitian linear functional
Lg: 5”( ny = — C. By equations 128 @ the unconstrained source-transfer SDP hierarchy
optumzlng over quantum tree net works has the equivalent form

Lic &5(T,r) <= Lg)=1 and Lg(f) >0 forevery f e Qq(T,r).  (135)
Likewise, the hierarchy testing a prescribed correlation p(ajx) on quantum tree network satisfies

Ly &55(T,rp) <= Lgd)=1 and Ly(f) >0 forevery f € Qq(T,r,p). (136)

We now make a technical observation on Q(T,r) and Q(T,r, p) for the later convergence proof.

Lemma 5.5 (Archimedean property of Q(T,r)). The quadratic modules Q(T,r) C S1,) and
Q(T,7,p) C 1) are archimedean. That is, for every self-adjoint f € (1 ,y, there exists some
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Ry > 0 such that
R/l £ feQ(T,r) c Q(T,r,p). (137)

Proof. Tt is enough to prove that Q(T,r) is archimedean since Q(T,r) C Q(T,r,p). As in [Kle+23.
Lemma 5.4 and 6.17], it suffices to show that the self-adjoint real and imaginary parts of every
generator of the commutative multi-state polynomial ring .#(t ;) are bounded with respect to Q(T, 7).

We first consider a source-state symbol ¢, (w) with monomials w € 2. For every generator g, of
2, the source archimedean constraint implies that

Sa(w'w) = a((gaw)*(gaw)) = sa(w* (1 — ga9a)w) € Q(T, 7). (138)
Induction on deg(w) and (1) = 1 give
1 — co(w*w) € (T, 7). (139)
Therefore,

21 £ (Go(w) + so(w)*) = (T £ w)* (1 £ w)) + 1 — ¢ (w*w) € Q(T, ),

21 £ i (so(w) — sa(w)*) = o (1 + iw)* (1 + iw)) + T — ¢o(w*w) € Q(T, 7). (140)

Hence the real and imaginary parts of every source-state generator ¢,(w) are bounded, as desired.
Next, let w be a monomial in 20" and consider ggrm (w). The same induction using the root
archimedean constraint leads to

Sarfer (1) = S, 1, (W w) € Q(T, 7). (141)
Moreover, root-functional positivity and normalization } gngxT(ﬂ) =1 imply
L= (@)= D ¢, (1) €T, 7). (142)
br#ar
Thus, by summing the above two, we have
1 —cy pp, (Ww) € Q(T,r). (143)

Consequently,

20 = (1, () + 65,y (0)°) = 65, (L £ W) (1 £ w0) + 1=, (1)

ar\wr arlrr

+1- ggr|;rr (w*w> € Q(T7 T)?

207 (5] 1y, () = <5y (0)°) = 60 (1 G0)* (1 0)) + 1 =, (1)
+1 =, (ww) € Q(T, 7).

(144)

Thus the real and imaginary parts of every root-functional generator are bounded as well.
Since the source-state and root-functional symbols generate (1 ) as a commutative x-algebra,
it follows that Q(T,r), and subsequently Q(T,r,p), are archimedean. O]
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5.4 Characters of multi-state polynomials and source-transfer realizations

We now show that characters of the multi-state polynomial algebra subjected to our SDP constraints
can reconstruct source-transfer realizations.

Recall that a character of the commutative multi-state polynomial *-algebra (1 ;) is a unital
x-homomorphism

K:S 7, —C, K(s7s2) = K(s1)"K(s2). (145)

In particular, a character is multiplicative on state symbols, regardless if they carry the same source

labels or not. For example, for an incoming elementary tensor ¢ = ) acch(v) da € 2 one has

K [ «|@]= ] Kalaw)). (146)

aech(v) a€ech(v)

Note that this multiplicative property concerns only the commutative multi-state algebra .#(t ), and
does not imply that the formal state symbols, or the states reconstructed from it, are multiplicative.

Lemma 5.6 (Source-transfer realization from a character). Let K : 1,y — C be a character
satisfying

K(f)>0 for every f € Q(T,r). (147)
Then K gives rise to a source-transfer realization on (T,r). If, in addition,
K(f)z0  for every f € Q(T,r,p), (148)

then the reconstructed realization produces the prescribed correlation p(alx).
Furthermore, the reconstructed realization Ry satisfies

f(Ri) = K(f) (149)
for every f € (1 ,, in the sense of multi-state polynomial evaluation in definition E

Proof. Reconstructing the source algebras and states. For every source a € S(T), define

Walq) = K(sa(q),  q€Ua (150)

Source-state positivity and normalization imply @, (¢*q) > 0 and W, (1) = 1. Thus @, is a positive
normalized functional on the unital x-algebra 2,. We apply the algebraic GNS construction (see
e.g., |BKP16, Theorem 1.27|) with the source archimedean constraints. Let N, = {q € Uy |
wa(q*q) = 0}. For every generator g, of 24,

Wa(q"9a9aq) < Wal(d"q), (151)

so N, is a left ideal and left multiplication by each generator is contractive on 2, /N,. After
Hilbert-space completion, this gives a bounded GNS representation (Ha, T, \Qa>) of A,.
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For every child party v € ch(a), define

AV = O (ma(AL)) € B(Ha), A = &) A (152)

vech(ca)

The algebras A? mutually commute because the associated 2, commute in 2. The inclusions into
A, therefore induce a canonical unital *-representation of A, on H,, which we omit for simplicity.
Define the source state w, by

wa () = (Qa|x|Q0), x € A, (153)

For a leaf source, we take the convention A, = C and w, = id¢.
Define the dense unital x-homomorphism

Ta : Ao — A, Ta ® Qv | = ® Wa(qq))- (154)

By construction,

wa(Ta(9) = K(sa(a)), g€ (155)
Reconstructing the leaf POVMs. If v # r is a leaf party, take

Tpar(v) (mgv \xv) € Abarw) (156)

to be the measurement POVMs. The POVM normalization, », Tpayw) (mlivm) = Tpar(v) (1) =

I3y 18 imposed algebraically in nga H0)" For positivity, the leaf positivity constraints give

(o) Toarts) (P) o) (M, ) Trnc) (P gt = K (Spar) (Pt e,p) ) 20 (157)
for every p € Apy,y- Cyclicity of ’Qpal(v)> therefore implies 7y (mgvm) > 0.
Incoming algebras at the parties. For every party v, define
Al = ® A, win = ® Was (158)
aech(v) aech(v)

where wi' is associated with the vector |Q') = & acc() [$2a). The maps in equation (154) induce a

dense unital *-homomorphism

min . n . Ain rin ® o | = ® Ta(qa)- (159)

aech(v) aech(v)
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Using equations (146) and (155), we have

W) =E(| J] «]@]|, qeu (160)
aech(v)

Properties of the represented formal transfer map symbols. Let v # r be an internal party, we make
two useful observations on the symbol 7., <\Ifav|xv (q))

First, the complete-positivity constraints imply that, for every finite family q1,. .., ¢y, € A® and
D1y Pm € Apar(e)s

m
> Qo) [Tpar(o) (P6) Tpantv) (‘I’va (q; q]')) Tpar(v) (P1) | par(v))
ij=1
(161)
= Z Spar(v) (P ( av|:1:v (qz qj )p]> > 0.
i,j=1
Since Tpa(v) (Rpar(v) ‘Qpal(v > is dense in Hqyy), it follows that
o) (Vo (07 qj'))LFl =0 (162)

as an operator-valued matrix on H®"” . with each entry belongs to the algebra AY

par(v)’ pal(v
Second, the internal source-replacer equalities similarly imply, for every ¢ € 2* and p1,ps €

s211;)a1(v) )

<Qpat(v |7Tpar(v) pl (Z Tpar(v) ( av|£v( )) - wi}n (WLH(Q)) I'Hpal(v)> Tpar(v) (p2)’Qpa1(v)>

(163)
=K (h;v(pb QaPQ)) =0.
Again by cyclicity, for every ¢ € AI*, we have
D Moafo) (‘I’Zv\xv (Q)) = w0 (M(9)) Tty (164)

ay €Ay

Well-definedness with respect to the incoming algebra representation. Suppose that 7i*(q) = 0. We
show that ma ) (P9 . (g)) = 0. By equation (164),

av|zv

Z Tpan(v) (qlzleu (q*q)) = w0 (mN(@) 7)) Tty = 0- (165)

par(v

Every summand is positive by equation (162), and hence

Tpar(v) (‘I’ZU\% (q*q)) =0 (166)
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for every a, as well. Applying equation (162) to g1 = 1 and g2 = g gives

(Wpamv><WZU|xv(ﬂ)) me(w(‘l’va(Q))) - 0.

167
Tpa(v) (U, |, (4))" 0 (167)

It follows from positivity that a zero diagonal entry implies the entire corresponding row and column
to vanish that ﬁpal(v)(\llzlev(q)) = 0.

In other words, mpuyy) (¥ (q)) depends only on 7*(g) rather than q.

v
ay|To

Reconstructing the transfer maps. On the dense *-subalgebra 7 (4®) € A®, define the transfer map

(I)Zv\xv s Ln(m;)n) Tpar(v) (lear(v)) by

®; 1o, (M0(0) = Tpar(e) (‘I’Zv\xv (Q)) € Apav): (168)

This is well defined by the above argument, showing that ”padv)(quv\xv (q)) depends only on 7i"(q)
rather than ¢. Equation equation (162) becomes

(@010, (F25)] =0 (169)

7’7]

for every finite family z; € 7'*(2i"), while equation (164) becomes

Z oy, (7) (x)IHpa oy € mh (AN, (170)

ay€EAy

We next show that @va is contractive. Indeed, equation (169) implies

( . |:ch1(]l @Zv\xv(x) ) - 0, (171)

(pav|1'v <$)* ®ZU|‘TU (x*x)

and equation (170) implies

0<®y 1, (1) < Iy 0< @y, (a2) < W () Ity < N2 T3 - (172)
Therefore by Cauchy—Schwarz inequality for positive 2 x 2 operator-valued matrix,
o, @] < 2. 0] ot o] < ot (173
proving the claim.
Hence, @va extends uniquely by continuity to
(I)Zv\z Am — Apm(v (174)

Equation equation (169) extends to the norm closure, so this extension map is completely positive
due to [Bla06, I11.6.9.8|. Likewise, equation (170) extends to

Z (I)Zv|$v (Jf) = wi}n(x)]l'A;al(v)’ (S AiUn’ (175)

ayEAy
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which is precisely the source-replacer condition with respect to the input state wi®.

Reconstructing the root post-measurement functionals. Define at r

)

arlan (@) = K (c;m(q)) . gEeA" (176)

Root-functional positivity gives il (¢*q) > 0. Moreover, the root source-replacer equality and

ar|zr

equation |(160) give

arEAr
Define
Wiy (7(0)) =0, (a) (178)

on the dense *-subalgebra 7" (") C A", It is well-defined by an analogous argument as for transfer

maps <I>Zv|$v. Indeed, equation (177) implies

Oa@a=0 = &7, | <al), mal), @a=0. (79)

arlxr a'rl r

M) =0 = @

2
r |
Furthermore, for z = 7i%(q),
2 .
Way |z, (90)‘ < wp g, (Dwp 1, (2¥2) < w(z'e) < 2], (180)

Hence wgrm extends uniquely to a bounded positive functional on A", and
D Wi, = W (181)
areAr
as desired.

With a prescribed correlation, and multi-state evaluation. We have therefore reconstructed all the
objects of definition 4.1, If furthermore K is nonnegative on Q(T,r,p), then the prescribed-correlation
equalities implies

Wi Lo ® Qo | = p(alx) (182)

aech(r)
for every a, x, by the same GNS cyclicity argument. Finally, f(Rx) = K(f), where R is the above
reconstructed realization, follows recursively from the definitions. O

5.5 Convergence of the SDP hierarchy to the source-transfer model

We are now ready to prove that the SDP hierarchy in definition 5.2, equivalently remark is
complete for the source-transfer model on quantum tree networks. It follows that we obtain a
complete SDP hierarchy to the mixed quantum model on trees in definition due to theorem
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Theorem 5.7 (The source-transfer SDP hierarchy is complete). Let T be a finite source-party
tree rooted at a party r € P(T). Then a correlation p(a|x) passes the level-d source-transfer SDP
relazation as in definition|5.2 for every sufficiently large d if and only if it admits a source-transfer
realization on (T,r) as in definition 4.1.

Furthermore, fix a self-adjoint multi-state polynomial f = f* € S(7 .y, and define

BN(f) = inf f(R), BEE(f) = Sup f(R), (183)

where R ranges over all source-transfer realizations on (T,r) and f(R) denotes the multi-state
polynomial evaluation as in definition 5.1. Then

min( ) A gmin(f), ) N\ BT(S). (184)

The same convergence holds after prescribing a correlation p(alx), with the infimum and supremum
in equation (183) restricted to source-transfer realizations R reproducing p(a|x).

Proof. Necessity. Let R be a source-transfer realization on (T,r). For every sufficiently large d,
define

Li(f) = f(R),  feI&m (185)

using the evaluation of definition Then Ly is a hermitian linear functional satisfying Lg(1) = 1.

We verify that Li(Qq(T,r)) C R>p. By construction, the internal and root source-replacer
polynomials, hj and h], , vanish under the evaluation of R. The source-state, root-functional, and
leaf-POVM generators are nonnegative since the corresponding states w, and functionals w;’T'zT are

positive and the leaf m? 1, ATC positive. For an internal vertex v # r, complete positivity of ®? B
also gives

S ey (PR, (6:(R)45(R)) pi(R)) > 0 (186)

ij=1

for every finite family p; € #., and ¢; € #". This corresponds to complete-positivity generators in
equation m

The archimedean generators, 1 — glg. and 1 — gg,, are also nonnegative. Indeed, every leaf
measurement generator mgvm is a contraction. For every internal transfer map @Zu‘xv, source-replacer

e
- is also contractive. It follows recursively from the leaves towards the root that every formal
generator is evaluated as a contraction, fulfilling the archimedean condition.

Consequently, Lq(Qq4(T,7)) C R>g, and thus Ly € £57(T,r) by remark Moreover, if R
reproduces the prescribed correlation p(alx), then by construction h,«(R) = p(alx) for every

condition and complete positivity imply 0 < &V (1) < 1. Since H@“

Ay |1'U Ay ‘ivv
v

a, x. Therefore, Ly is further nonnegative on Q4(T,r,p) and belongs to SCSIT (T,r,p). This proves
necessity of the multi-state source-transfer SDP hierarchy. (In fact, note that L(f) = f(R) for R a
source-transfer realization gives rise L as a character, corresponding to the observation in lemma 5.6,)

Sufficiency. Suppose that p(a|x) passes level-d multi-state source-transfer SDP hierarchy for every d
that is sufficiently large.
Choose

Lge &55(T,r,p) #0 (187)
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for each sufficiently large d. We aim to extract a normalized linear functional L on all of T ;) such
that L(Q(T,r,p)) C R>p using the standard diagonal extraction argument, thanks to lemma m

Indeed, as a vector space of countable dimension, we can enumerate a basis {b1, ba, ... } for AT
We can assume without loss of generality that these basis elements are self-adjoint, b = b;. By
lemma Q(T,r,p) C F (1, is archimedean. Then, for each b;, there exists a constant R; > 0 such
that R; £b; € Q(T,r,p). In particular, as Q(T,r,p) is the union of all Qu(T,r,p), for all sufficiently
large d we have also R; +b; € Qq(T,r,p). Consequently, |Lgy(b;)| < R; for all sufficiently large d.
It follows that the sequence {L4(b;)}q is uniformly bounded and has a convergent subsequence by
compactness. A standard diagonal argument over the countable basis {b1, ba, ...} gives a convergent
subsequence of Ly, such that Lg, (b;) is convergent for all i as k — oco. Define

L: y(T,r) — C, L(bz) = lim Ldk (bl) (188)

k—00

and extend L linearly to all of .#( ;). By construction, L(1) = 1 and L(f) > 0 for every f € Q(T,7,p),
as desired.

By the Kadison—Dubois representation theorem for the archimedean quadratic module Q(T,r, p)
lMarO& Theorem 5.4.4|, there exists a probability measure p supported on characters K : Sy —C
satisfying

K(p) >0 for every p € Q(T,r,p), (189)

such that
Lp) = / K(p) dp(K) (190)

for every p € (7 ,). Although L may be a mixture of characters, the prescribed-correlation
constraints in Q(T,r,p) force each of these characters to reproduce the same p(a|x). Choosing one
K and applying lemma therefore gives the required source-transfer realization. This proves
sufficiency and hence the first statement of the theorem.

Optimization. Let f = f* € (1, be a self-adjoint multi-state polynomial. Recall that every exact

source-transfer realization R induces, for all sufficiently large d, a feasible functional L, € 23T(T, r)
satisfying Lg(f) = f(R). Hence, as outer relaxations,

BYM(F) < BU(f),  BE(f) = B(S). (191)

min

By monotonicity and archimedean property, the sequence 35" (f) converges to some BIn(f) < oo.
Choose Ly € £5T(T,r) such that Ly(f) < 87 (f) + 1/d. Then the same compactness argument
as in the sufficiency part gives a limiting normalized functional L that is nonnegative on Q(T,r)

and satisfying L(f) = B2"(f). Applying equation m and lemma m
5P = L(h) = [ K(Dau() = [ 1R duk) = [ 5707 du() = (). (192)

Combine with equation this proves 7 (f) 2 A™in(f). Applying the same conclusion to — f
leads to B3 (f) . ™*(f).

Finally, the prescribed-correlation case is identical: one simply replaces SET(T, r) and Q(T,r) by
EET(T, r,p) and Q(T,r,p), then applies the correlation constrained case of lemma O]
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Corollary 5.8 (Completeness for mixed quantum tree networks). Let T be a finite source-party tree
and let r € P(T) be any root party. For a correlation p(a|x), the following are equivalent:

(i) p(alx) admits a mized quantum realization on T as in definition 2.1;

(ii) p(alx) passes the level-d source-transfer SDP relaxation rooted at r for every sufficiently large

d.

Moreover, suppose that a physical objective f admits, for every root party v, a self-adjoint multi-

state polynomial representation f, in the corresponding source-transfer description. Let Bgllllfg( f) and

mAX(f) denote its infimum and supremum over mized quantum realizations on T. Then, for every
root party r,

i (fr) 7 B (f), ar (fr) N Buie (f)- (193)
In particular, the limiting optimal values are independent of the root party r.

For example, any real polynomial f in the correlation entries p(a|x) has such a self-adjoint
representation f., obtained by identifying hgx from equation (123) for each entry p(alx).

Proof. This follows directly from theorems 4.2 and 5.7, O

The character reconstruction lemma also implies that the mixed-model correlation set Ciyix(T)
is compact for every finite source-party tree T with finite setting and outcome sets, so optimal game
values are attained.

Remark 5.9 (Compactness and attainment). Fix a finite source-party tree T with finite setting and
outcome sets. We first show that the characters K : .71 ,) — C satisfying K(Q(T,r)) C R>¢ form
a compact set in the topology of pointwise convergence. The archimedean property in lemma
gives, for every self-adjoint s € #(t,, a constant Rs; > 0 such that [K(s)| < R; for every such K.
Applying this to real and imaginary parts gives a uniform bound on K(s) for every polynomial
5 € S(1,r). Identify each K with the tuple (K (s ))sey(.r ,,» the bounds Ry show that (K(s))sesy,, €
HseYT ){z € C | |z| < Rs}, which is a compact set in the topology of pointwise convergence by
Tychonoff s theorem. Moreover, pointwise limits preserve linearity, normalization, and nonnegativity
on Q(T,r), as well as the character identity K (s*t) = lim; K;(s*t) = lim, T(S)K (t) = (t )
It follows that these K form a closed subset of the compact set [] {zeC| |z <

hence compact.
By lemma 5.6/ and theorem 4.2, the continuous map

K(s)K
R} an

Sety(*r, )

K — (K(hax)) (194)

a,x
takes characters K nonnegative on Q(T,r) to mixed-model correlations. Conversely, every mixed
realization gives a source-transfer realization whose evaluation defines such a character K. The
image of this map is therefore exactly Cuix(T), which is consequently compact. Every continuous
real-valued function of the correlation entries therefore attains its minimum and maximum on
Chix(T). It follows that any continuous real-valued f of the correlation entries p(a|x), including the
mixed-model game value of a tree network, attains its minimum and maximum for p € Chix(T).

We finish the subsection by an observation on the choice of root in practical implementation.
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Remark 5.10 (Finite-level dependence on the root). The choice of root party fixes the direction of
the source-transfer description, and therefore changes the finite-level SDP hierarchy. In particular,
it changes the recursively defined algebras 21, the joint source algebras 2(,, the source-state and
root-functional symbols ¢, and ggrm, the formal transfer symbols \I]Zlev’ and the corresponding
constraints.

Thus, at a fixed degree d, both the size and the strength of the relaxation may depend on the
root . The limiting correlation set and optimal values are nevertheless independent of this choice
by corollary Thus the root may be chosen to simplify the finite-level SDP or to obtain tighter
optimal values.

5.6 Stopping criteria and finite-dimensional extraction

We give a stopping criterion for the SDP hierarchy: a sufficient condition under which a finite-level
SDP solution yields a finite-dimensional source-transfer realization. By remark this also gives
finite-dimensional mixed and standard tensor-product realizations on the network. We follow [Kle+23,
Definition 6.9] to define the notion of flatness.

Definition 5.11 (0-flat extension). Suppose that T has at least one source, let d,6 > 1, and let
Lgis € Egzé(T, r). Write Lg := Ld+5]y(sz , forits restriction. We say that Lgys is a d-flat extension

of Lg if, for every source «,
rank HJ, s(Lq45) = rank HJ (Lq) =: nq. (195)

We now define a degree bound 6, that ensures the extension contains the polynomial relations
needed for finite-dimensional extraction. The bound is computed from the leaves to the root, using
polynomial degree and the ranks n, above. At a leaf party v, the POVM generators have degree
one, so set §, = 1. At a source «, degrees add across its child-party tensor factors, so we set

do = max ¢ 1, Z Oy ¢ - (196)
vEch(a)

To motivate these bounds, consider the finite-dimensional source algebras that we aim to reconstruct.
We assign polynomial expressions in A, the degrees of their formal counterparts in 2. Suppose
that dim H, = n, for the source GNS space and that AY C B(H,) is generated by polynomials of
degree at most J,. Starting from the span of 1, successively include words of length one, two, and
so on in these generators. If one step does not increase the span, multiplication by any generator
preserves that span, so it already equals AY. Since dim A% < n2, there can be at most n2 — 1 strict
increases. We can therefore choose a basis represented by words of degree at most n26,. Tensoring
these bases over v € ch(a) gives a basis of A, represented in degree at most n2d,.
At an internal party v, tensoring the bases of its incoming source algebras gives representatives
v =1,0Y,...,bY of abasis of A, each of degree at most Zaech(v) n264. Multiplication in AM is
determined by expressing each product of two basis elements in this basis. Thus, for each i, j, there
are coefficients ¢;;; € C such that the polynomial

gij = (09)0) = > cijubp,  deg(qi;) <2 ) nida, (197)
k aech(v)

evaluates to zero in A", To make the transfer map respect ¢i; = 0, the proof of lemma uses

q;;0ij, whose degree is at most 4 ZaEch(v) n2d,. To recover the data of Ly for w with deg(w) < 2d,
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the relations g(w) = w — Y, Ag(w)b} expressing w in the basis similarly require deg(q(w)*q(w)) <

4max{d, acch(v) ngéa}. A transfer-map or root-functional symbol adds one to the degree, so we set
0y =1+ 4max\< d, Z n20, (198)
aech(v)

for every internal party, including the root.
By construction, these bounds increase towards r:

0y < Opar) < 0 (v #T), da < dpaa) < 6 (@ €8(T)). (199)
The theorem below uses an extension of length § > 26,.

Theorem 5.12 (Character extension and finite-dimensional extraction). Let Lgys € SEJTF 5(T,7r) be a
0-flat extension of Ly, and let 6, be defined recursively by equations 4196) and . Suppose that
0 > 28, and satisfies the x-multiplicativity condition

Laps(s*u) = Lats(s)Lays(u)  (s,u € FE0

o). (200)

Then Lq extends to a character K : /(1 ,) — C nonnegative on Q(T,r). Consequently, there
18 a finite-dimensional source-transfer realization R whose source states have GNS spaces H,, with
dim H, = ng for every source o, and which satisfies

FR)=K(f)=Lalf)  (f €S- (201)

If Lgys € Egzg(T,r, p) and all correlation polynomials have degree at most 2d, this realization
reproduces p.

For an objective f € S 1,y with f* = f and deg(f) < 2d, the reconstructed finite-dimensional
realization R minimizes (respectively mazimizes) f over all source-transfer realizations on (T,r)
whenever Lg,s minimizes (respectively mazximizes) L(f) over L € £d+§( r). In the minimization
case,

BYS(f) = Lars(f) = f(R) = B™2(). (202)

The analogous equality holds with min replaced by max for mazximization.

Note that the x-multiplicativity condition in equation (200) is equivalent to

rank [Lgys5(s™u)] (203)

s,uEMonSd+5 (y(ry,,.)) =

. . 1 L T
Since Lgy5(1) = 1, rank one gives det(Ld+6(S*) Ld‘:‘ég)) =0, 50 Lgts(s*u) = Lgys(8)Lays(u) for
every pair of scalar monomials s, indexing this matrix. This condition could be satisfied, for
example, when Ly corresponds to an extreme optimal solution. Note that however, modern SDP

solvers converge to optimal solutions with maximal ranks in practice [Kle+23, Remark 6.11].

Proof. Finite-dimensional Gram representations. A Gram decomposition of H, s(Lqys) gives vectors
lq),, with (p | ¢)a = La+5(sa(p*q)). By flatness,

Hao = span{|q),, : deg(q) < d}, dim He = na, 1) =1[1),,- (204)
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Let g be a local generator of 2, with deg(g) < d,, and let p, ¢ be monomials of degree at most d.
Since deg(g*p) < 6, +d < d + 0, the vector |g*p),, is defined, and

(Pl99)a = Lars(sa(p*99)) = (9°Pl@)a- (205)

In particular, |¢), = 0 forces (p|gq)a = 0 for every such p, hence |gq), = 0 by equation (204)
Multiplication 74(9) |q),, = |949),, is therefore well defined on H,, and equation (205) gives m,(g)* =
Ta(g®). Since deg(g192q) < 26, +d < 25, +d < d + 6 by equation M and § > 26,, we also have
Ta(91)Ta(92) = Ta(g1g2) for any two such generators. The local generators g, with deg(g,) < d,
thus give a #-representation m, of a unital x-subalgebra of 2, on the n,-dimensional space H;
compare the flat GNS constructions of Theorem 1.69] and [Kle+23, Sections 6.3 and 6.5].
Iterating this identity from |Q,) = |1),, we obtain 74 (q) |Q2) = |¢),, for every polynomial ¢ in this
subalgebra with deg(q) < d+ 9.

For s € Zﬁlﬁé), the Gram inner product and equation (200) give

11900 = Lat(s) 19) || = Lags(s*s) — [Lars(s)|* = 0. (206)

Hence |s),, = Lg+5(5) |Q2). For a scalar monomial s and a source monomial g € 2, with deg(sq) < d,
multiplication gives |sq), = 7a(q) |5), = Ld+s(5)Ta(q) |Qa). Every monomial in %, has the form
5q, 50 Hqo = span{m,(q) |Qa) : ¢ € Mon<4(Aa)}-

Constructing a finite-dimensional source-transfer realization. We follow the construction in the proof
of lemma However, here we must obtain its positivity and source-replacer identities from the
finite-level SDP. Define

A? = C*(ma(gv) : gv a local generator, deg(g,) < d,) C B(Ha),

(83
max max

R AL A= R A (207)

veEch(a) aech(v)

The source states, incoming product states, and incoming polynomial evaluation into .Ai)n are defined
by

wo| & 2o | =l [] 2/Q), €AY,

vech(ar) vech(ar)

wi)n ® To | = H wa(Za), To € Aa, (208)

aech(v) aech(v)
| Q® Q=& & mlaw).
acch(v) uech(a) acch(v) uech(a)

Here ¢l is a polynomial in the local generators g, € A% with deg(gy,) < 0.
Since A* is ﬁnite—dimensional for each internal party v we find polynomials b = 1,...,0;,

s Ymy,
with deg(b?) < 3 cene) a0 such that {mi*(b?)}1Y is a basis of A
As in equation (197), for each i,j we write g;; = (b})*b] — >} ¢ kby, with coefficients chosen

so that mi%(g;;) = 0. Likewise, for each word w € " with deg(w) < 2d, we write q(w) =
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w— 3", Ap(w)by with 71" (g(w)) = 0. By the definition of d,, every ¢ = g;; or ¢ = q(w) satisfies

deg(q) < (6, —1)/2, 1+ deg(q"q)

< Gy,
- 209
d+deg(q) <d+6—1, 2d+1+deg(q*q)§2(d+6). (209)
Define the transfer maps and root functionals on these bases by
D8, 1o (TR ) = T (Vi (01)) (0 7 7),
(210)

W o, (T209)) = Lara (<510, (00))

and extend linearly. These extensions are unique because {7i*(b?)}; is a basis of A" These are the
finite-basis versions of equations (168) and (176). Fix v # r and let ¢ be any of the relations g;;
or g(w) above. The matrix Cgts-1(V s ;i Lgis) = 0 can be tested on (p,1) and (p, q) for every

deg(p) < d, by equation (209). Since these |p) span Hpay ), We obtain

par(v)

pal(v)(‘I/Zlev(l)) Tpa(v) (U alev( 7))
( o) (Yo 120 (D) Tpar(o) (P, |, (7)) = 0. (211)

Likewise, deg(h} (p1,t,p2)) < 2(d 4+ 0) for deg(p1),deg(p2) < d and t = b} or t = ¢*q, where
q = ¢ij or ¢ = gq(w). The corresponding source-replacer equalities and equation (200) therefore give

wa( 8, (D) =W (T2(0) Dygys t =0 0r ' (212)

These are the finite-level versions of equations (162) and (164). The well-definedness argument
in the proof of lemma 5.6 therefore gives

’/Ti)n(Q) =0 = Tpar(v) (\I/Zlev <Q)) =0 (q = (ij Or q = Q(w)) (213)
By equation (213), we have L
with deg(t) < 2d.

The condition C’d+5_1(\IfZU‘xv; Lg.s) = 0 also implies

T(t)) = Tpane) (P t)) for t = (b7)*bi and for every word ¢
v par(v) Q| T

[P, (O] = [Tt (i, (1)) |0 (214)
Thus @7 Iz is completely positive, since {mi}(bY)}; is a basis of A", The source-replacer identity
extends from the basis by linearity. At the root, the same basis argument from lemma 5.6 gives
W lor (z*z) > 0 for x € A" and Y, e = = w". Together with the leaf POVMS ) (m avlmv)
whose positivity follows directly from the POVM positivity constraints, these objects form a source-
transfer realization R. It is finite-dimensional since each AY, C B(H,) is finite-dimensional. The
source GNS dimension is exactly n,: by the first part of the proof, the representation of A, on H,

is cyclic with vector |€2,), so it is a GNS representation of wy,.

Character and agreement with Lq. Define K(f) = f(R) for f € #(1,) using definition As in
the necessity part of theorem this is a character satisfying K (Q(T,r)) > 0.

Finally, we need to check that K agrees with Lgs on Y(grcfr). We first verify, from the leaves towards
the root, that w(R) = me(w) for every w € Mon<gy(2Y) and v € ch(a). This holds for the leaf

o

50



generators by their definition. At an internal party v # r, suppose it holds for the incoming factors,
so that w(R) = m(w) for every w € Mon<oq(2()}). Using ¢(w) = w — >, A\x(w)b}, equations 1)

and give
W1, (0)(R) = @, (0 (w)) = D M)ty (o, (1)) = o) (Vi (@) - (215)
k

For each generator g, = ¥y \ (t) with deg(t) < 2d — 1, equation (215) gives ¢g,(R) = 7 (gv), where
a = par(v). Since both maps preserve products and adjoints, this extends to w(R) = my(w) for
every w € Mon<oq(21%). Consequently, by definition, for p € A, with deg(p) < 2d,

K(a(p)) = (Qalma(p)|Q) = (Qa | P)a = Lats(salp))- (216)

At the root, applying equation (210) to w = >, A\x(w)b}, +¢q(w) and using Lg4s(s) . (g(w))) =0,
as in equation (213), gives

K (g |, (W ZM ) La+5(Sq, 1o, (0k)) = La+s(Sq, |, (w)) (217)

whenever deg(s” . (w)) < 2d.
Thus K(s) = Lgis(s) for s =¢,(q) or s = ggrm(w) with deg(s) < 2d. For a scalar monomial
1--- 8¢ of total degree at most 2d, multiplicativity of K and equation give K(s1---8¢) =
[1; Lat+s(s;j) = Lats(s1---se). Here we apply equation successively to (s1---s;)* and sj41;
their degrees are at most 2d < d 4 4, so each application is within its stated degree bounds. By
linearity,
K|§ﬂ2d = Lg. (218)

(T,r)

Therefore f(R) = K(f) = Lq(f) for every f € °§ﬂ(2Td,r)’ including any prescribed correlation polyno-
mials. Finally, equationimplies that B (f) < B™2(f) < f(R) = Lats(f). If Lyys minimizes
L(f) over L € £d+5( :7)s Bivs(f) = Lays(f), so all inequalities are equalities; the maximization
case follows by considering —f. O

Thus, a flat extension as in definition 5.11]satisfying the hypotheses of theorem 5.12 leads to a finite-
dimensional source-transfer realization. By remark 4.3, we also obtain a finite-dimensional mixed
model and, equivalently, a finite-dimensional tensor-product model realizing the same correlation.

Conversely, it is straightforward to check that a finite-dimensional source-transfer or mixed
realization leads to a solution satisfying the flatness condition. Nonetheless, we remark that the
existence of a finite-dimensional source-transfer realization that is optimal for a given objective does
not guarantee that an SDP solver will find a flat optimal solution in practice.

5.7 A computability consequence

The convergence result also has a consequence for the computability of quantum network game
values. A game G specifies a distribution of measurement settings X, and a rule for accepting the
parties’ outcomes. We use the usual finite verifier description of games, as in definition 6.1].
Write v®X(G) for the supremum of its winning probability over mixed quantum realizations on T.

The game-value promise problem stated below is already coRE-hard for trees consisting of two
parties connected to a single quantum source. Indeed, their mixed model is exactly the commuting-
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operator model for Bell correlations, so hardness follows from [Lin25, Corollary 6.10]. We now prove
coRE-completeness for arbitrary finite tree networks.

Corollary 5.13 (Computability of quantum tree game values). Given a finite tree network T and a
game G with finite setting and outcome sets, the promise problem of distinguishing

YES: oP¥(G)=1, NO: oP*G)<] (219)

is coRE-complete. In particular, there exists an algorithm that detects every NO instance in finite
time and never rejects a YES instance.

Proof. In view of the coRE-hardness established above, it remains to prove membership in coRE. Fix
any root party r, and let fg, be the multi-state polynomial representing the winning probability. At
each level d, we test whether there exists Ly € £5T(T,r) satisfying La(fc,-) > 3/4. It is in principle
decidable with quantifier elimination over the reals (the Tarski-Seidenberg theorem), for instance
via cylindrical algebraic decomposition (CAD). We output NO when the test is infeasible. A YES
instance admits realizations with winning probability above 3/4, so it is never rejected. For a NO
instance, convergence implies that 57'**(fq) < 3/4 at some finite level, where the test is infeasible.
This proves membership in coRE. 7 O

6 Convergence of inflation-NPA on quantum tree networks

Quantum inflation and the inflation-NPA hierarchy are the main tools for characterizing
general quantum network scenarios, but it remains open whether they converge to the correct
quantum network set. Alternatively, the authors of introduce a modified hierarchy with
explicit operators acting on the source algebras and bounds on the Schmidt rank of measurement
operators, thereby restricting the models covered at each fixed bound. Convergence of the original
hierarchy is known for the bilocal scenario , with an extension to bipartite-source star networks
in Corollary 3.3.17]. In this section, we advance this line of work by proving that inflation-NPA
converges to the mixed quantum model on every finite source-party tree.

6.1 POVM inflation tests on source-party graphs

First consider T to be a finite source-party graph without assuming that it is a tree. The finite setting
and outcome sets at party v are X, and A,, as in definition For m > 1, write [m] = {1,...,m}.
An inflated copy of measurement operators for party v has a tuple i = (i4)qc Nr(v) € [m] N(v) | with
one label i, for each neighboring connected source a. For example, on a triangle with sources
a = AB, = BC, and v = C' A, the measurement copies are Ef‘x(ia, iv), Elﬁ}y(ia, ig), and Egz(ig, in).
Two copies at A are required to commute when both their o and ~ labels differ; copies at different
parties always commute.

We follow the inflation algebra construction in [Lig24, Section 2.3]. Let &,,(T) be the universal
unital C*-algebra generated by the positive contractions E;’lev(i), subject to

E;}v\mv (l) >0, Z E;]v|:pv (1) =1,
auEh, (220)
(Eq 2, (1)s By 12, ()] =0 if v # w, otherwise i, # j, for every a € Nt(v).

Consider the source permutation group I'y, =[] aes(T) Sm, which acts by independently permuting
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the labels of each source. For g = (gq)a € I'im, we define automorphism o, on &,,(T) by

Qg (E;}v|xv (i)) = Egv\zv ((ga(ia))aeNT(v)) : (221)

(t)

Let e = (alx) denote a complete event, and let DY
t-th copy of the source:

be the product of measurements acting the

DY = T[ E!po(Bacnyw)  te[ml. (222)
veP(T)

Definition 6.1 (POVM inflation test). Let T be a finite source-party graph. A correlation p(alx)
passes the level-m inflation test on T if there is a state wy, : En(T) — C such that

Wm 0 Qg = Wiy, Vg € 'y, (permutation invariance/symmetry)
LI k (223)
Wi, HDét) = Hp(et), 1 <k<m, (diagonal independence factorization)
t=1 t=1
for every choice of the complete events eq,...,e;. Equivalently by the universal property, one

may use any unital C*-algebra containing POV Ms satisfying equation (220) and a state satisfying

equation .

Remark 6.2 (Limit of POVM inflation tests). The inclusions &, (T) C En+1(T) is canonical. We
therefore define the inflation algebra in the limit and the full source-permutation group by

£(M=J e T U D (224)

m>1 m>1

This limit algebra is separable since it has countably many generators.
If p passes every finite inflation test, the standard compactness argument used in the proof
of [LGG23, Lemma 5| gives a I'-invariant state w on €, (T) satisfying the constraints in equation (223).

Conversely, restricting such a state to &, (T) gives a feasible state for every finite inflation test.

At this stage, the test uses an states on an operator algebra; the inflation-NPA hierarchy later
introduced in section will also have a parameter on the degree of words.

6.2 Invariant-state decomposition and permutation averages

We now make some useful technical observation on source-permutation-invariant states, permutation
group average of operators, and the limits of completely positive maps.

We call z € E(T) a finite-support element if it belongs to the C*-algebra generated by finitely
many inflated measurement operators E; | - (i). For each source a, let I,(z) be the set of labels i,
appearing in i of these generators, with I,(z) = ) if none of these generators involves the source a.
Two finite-support elements z, w have disjoint source labels if their generating families can be chosen
so that In(z) N In(w) = 0 for every source a. The commutation relations in equation (220) then

imply [z, w] = 0.

Lemma 6.3 (Existence of a factorizing inflation state with the prescribed correlation). Suppose
that p passes the level-m test in definition 6.1 for every m. Then there is a T'-invariant state w on
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Ex(T) satisfying equation (223) and
w(zw) = w(z)w(w) (225)
for all finite-support elements z,w with disjoint source labels.

Proof. By the de Finetti theorem |Lig24, Theorem 2.3.2|, there is a probability measure p on

I-invariant states ¢ satisfying equation (225), whose average satisfies equation (223). For every

complete event e, factorization and the first two diagonal constraints Dél), DEQ) give

/ (£(DD) - p(e))? dpu(p) = 0. (226)

Thus, for each e, the vanishing integral implies cp(Df(gl)) = p(e) for p-almost every . Since there
are finitely many complete events e, these equalities hold simultaneously on a set of full u-measure.
Choose w from this set, its symmetry and factorization then imply all of equation (223) O

For z € £(T), define the finite group average
An(z) = o 227
m |Fm| Z g ( )
g€lm

For two finite sets of source labels, we first bound the probability that a random permutation of one
set intersects the other. We then use this bound to estimate the commutator of A, (z) with another
operator and its difference from w(z)I on the GNS vector.

Lemma 6.4 (Source-label intersection and average estimates). Let I, J, C [m] be finite label sets
for each source o, and choose g € Iy, uniformly. Then

Pr{go(I,) N Jo # 0 for some a} < qu IPA} (228)

In particular, for finite-support z,w, and [m] containing all their source labels, then

1A (2). ]H<2”2H”w”2|f ) | (w)]. (229)

If w is Ty, -invariant and satisfies the disjoint-source factorization condition in equation (225), let
(H,7,|Q)) be its GNS representation. Then

Z — W\Z 2
Ir(An(z — w2 1) [0} P < EZCEIE S o) (230)

Proof. Since g, is chosen uniformly at random, the image of each fixed ¢ € I, is uniformly distributed
and Pr(gq(i) = j) = 1/m for every j € J,. Thus, by the union bound, we have

Pr(a: golla) N e #0) <33 S Pr(gali) = 5) Z TAIRA (231)
a i€ly jEJoc
The elements a4(z) and w commute when their source index sets are disjoint. In the case that

the index sets are not disjoint, we have ||[ay(2), w]|| < |ag(2)w|| + |lway(2)|| < 2|z||||w||. Thus,
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equation follows, since the number of permutations g € I'y, for which a4(z) and w have
intersecting source-label sets, divided by |T';,|, is precisely the probability bounded in equation m

For the last estimate, write zp := z — w(z)1 so that we have w(zp) = 0. By I'j,-invariance, we
compute

7 (A (20)) 1) [I* = w(Am(20)* A (20))

1 .
= 3 Z w(ag(20)"an(20))
TP 2 (232)
1 * 1 *
== Z w(zgoy-1(20)) = = Z w(zgan(20)) -
[Tom| T
g,h€lm hel'm,

Note that the summand w(zjan(20)) = w(zf)w(an(z0)) = 0 when zp and ap(zp) have disjoint
source-label sets. Otherwise, |w(zgan(20))| < ||20/|%, and we are done by equation (228) with
I, = Jy = 1,(2). O

Lemma 6.5 (Limit of averages are scalars in the GNS representation). Let w be an I'-invariant state
satisfying equation (225), with GNS representation (H,m,|2)). Let Uy be the unitaries associated
with oy such that Ugn(z) |Q2) = m(ay(2)) Q). Then the vectors fized by every U, are exactly the
scalar multiples of |Q2). Moreover, for every z € Ex(T), we have strong operator convergence

T(Am(2)) = w(z) Iy as m — Q. (233)
Define the von Neumann algebra and associated state extension by
Mao = 7(Ex(T)' CBH),  w(@) = (Q1Q0) (Q € Mw). (234)
Then for every Q) € My, we also have

|F1| S 0,QU; | 19) — w(Q)19). (235)
m g€l

Proof. By lemma 6.4, we have m(A,(2)) |Q) — w(z) Q)
T(Am(2)) [©2) = w(z) |€2) (236)

for every finite-support element z. Since these elements are norm dense in E(T) and [|A,,[| < 1,
this convergence extends by continuity to every z € E(T).
Consider the finite group averages of U,

1
P = o > U, (237)
" gely,

Each P, is the orthogonal projection onto the vectors fixed by every U, with g € I';,. We claim
that P, converges strongly to |2)(€]; i.e., |£2)(€] is the projection onto vectors fixed by every U,
with g € I". Indeed, equation (236) gives

P (2) ) = 7(Am(2)) [Q) = w(2) Q) = |Q)(Qr(2) [€2) . (238)

By cyclicity, the vectors m(z)|{2) are dense in #H, which, by the boundedness of P,,, implies the
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desired strong convergence. It follows that only scalar multiples of |2) are fixed by every U,.
For @ € Mo, the identity Uj [Q2) = [€2) now gives

1

T 2 UaQUs | 19 = Q1) = [2(21Q12) = w(@)19), (239)

gely,

proving equation (235).
It remains to show equation (233). First let z,w be finite-support elements. Thanks to the
estimates given by lemma we have

[(7(Am(2)) = w(z) Dm(w) Q) | < [[[Am(2), W]l + [lw][ [|(7(Am(2)) = w(z) ) |Q) [| =0, (240)

as m — oo. By cyclicity of 7(w) |€2), the above convergence extends to every vector in H, which we
can extend further to every z € £,(T) by norm-density and continuity. O]

The consideration of the von Neumann algebra M, above is due to the fact that C*-algebra
need not contain the weak limits of its bounded sequences , which we need for our construction. We
finish the subsection by recording a general compactness statement for later convenience.

Lemma 6.6. Let A be a separable C*-algebra, let H be a separable Hilbert space, and let M C B(H)
be a von Neumann algebra. For each m > 1 and each index ¢ in a countable set, suppose that
Ff;b : A — M is a completely positive contraction. Then there exist a single increasing subsequence
my, and completely positive contractions F*: A — M such that, simultaneously for every ¢,

EIEn, @) — EIF (@lm), g A [€),In) € H. (241)

Proof. By separability, choose a countable norm-dense set {¢;} in A and an orthonormal basis {e;}
of H. For every /,t,i, j, the sequence (e;|F’,(q)|e;) is bounded. The standard diagonal extraction
over these countably many sequences gives one subsequence my for which they all converge.

Since Fﬁl are uniformly contractive, we can extend these limits by density to every ¢ € A
and |€),|n) € H, defining linear contractions F* : A — B(H) satisfying equation (241). Their
values belong to M, since M is closed in the weak operator topology. Finally, for every positive
operator-valued matrix [g;;] over A, the positive operator-valued matrices [F}, (¢i;)] converge in
the weak operator topology to [F*(g;;)], which is therefore positive. Thus each F* is completely
positive. O

6.3 From inflation tests to the source-transfer model

We now assume that T is a source-party tree and fix a root party r. To obtain a source-transfer
model, appropriate construction for internal transfer maps in equation (65) is key. Recall that when
reconstructing these transfer maps from the mixed model, we use equation (76), which takes a

partial sandwich of the expression (M;U| %) 12 (geI) (M v

Qv | T
inflation, we average/symmetrize over the source labels of the input instead of partial sandwiching.

To build up the intuition of this averaging construction, consider the line-of-four network
l—-a—2—-p—-3—v—4rooted at 3 as in ﬁgure Let q be an element generated by E! (1),

ailzy

)1/ ®. To reconstruct transfer maps from

and let ¢ be its source-o copy with label i replacing 1. The transfer map at party 2 is defined via a
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pointwise ultraweak limit along a subsequence of m:

m

> 1 12 1/2
o (a) Zq@Emw EZ ool (1) P (B, (6, 5) 2. (242)

It is completely positive by construction. By POVM completeness, summing over as leaves
1/m ", ¢", which we will show that it converges strongly to wq(¢)I thanks to lemma giving
the desired source-replacer condition.

Theorem 6.7 (Inflation, source-transfer, and mixed models on trees). Let T be a finite source-party
tree, with finite setting and outcome sets, and let v € P(T) be a root party. For a correlation p(a|x),
the following are equivalent:

(i) p passes the level-m POVM inflation test in definition 6.1 for every m > 1;

(it) p admits a source-transfer realization on (T,r) as in definition 4.1;
(iii) p admits a mized quantum realization on T as in definition .
Proof. The equivalence of (ii) and (iii) is already established by theorem We shall finish the
proof by first showing that (iii) implies (i) and then that (i) implies (ii).

Mized model = inflation. Given a mixed realization, take m independent copies of every source:

H = Q) ®”Ha, ’ > 0% ®’Q > (243)

aey(T) =1 aey(T) i=1

Let EY . (i) be the copy of M;Um acting on the source algebra copy indexed by («, i) for source «
nelghbormg v. It is straightforward to check that E}l’vm (i) satisfies the required algebraic properties

and equations (220) and (223) are fulfilled, proving (iii)=(i).

Inflation = source-transfer: construction. Choose w on Ex(T) to be the factorizing I'-invariant
state by lemma Consider its GNS representation (#,,|Q2)) and the von Neumann My, =
T(Exo(T))"” as in equation (234). For convenience, in the rest of this proof, we use EY Iz (i) to
refer to the represented operator 7(E? L )) € B(H). Denote source permutations act on My, by

ay(Q) = UyQU,y. We first give all the formulas for the recursive construction. Their well-definedness,
including the existence of the completely positive limits, is proved later in lemma
At a non-root leaf party v, define the generated C*-algebra and the leaf measurements by

b= c*( () 1 ay € Ay, g € XU> Coml =B (). (244)

Here j specifies the copy of source par(v). By I'-invariance, we may choose the first copy when
defining the source algebras. At a source o, once the algebras Ay’ have been constructed for every
child party v € ch(«), define

A=AV Aai= Q)AL (245)

vech(a)

For ¢ € AY, let ¢/ be its image under the transposition of source-a labels 1 and j, with ¢! = c.
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The map p& evaluating the joint source algebra of a at copy j is defined to be

phoiAa =M, bl Q) )= ][] d (246)

vech(a) vech(ar)

Note that pé is a unital x-homomorphism that is not necessarily injective. The a-source state w,, is
then the restriction to A, via this map at the first copy:

W == W O P (247)

By our convention, for a leaf source, the empty tensor product for joint source algebra is C, and
ph(c) = cl.

At a party v whose joint source algebras in ch(v) are already constructed, define the input algebra
and state by

max

Al = ® Ao, Wl = ® Wa- (248)

aech(v) acch(v)

For a tuple of child-source labels i = (ia)aech(v), define the unital *-homomorphism from p{;

lyji Ai;n — Moo, by i ® o | = H Pi? (Qa)- (249)
aech(v) aech(v)
For an internal party v # r, let d,, := | ch(v) | and write EQ 1o (7,1) with the parent-source label
4 first. Write [m]M) for the set of tuples i = (ia)ech(v) With iq € [m] for every child source a. We
define, for g € A",
1

v?j;m —
q)avlzu (q> ._ mdv

Y @B, (.0 (250)

ie [m]ch(v)

As we shall show in lemma there exists a subsequence mj, at v for which these maps converge
pointwise ultraweakly, simultaneously for all j, a,, ,:

3% (q) = lim "7 (q),  qe A™ (251)

Qv | T k—so0 av Ty

The output parent source algebras and transfer maps are thus defined with the first copy of par(v) as
b = O (@07, (@) ay € Ay, w0 € Xy, g € AT,
U,l v . @U,l

. (252)
pan(v) = ApaI(v)’ ay|zy ay|zy : A“ - Apar(v)’

which are the needed data for the recursive construction towards par(v). Since T has only finitely
many internal parties, we choose the subsequences (mj}); recursively, so that a single (1) satisfies
(251) for every j,a,,x,, and every internal party v at once.
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Finally, at the root , let 1 = (14)aecnr) and define

(@) = (@B, (1), g€ AR (253)

By lemma 6.8, the transfer maps are completely positive contractions, the source states are states,
and the root functionals are positive. It remains to verify the source-replacer conditions and the
correlation formula.

Source-replacer conditions. Summing the finite averages over a, removes the measurement at v by
POVM completeness. Since Egvm =1, lemma @ therefore gives, for every ¢ € A",

v,7;m 1 in
DM = Y wal) = W (9] (254)
a i€ [m]el(v)

strongly as m — oo. Taking the above subsequence m; on both sides proves

D e (@) = W) (255)

ay

At the root, the same POVM completeness and lemma 6.9 imply

oWl (@) = w(tea(q) = w(q). (256)

These are exactly the source-replacer conditions of equations and .

Correlation recovery. Fix a complete event (a|x). With the above constructed operators and transfer
maps, the recursive formulas for the transfer messages are

Q, = av|xv at a leaf party,
® Qu at a source,
u€ch(ar) (257>
Q, = (I)Zvl . ® Qa at an internal non-root party.
aEch(v)

Consider E;‘l’lev(l) for the measurement copy at party v with every neighboring source label

equal to 1. By equation (222), p(a|x) = w(Hvep(T) E;’vm(l)). Now, for each subtree T,, we will

replace all measurements Egleu(l) for u € P(T,) by the transfer message Q,, for v starting from
the leaves towards the root r.

Specifically, let B be a set of non-root parties such that the subtrees T,,, w € B, have pairwise
disjoint party sets. Consider the set of parties outside these subtrees U := P(T) \ Uwe g P(Tyw). We

claim that
p(alx) —w((H EY .1 ) (H Qw>), (258)
uelU weB

i.e., the measurements at parties in these T,, can be replaced by its transfer message (), while
preserving the correlations.
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We prove this claim by induction with smaller and smaller U. When no subtree has been replaced,
B =0 and U = P(T), the claim then directly follows from equation (222) with v removed from U
and added to B. For a leaf party v it is immediate by equation Now let v € U be an internal
non-root party, and denote

Co=|J ch(a) (259)

a€ech(v)

for the parties immediately below its child sources. Suppose that equation (258) holds with C), C B,
that is, all measurements in T, for w € C, can be replaced by @, while preserving the correlation.

Denote ¢, = Qe oh(v) Q., by the definitions of the homomorphisms and transfer messages we
have

Lyl QU = H pa Qa = H H Qw: H Qw- (26())
a€ch(v) acch(v) wech(a) weCly

Hence, as measurement operators in disjoint party sets commute, we have

(H o )(HQw): I eep@ | B TT Qu (H Qw>

uelU weB ueU\{v} weB\Cy weCy (261)

= II ... T Qu|wi@E,, @)

ueU\{v} weB\Cy

We wish to apply lemma 6.10 with R := (HueU\{v} E;‘ulxu(l)) (HweB\Cv Qw). To this end, we

need to check that R is indeed invariant under permutations of every child source o € ch(v). Indeed,
any a € ch(v) is connected only to v and parties in C,, so the permutations does not affect any
Ey v (1) with w € U \ {v}. For w € B\ C,, we have par(w) # «, so these permutations on « also

ﬁx Qw by lemma @(u) Thus, lemma 6.10 and equations (257) and (261) imply that
p(afx) = w (R (@) B, (1,1))

= w(ReY, (a))

=w H Egu\xu(l) H Qw Qv )

ueU\{v} weB\Cy

(262)

replacing the whole subtree T, by its transfer message (Q,,. This proves the claim by replacing U
with U \ {v} and B with (B\ C,) U {v}.
Applying equation (258) with U = {r} and B = {J,eqy,) ch(a) gives

plajx) =w

e I I Qu| =whm| & Qa, (263)

acch(r) wech(a) aecch(r)

where the second equality follows from the definitions of the transfer messages, the input evaluation
map, the root functional, and equation (260). This proves the desired correlation recovery formula. [
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We now prove the three lemmas required by the above proof, where the first one shows that the
recursive construction is well-defined, the second corresponds to the source-replacer condition, and
the third is used for the correlation recovery.

Lemma 6.8 (Properties of the recursive construction). In the GNS representation (H,m,|2)) used
m theorem the recursive constructions from equations to produces separable unital
C*-algebras, unital x-homomorphisms pl, and Lyi, Source states wq, completely positive contractions
@ij

ay| Ty’
For each non-root party v, let M3, be the von Neumann algebra generated by all measurements at
v with parent-source label fized at j and all measurement copies at its descendant parties:

T

and positive root functionals w! .
™ T

"

M = ({E};v‘xv (5.1) : all @y, 2, i} U{EY, |, (k) :w € P(Ty)\ {v}, all au, xw,k}) (264)

Le., other than the label j for the parent source par(v) is fived, all other i and k can vary freely over
all neighboring sources. Then the constructed algebras Aggl(v) satisfy:

(i) A% ) C M.

par(v

(i1) For every source permutation g = (go)a € I’

’U,j _ v,9 al('u)(j)
oy (A7) = Anies (265)

and agy(q) = q for all g € Agi(v) if Gpar(v)(§) = J. That is, the algebra is invariant under

permutations of sources except for those of par(v).

(iii) For every q € Ag;jl(v) and every inflation measurement Eff | (i),

9, By, 1, D] =0 if uzv or (u="v and iy # J)- (266)

That is, elements ofA;gI(U) commute with every measurement operator except for EZU|IU (jpal(v), i).

Proof. The proof is done by induction due to the recursive nature of the construction.

Leaf parties. At a leaf party v, the algebra .A;i(v) is generated by the finitely many E;’Um (j), thus
separable, where j labels the copy of the parent source par(v). Property (i) follows directly from the
definition,

Qg (Ef{vm (J)) = E;)U | (gpal(v) (])) (267)

proves (ii), and the inflation commutation relations give (iii).

Next, suppose that all the descendant source algebras of a given source a have been constructed
and satisfy (i)—(iii). We first verify that the source and input maps are well-defined, and then
construct the transfer maps and verify (i)—(iii) for their output parent source algebras.

Source algebras, states and input *-homomorphisms. Given a source «, consider parties u,v € ch(a)
such that u # v. Then the subtrees T,, T, have disjoint party sets. The definition of M?, M3,
equation (264), involves only the measurements of the parties in the subtrees T,, T,, respectively.
Thus the inflation commutation relations imply

Mi, M1 =0, ij>1 (268)
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UZ

By the induction hypothesis (i), the subalgebras A4, and Aa’] commute as well. Moreover by (ii),
the map ¢ = ¢! — ¢ is a unital *- isomorphism from Aa onto .Aa’J Since their ranges Ay’ are
mutually commute, the universal property of the max tensor product gives a unital *-homomorphism

phoida= Q) AL Me, o Q) =[] 4 (269)
vech(a) u€ch(a) u€ch(ax)

Consequently, a-source state w, = w o pl is indeed a state, as pl, preserves positivity and the unit.
Similarly, consider A" = ®?§§h@) Ap. For distinct child sources 3, ~, the ranges pzﬁﬁ (Ag) and

piﬁ (Ay) involve measurements in disjoint party subtrees and therefore commute. The universal
property of the max tensor product gives a unital x-homomorphism

Ly .ALH — Mo, Ly i ® H p (270)
Bech(v) Bech(v)

By induction hypothesis (i), every ¢, ;(¢) belongs to the von Neumann algebra generated by mea-
surements from parties that are not v. Thus, these measurements commute with Eglev (7, k) for
every choice of source labels, and so

[toi(@) Bl 0, (G K] =0, g€ A, (271)

for all source label j,1i, k.
For g € T', denote gi := (gs(ig))gech(v). We claim for the input *-homomorphism that

ag(ti(9)) = tugi(a),  q €AY (272)

Indeed, the induction hypothesis (ii) gives a,(c}) = cﬁ"( ), By the definition of ¢, ;, this proves

equation (272) for every elementary tensor ¢ = @ geey) (®u€ch(ﬂ) cu), With ¢, € Ag’l. Linearity
and continuity extend the identity to all ¢ € A

Transfer maps from ultraweak limits. Fix an internal non-root party v and put d, := |ch(v) |,
equation (271) implies
i@ EY, 1, (5:1) = (BL 10, (3, 0) 20 (@) (EL, 1, (5:1) 2. (273)

Each summand in equation (250) defining ® ’]‘::Z is therefore completely positive. Moreover,

0< O™ =—— > EY, (i) <I, (274)

av\xv
i€ [m]eh®)
so these maps are contractions. The GNS space H is separable, and A" as a finite maximal tensor

products of separable C*-algebras is again separable. Thus lemma gives a common subsequence
my and completely positive contractions (I)de as ultraweak limits, simultaneously for all j, a,, x,.

Lastly, {g:}+>1 is norm-dense in A®, continuity gives

b= C*( o (@) ay € Ay, 1y € Xy, t> 1) . (275)

62



Hence every output parent algebra Ag’aj ) is separable, allowing the further recursive construction.

We now verify the three properties for these new objects.
Property (i). The input operators ¢ € A" and the measurement at v belong to M% by construction,
SO

q)vyj;m(q) c M% — q)U:j

av|xv av‘xv

(q) € M, (276)

thanks to the ultraweak closedness of M. Taking the generated C*-algebra Agg (v) PrOVES (i).

Property (i1). Fix g € I'. Since each gg moves only finitely many labels, gg([m]) = [m] for every
8 € ch(v) when m is sufficiently large. Thus i — gi is a bijection of [m]®¥), and equation (272) gives

v, ‘;m 1 v . . 'Uvgpa v (])7m
% (Q)avj‘wv (Q)) - mdv Z Lv,gi(Q)Eav|xU (gpar(v) (‘7)’ gl) - (bavh"vd : (q) (277)
i€[m]ch(v)

Thus, the ultraweak limit along mg, which is the same subsequence for every j and gpar(v)( j), implies

v,J Vs9par(v ()
%(‘I’aﬂzu@) =0, (q), (278)

since a(-) = U, - Uy is ultraweakly continuous.

Vs9par(v) (.])
pa(v) by

g, proving equation (265). If also gpayv)(J) = J, it fixes every generator and hence every element,
proving (ii).

Property (ii). Let ¢ € A" and Z = By 2 (k), with either u # v or kpay,
U7j

It suffices to prove [®, iz (q), Z] = 0 for every gq, ay, Ty, since these outputs generate Agi(v) and
Z =7, ,
To this end, first consider the summand ¢,;(q)Ey |, (5,1) in @Zj;f(q) and check its commutation

with Z. If u = v, 1,;(q) commutes with Z by equation (271). Since kp.(,) # j, the inflation relations
also give

Therefore, the generating family of A;;{I(U) is mapped to the generating family of A

y # J when u = v.

(EY . (4,1), 2] =0 ifig # kg for every /3 € ch(v). (279)

ay| T

Thus the summand can fail to commute with Z only when some child-source labels coincide.
If u # v, E;’Um (j,1) commutes with Z by the inflation relations. For the input factor, the

induction hypothesis (iii) gives
[tvi(q), Z] =0 if ig # kg whenever 3 € ch(v) and u € ch(p). (280)

Indeed, on an elementary tensor the input is a product of elements ¢, € Ag}’lﬁ . By (iii), each el
commutes with Z unless w = u and ig = kg with § = par(w) = par(u). Then extend this conclusion
to every ¢ by linearity and continuity. If w is not a child party of any child source of v, the input
commutes with Z for every i by the induction hypothesis (iii).

We now bound the number of instances when noncommutation [Lyvi(q)Egvm (7,1), Z] # 0 occur.

Note that, for each child source 8 € ch(v), fixing ig = kg leaves the other d, — 1 coordinates free to
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take any value in [m]. Hence

{i € [m)) | ig = kﬂ}‘ < md1, (281)

As [[m]M)| = m@ | the fraction of i such that ig = kg is at most 1/m. When u = v, noncommutation
requires at least one of the d, equalities ig = kg, with 8 € ch(v). The union bound therefore gives
a fraction of noncommutation at most d,/m. When u # v, at most one child source (3 satisfies
u € ch(p), so the fraction is at most 1/m, and is zero if there is no such source. Thus, in every case,
at most a fraction d,/m of the summands L”’i(q)E}z}U\xv (j,1) can fail to commute with Z.

Now, each summand L%i(Q)Egvpsv (7,1) has norm at most ||q|| by contractivity, so its commutator
with Z has norm at most 2||g||||Z]|. Consequently by triangle inequality,

v,7;m Zdv
I[®. 7" (q), Z]|| <

Q| T m

lallllZ]] = 0. (282)

Taking the ultraweak limit my, — oo gives [®"7
ay|To

(q), Z] = 0, proving (iii).
Root functionals. Finally, equation (271) also holds at the root, without a parent-source label. Let
E:=E", (1). Then, for every ¢ € A",

ar|zr

e 070 = (12 01, ) = (B, ) s @ 10a) (£, ) ) 2 0, 259

which proves positivity of the root functionals. O

Lemma 6.9 (Averages of the constructed input operators). For the construction from equations (m
to and every q € Ay, we have

m

> plla) = wal)T (284)

=1

1
m

strongly as m — co. Consequently, for every party v, with d, == |ch(v)|, and every q € A",

1

2. wil) W@ (285)
i€[m]ch(v)
strongly, and
Woly;=wh (286)

for every tuple i.

Proof. We first apply lemma to pt(q) € Ms. By lemma (ii), we can compute the group
average of pl(q) as
1 P | (D) 1 o=
Tt > Ugpi(@)Uy = T > W) =—=> plla), (287)

m -
g€l'm m gel'm Jj=1

where the second equality is due to each value g,(1) = j occurs for exactly |I',,|/m permutations.
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Thus equation (235) from lemma 6.5 leads to

Z (@) | 19) = w(pa(9) 12) = wala) ). (283)

1
m

To prove strong operator convergence, let z be a ﬁnite—support word in the represented measure-
ment generator E7 (i). By lemma 111 ), [Ph(q), 2] = 0 if j does not belong to the label set I, (2).

Since ||ph(q)]| < |lq||, it follows that

1 ~ 1 , 2|I (2)]
EZP&(Q%Z < > b2l < lallllzll =0 (289)
Jj=1 jEM)NIa(2)
for sufficiently large m. Combining this with equation (288) impiles
1 o~ AL
LS o) wala)1 | 2190 < 2=z -2y pr (@I | 19)] >0

It follows that the convergence holds for all vector in H by cyclicity of |Q2), proving equation (284)
Next, for an elementary tensor g = &) Bech(v) 45> 1t follows from equation (284) that

mldu Z Lilq) = H (;Z%(%)) - H ws(qp) I =wh(g)I (291)

i€ [m]ch(v) BéEch(v) i=1 BeEch(v)

strongly. Since g — mdv Zie[m}d‘(“) ty,i(q) is contractive, equation (291) extends to all ¢ € A" by
continuity and linearity. This proves equation (285).
Finally, for any tuple i, choose g € I with g1 = i. I'-nvariance of w and equation (272) give

w(tw,i(q)) = wlag(tw1(q)) = wltw1(q))- (292)
Consequently, equation @ implies that
(@) =w| = 3 wila) | = w(q). (293)

md'U
i€[m]ch(v)

So w(tyi(q)) = w(ty1(q)) = wi(g), which shows equation (286) O

Lemma 6.10 (Replacing a measurement by its transfer map). Let v # r be an internal party, j > 1,
and ¢ € A", Suppose that R € My, is fized by every permutation of every child source of v; i.e.,
ag(R) = R for every g = (ga)a € I' with go = id for all o ¢ ch(v). Then

w(Reua (@B, (.1)) = w (B2}, (@) (204)

Proof. For each tuple i, choose g € I" such that gg(1) = ig for § € ch(v) and g, = id for o ¢ ch(v).
Then ay4(R) = R, ay(E? ool (4,1)) = Ep iz (4,1), and ay(Ly,1(q)) = tv,i(q) by equation (272). Using
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I'-invariance w o ay = w, we calculate

w(Ruoa @)y, (3:1)) = w(ag(Broa@EL,, (1) ) = w(Buos(@EL,, GD) . (295)

It follows that the average over i € [m]¥) satisfy

. 1 . y
W(Rbu,l(Q)Egvm (7, 1)) =4 > W(Rbu,i(Q)Egv\xv (JJ)) = W<R‘I)Z;J|’$(Q)) ; (296)
i€ [m]eHv)
and we are done by taking the subsequence my defining @ZU]lmv O

6.4 Inflation-NPA SDP hierarchy and its convergence

We finish by showing that the inflation-NPA hierarchy converges to the mixed quantum model on
source-party trees. For m,d > 1, let €$(T) denote the linear span of formal words of length at most
din EJ (i) € &n(T), including the empty word 1. The inflation-NPA test is the degree-truncated

version of definition with positivity expressed by moment and localizing matrices.

Definition 6.11 (Inflation-NPA test). A correlation p passes the level-(m,d) inflation-NPA test if
there exists a hermitian linear functional L : E24(T) — C with L(1) = 1 satisfying

for every f € Sf,ll(T),

(1)%)h) > 0 for every h € E41(T) (297)

0
()h) >0, L1 -E!

Qv | T

and every measurement generator E;’vm (i). The POVM-completeness and commutation relations

are already incorporated into E24(T). We additionally impose the symmetry and diagonal correlation
equation of equation whenever the expressions involved have degree at most 2d.

For optimization, we follow Sections IV and VII.C.2]. Write the real polynomial objective
f using real coefficients cg,...,cy and complete events e;;, and define its inflated counterpart f by

i=1  j=1
) Nk | (298)
f=col + Zc, Dgﬂ?,
i=1  j=1
where k; is the degree of the i-th monomial. For sufficiently large m and d, define
md() =t L), BE(f) = sup L(f), (299)

where L : E24(T) — C ranges over hermitian linear functionals satisfying L(1) = 1, equation (297)
and source-permutation invariance, without the prescribed-correlation equations.

Clearly, the tests of definition can be implemented by SDPs.

Corollary 6.12 (Convergence of inflation-NPA on source-party trees). Let T be a finite source-party
tree with finite setting and outcome sets. A correlation p passes every level-(m, d) inflation-NPA test
if and only if it admits a mized quantum realization on T.
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Proof. A mixed realization gives inflation states wy, by theorem 6.7, whose restriction to 2d-truncation
satisfy every (m,d)-test. Conversely, for each fixed m, the Banach-Alaoglu argument of |[LGG23,
Section 2.2.3 and Lemma 5] gives a state wy, on &, (T) satisfying definition Whenever all degree-d
truncations are feasible. Thus p passes every POVM inflation test, and theorem 6.7 gives a mixed
realization. O

Remark 6.13 (POVM and projective formulations). The original inflation-NPA formulation imposes
projective measurements. The local dilation argument in p.4| shows that every mixed-model
correlation passes the projective tests. Conversely, every correlation passing all projective tests also
passes all POVM tests. Thus corollary also establishes completeness of the original projective
formulation.

Remark 6.14 (Flatness and the inflation order). For a fixed inflation level m, the ordinary flatness
condition of the NPA hierarchy Theorem 10] applies to the inflated measurement algebra.
However, our reconstruction of a source-transfer realization relies on the de Finetti theorem 7
which requires the limit m — oo to extract a I'-invariant state factorizing over disjoint inflated
copies. It is therefore unclear whether a sufficient flatness condition can be established at a fixed
level (m,d) to extract a source-transfer realization, or equivalently a mixed-model realization.

Remark 6.15 (Convergence of optimal values and computability). By corollary inflation-NPA
can also provide computable upper bounds converging to v1*(G). Indeed, the same construction in
theorem 6.7 without the prescribed correlation condition gives us a mixed realization R, thus the
optimization of the inflation-NPA is equivalent to the optimizaton of all mixed realizations. The
same argument as in corollary therefore establishes coRE-completeness of the mixed quantum

tree game-value promise problem.

Remark 6.16 (Computability and convergence of optimal values). The same argument as in
corollary establishes coRE-completeness of the mixed quantum tree game-value promise problem
with inflation-NPA hierarchy subjected to winning probability > 3/4 .

Furthermore, the inflation-NPA optimization bounds 7‘2?3( f) and ﬁﬁfﬁ‘( f) in 7?7 converge to
the mixed-model infimum and supremum of every real polynomial objective f in the correlation
entries as in equation (298). The limiting state obtained by the same compactness argument as

in corollary 6.12 has a de Finetti decomposition w = [ ¢ du(yp) into I-invariant states factorizing

over disjoint source labels. For each component, put p,(e) := @(Dgl)). Symmetry and factorization
imply the inflation constraints for p,, which therefore admits a mixed realization by theorem 6.7

By equations and , we obtain
~ N ki .
o(f)=co+ Y i [[e(DI) = fpy),
i=1  j=1 (300)
wf ()= lm A0 =) = [fe)due) = _int 1)

pecmix (T) m,d—)oo pecmix (T)

Thus all inequalities are equalities, proving convergence for minimization. Applying the same
argument to — f proves convergence for maximization.
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A Explicit examples of source-transfer models and SDP relaxations

(Mo [20)) (Hs,194)) (H5.125)) (M3 1924))
(D =) N
L —O—L OO O—1u

(a) The line-of-four network 1 —a—2—- -3 — vy —4. (b) The four-party tripartite-tail network. The source
We use roots r =4 and r = 3. « is shared by parties 1,2, 3, the source § is shared by
parties 3,4, and the chosen root is r = 1.

Figure 7: Two source-party trees used to illustrate the source-transfer model and its SDP hierarchy explicitly.
Squares denote measurement parties and circles denote independent sources. In the mixed model, each source
d carries a Hilbert space s and a source vector |{s).

In this appendix, we focus on two simple source-party trees to provide concrete examples to
the main text. The line-of-four network in figure |7a contains four measurement parties, who are
arranged one a line sharing bipartite sources consecutively; we consider two possible choices of the
root. The four-party tripartite-tail network figure 7b contains a tripartite source shared by parties
1,2,3 and a bipartite source shared by parties 3,4; choose 1 as the root.

For each example, we first derive the source-transfer model from a mixed realization, then
reconstruct the mixed model explicitly from these source-transfer data, and finally write the
corresponding specialization of the new multi-state SDP hierarchy in definition 5.2. Even though the
general results are already proven in the main text, we make the discussions explicit and self-contained
to motivate the definition of the general source-transfer model, clarify the mathematical proofs and
calculations using special cases, and provide SDP programs for these concrete scenarios.

A.1 Line-of-four network

Consider the source-party tree in figure
l—-a—2--3—-~v—4. (301)

The mixed model. By definition its mixed realization consists of source Hilbert spaces
Ha, Hp, Hy, the product source vector

|Qine) = Q0 ® Qg @ Q) (302)
and POVMs satisfying
1 1 2 2 = Aq2
Moy e, € Ma, Meslwn € Ma @ M, (303)
3 3= A43 4 4
Ma3|9€3 € MB ® MW’ Ma4\x4 € M’Y

with the required commutation on the von Neumann algebras. Using the natural amplification of
the POVMs to the global Hilbert space, the correlation is

4

Pline(a]%) = (Qine] ]i[ Mgﬂl‘j |ine) - (304)
]:
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A.1.1 Rooted at party 4

With root r = 4, the parent of the parties are par(1) = «, par(2) = 3, and par(3) = . The
child-party sets of the three sources are ch(a) = {1}, ch(8) = {2}, and ch(y) = {3}, hence the joint
source algebras have only one tensor factor. Starting from the mixed realization, let

AL =ML Aa=AL AZ=ME, Ag=A; A =M, A=A (305)

Let wq,wg,w~ be the states induced by [Q,),[23) ,[€2,) and restricted to A, Ag, Ay, respectively,
ie.,

ws : As — C, q— (Q]q) (306)
for d = a, B3,7.
On the only non-root leaf 1, we let
1 1 1
My e, = Mg |0, € A, (307)

The internal parties 2 and 3, define their transfer maps

L Ao — A2, P A — A, (308)

az\xz as\xs

®2 | (¢) = () (MZ,,) "2 (a® Ly,) (M2,),,) 2 (194),
B3 (5) = (2a]) (M2,1,,) (s @ I, ) (M2,,,) 2 (194)).

Their ranges lie in A% and Af’/, respectively. They are completely positive since tensoring with
identity, conjugation by positive operators, and sandwiching by vectors are all completely positive
operations. Remark also the connection to partial sandwich form of Radon—Nikodym derivative in
remark POVM completeness gives the source-replacer condition with respect to weq,wg.

Z(I)aQ\m a(Q)]lAQB7 Z(I)a3|:c3 5(‘9)]1/1%' (310)

(309)

At the root 4, define

W10y () = (| (M2 ) P (ML L) P, (311)

e

so that >

a4|x4 = w,. The source-transfer expression for the correlation then reads

2 1
Pine @) = o, (P2, (92,0 (mhe))) - (312

A.1.2 Rooted at party 3

We consider a different choice of root, » = 3. In this case, the leaf party 4 transfer its information to

3 through the source ~, while the left branch start from the leaf party 1, transferring through party
2 and reaching 3 in the end. We write

1. 1 1 2 . 2 2 4, 4 4

A, =M, Ao = A,, Aj = Mg, Ag = Az, AL =M, A, = A,

1. (313)
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The leaf POVMs are

1 1 1 4 4
M|z = M €A, Mayley = M aglzy

€Al (314)

ay|zy

The transfer map for party 2 <I>2 2|2 Ao — .A% is defined as in equation (309), satisfying the first
source-replacer condition in equation (310). The root functionals are

10 (8) = (2 @ O (M,,,) 250, ,,) 210 @ 25), (315)
for s € Ag @max A, and satisfy
Zw23\$3 = wg ® W. (316)
Thus, one checks that the correlation can be rewritten as
Pine(@l) = 2,1y, (92,10, () @810, ) (317)

We consider the following specialization of theorem 4.2 to line-of-four networks.

Proposition A.1 (Two source-transfer descriptions of the line of four). For a correlation pyne(alx)
on equation (301), the following are equivalent:

(i) Piine admits a mized realization satisfying equations and ;
(ii) prne admits the source-transfer realization rooted at 4 described by equations and

to (312);

(i4i) prne admits the source-transfer realization rooted at 3 described by equations and
and the preceding source algbras, leaf POVMs, and the transfer map.

Proof. The constructions in appendices A.1.1 and A.1.2 prove (i) = (ii) and (i) = (iii). We spell
out the converse calculations, which are completely analogous to those of theorem

Suppose first that the source-transfer realization rooted at 4 is given. Let ('Ha,wa, |Qa>),
(7—[5, 3, |Qg)), and (Hﬂ,, Ty, |Qv>) be the GNS representations of the three source states, and set

Ma = ma(Aa)", My = mg(Ap)", My =y (Ay)". (318)
Identify the endpoint algebras by
My =My, ML=M,, Miz=Mg Mi=M; Mi=M, M,=M,. (319

Applying corollary and remark gives

1 . 2 =
MYy, = Ta (10, ) € Mas M2, € ML B My, (320)
Ma3|:L‘3 € MB ® Mﬁf’ M44|1‘4 S M{Y (321>
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The correlation is recovered by applying the expectation-value identities successively:

Pine(a[x) = W34|z4 ((D23|m3 ((I)izlrz (mfllﬂ””l)))
= (| M, ™ (‘Da3|x3 (‘Da2|x2< (111|J:1)>) €2)
= (25 © QM 3|1‘3 <775 ((I)az\wz (mclll\l”l)) © M, 4‘934) 25 @) (322)

<the’( az|zz2 X I’H«,) <7Ta< 01‘331) & M as|zs (IH@ ® M 4|x4)) |Qline>
4
= <Qline’ H Méﬂx]- |Qline>-
j=1
Due to the commutation relations in equation (320), the second equality uses equation (60); the
third and fourth use equation (53) at parties 3 and 2, respectively.

Now suppose that the source-transfer realization rooted at 3 is given instead. Use the same GNS
notation, but identify

ML =My, MZ=M,, Mz=Mzg, Mi=Mj; M,=M, M>=M., (323

The reconstructed POVMs by corollary and remark 3.6 satisfy

MYy, = 7 (e, ) € Ma, M2, € M, ® Mg, (324)
4 — 4
M2, € M@ M), MYy, =1 (0, ) € M (325)

The corresponding calculation is

Piine(alx) = W23‘m3 <(I>¢212|m2 (m}“m) ® mi4\9:4)
= (Qp ® 0| Mg, (7%’ (q’a2|x2 (m(111|x1>) ® Ty <m34|x4)) Qs @ Q)
= (Qinel (M} aslzs © I.,) (Wa( a1|x1) ® M; as|zs (Irs ® my (mium))) |ine) (326)
= (ine| H M? | |ine)-
j=1

Here the first equality after the source-transfer expression is equation (60), and the next one for
transfer-map at 2 is by equation (53). This proves both converses. O

A.1.3 Source-transfer SDP relaxations for the two roots

We now specialize definition to the two root choices for the line-of-four network.

Root r =4. The formal source algebras are constructed sequentially:

A, = Al :*alg(m}ll'xl) : Ay = A2 = alg(llf (@) ia € ma) : .
2A, = Qli :*alg(\lli3|x3(s) RS ng) .
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Thus AP = Ay, AP = Ag, and AP = 2. Introduce formal state and root functional symbols <y, <g,
Sys Sy T and the associated multi-state polynomial algebras for the corresponding formal x-algebras.
The source-replacer and correlation polynomials are

> vl (@) - <a<q>] p2) ,

az

P AMOE cﬁ<s>] ) , 25)

hi3(017 5,02) = Gy (C’f
as
1) =Y chpes (1) = 5 (8),
a4
hG) = (W2 (92 (m) .
a|x a4lxs asz|xs az|x2 a1l

The two complete-positivity matrices are

[Cd—l( aslze) Ldﬂ 1) o) Lq (Cﬁ <pi‘1’§2|x2(Qi‘Qz)pz)) ,
[Cd_1< “3|$3’Ld)} (1) (cars) La (g7 (CW?‘BW?’(STSQ)CQ)) ’

where p; € Mon(#3), ¢; € Mon(& ) with deg(p;) + deg(¢;) < d — 1, and ¢; € Mon(#,), s; €
Mon (& 3) with deg(c;) + deg(s;) < d — 1.

At level d, by identifying the generators iteratively, the source and root archimedean conditions
are

hiz (plu CLPZ) =B <p>{

(329)

Hg (11 - (m}mxl)* ailzs’ Ld) = 0, (a1,21) € A1 x X4,

B 2 * g2 . €Mon(2a),
Hd—l—deg(q) (]]' - (Wa2|x2 (q)) \Ila2|l32 (Q)7 Ld) i 0? (an@Q;QAQ X Xa?
* 13 . s€Mon(2g), (330>
Hg 1—deg(s )( (\I/a3|13( )) \Ila3|333 (8)’Ld> = O’ (a3,1’3)6A3€<X3’
aslzs x5 seMon(Ag),
Hd72fdeg(s)< (\I/(13|13( )) \Ila3|gj3 (3); Ld) =0, (a3,x3)€A3xXs3,.

(a4,24)EAL XXy
The remaining level-d constraints are
HY(Lg) > 0, § € {a, 8,7},
HI™ (Lg) = 0, (a4,24) € Ay x Xy,
Hg_l( MY oy Ld) =0, (a1,21) € Ar x X1,
qu( v’ J; 7Ld) =0
( ,(p1, 4, pg)) 0, p1,p2 € Mon(Fg), q € Mon(#,),(replacer at 2)
0

Lq(h3,(c1, s, 02)) ,  c1,c2 € Mon(#), s € Mon(&), (replacer at 3)
La(h, (1)) = € Mon(,).

source states)
root functionals)

leaf POVM)

(
(
(
, je{2,3), (a5,2;) €A xX;,  (complete positivity) (331)
(
(
(

replacer at 4).

All equalities are imposed whenever the total degree is at most 2d. The prescribed-correlation
constraints are

Ly (s*{ [hﬁjj( - phne(a|x)} 52) —0 (332)
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for all compatible multi-state monomials sy, so. Since deg(hgg() = 4, the correlation is first imposable
at d = 2.

Root r = 3. Now 2, = AL is generated by m! Az = Ql% is generated by U2 (¢), and
A, = Ql4 is generated by m Ao’ Introduce the corresponding formal state and root functional
symbols Sas SB» Gy, and garm, and the associated multi-state polynomial algebras. The source-replacer
and correlation polynomials are

ay|zy’ 2|z2

Z \1132\962 (q) — got(Q)] p2> )

h2,(p1.q,p2) = Ss (zf{
a2

@) _ 2 1
ha|x - ggg\ws (Wazlrz (mtIlIIl) ® ma4|$4> ’
where (¢5y)(s ® t) = g(s)sy(t). The complete-positivity matrix is
_ * 2 *
[Cd_l ( azlz2) Ld>} (p1,91),(P2,92) = La (gﬁ <p1\11a2|$2 (ql CD)pz)) ’ (334)

where p; € Mon(#g) and ¢; € Mon(# ) satisfy deg(p;) + deg(q;) < d — 1.
At level d, the source and root archimedean conditions are

Hy_y (11 - (mélm)*mmm,Ld) = 0, (a1,z1) € Ay x Xq,
B 2 * 12 . €Mon(2a),
Hd 1—deg(q) (]l (\Pa2|x2(q)) \I/a2|1'2 (q)’Ld) >~ 07 (a(i7$2§)2A2Xx27
del (11 - (mi4|x4)* aglzy’ Ld) =0, ((I4,£L‘4) € Ay X X4, (335)

geMon(Aa ),
a2,r2)€A2xXa,,
as,r3 EA3 ><X3

—

Y e (1 (02,0, (0) 9 1) (1, (0) 9 1): L) = .

)
) A X )
(1= (omdy,,) (Lo mdy,,): La) =0, P

as3,x3)EA3 X X3 "

o~ o~

The remaining level-d constraints are

HS(Lg) = 0, de{a,B,7}, (source states)
Hgilf3(L ) =0, (a3, x3) € Az X Xa, (root functionals)
Hj‘_1< Mg |y s ) =0, (a1,x1) € A x Xy, (leaf at 1)
H) ( ml d) 0, (ag,z4) € Ay x Xa, (leaf at 4) (336)
Cq_ 1( aslzs’ d) 0, (a2,x2) € Ay x Xa, (complete positivity)
Ld( 2 (D1, 4, pg)) 0, p1,p2 € Mon(#3), g € Mon(#,),(replacer at 2)
Ld(h§3( )) =0, t € Mon (&), (replacer at 3).
The prescribed-correlation constraints are generated by hfl’))( — Pline(a]x) and again first testable at

d=2.
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This explicitly shows how the two roots lead to different finite SDP descriptions of the same
limiting correlation set.

A.2 Four-party tripartite-tail network
Consider the source-party tree in figure

1—a-—2, l—a—3-p8—4, (337)
where the notation means that the source « is shared by parties 1,2, 3, while g is shared by parties

3,4. Fix party r = 1 as the root. Then par(4) = 8, par(8) = 3, par(3) = «, and ch(a) = {2,3}.
The non-root leaf parties are 2 and 4.

The mixed model. A mixed realization consists of source spaces Ho, Hg, the vector |Qiai) =
|24 ® Qg), and mutually commuting von Neumann algebras

MY ME] =0, u+#vuve{l,2 3}, M3, ME] = 0. (338)

The POVMs satisfy

My ., € Ma, M2, € M2, M, € Mo ® M3, My 0, € M3, (339)
and the correlation reads
4
Prait(@lx) = (Qeait]| [ | Mf;mj |Qtain).- (340)
j=1

A.2.1 Source-transfer description rooted at party 1

The source  has child party 4, while the source « has child parties 2 and 3. We define the
source-transfer algebras by

Ab = MY, Ag= AL,

341
Ai = /\/@7 Ai = Mf;, Ay = Ai @max Ai. o

By construction, one has a natural representation of A2 and A3 in B(H,)
Lot Aa — B(Ha), ta(q2 ® q3) = q243. (342)

(Recall the proof of theorem where we omit this representation for simplicity.) Define the
vector-induced source states to be

wa(q) = (Qalta(q)|Qa), wg(s) = (Qg|s]Qs). (343)
At the two non-root leaves 2 and 4, we simply let

2 — 2 4 N 4 4
ma2|x2 = a2|zg c AOH ma4‘x4 = Ma4|w4 S AB (344)
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Define the completely positive transfer map for the internal party 3

(I) : Aﬁ — A231<3) = Ai C ./4@ (345)

as|zs
by
1/2 1/2
D310 (5) = (26 (M ) (T © ) (ME,1,) 2 (126)). (346)
The range is contained in A2 by construction, and it satisfies the source-replacer condition

Z 0 1 (5) = wa(s)l . (347)

Finally, the root functionals are

Wyl (@) = (Qal (M310) *1a(@) (M2, 1,) P10, g € Ao, (348)
with > w} \jzr = Wa- The transfer message at a is
Qo =mp,,, @V <m34|x4> ; (349)
giving the correlation
Prait(alx) = Wy, |, (mc21,2|$2 ® ), 12 <mi4|z4>> : (350)

The following proposition is the specialization of the general results in theorem 4.2 to tripartite-tail
network.

Proposition A.2 (Source-transfer description of the four-party tripartite-tail network). A correlation
Prail(a]X) admits the mized realization equations 4339) and 45’40) if and only if it admits the source-
transfer realization rooted at 1 described in appendiz|A.2.1.

Proof. The forward implication was constructed already above. Conversely, same as the proof of
theorem let (Ha,7a,|Q)) be the GNS representation of (Aqa,ws), and let (Hg, ma, |[Q3)) be
the GNS representation of (Ag,wg). Let

'Mgl = Wa(Ai)”a Mg = Wa(Ai)”a My =m0 (Aa)" = Mi v Mgu Mg = mg(Ag)”. (351)
Define the measurement observable algebras of the parties.
ML= M M3 = Mj, MG = M. (352)

By construction from the max tensor products and commutants they are indeed mutually commuting.
The represented leaf POVMs are

2 . 2 2 4
M aglzy T Ma (ma2|12) € Ma’ Ma4|904 ' 71—/3( a4|$4> < Mﬁ' (353>
Apply corollary @ to the transfer map @zg‘m Ag — ‘Apal(3 C A, one has
M, € Mo ® Mj = My, ® M3, (354)
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The root functionals by remark 3.6 give

My ., € My, = M, (355)
Thus all four measurement POVMs have exactly the locations as in equation (339)
To recover the correlation, write M? N = o (m? My @ 1) and identify each operators with their

natural amplifications. Then

z2

1 4
ptaﬂ(a|x) = wal\xl ( ag\xg ® (I)a3|;r3( a4|$4))

<Q | 1|x1Ma2|x2 T (q)23\x3 (ma4|x4>> |Q >

4 356
<Qﬁ ® Q | 3|m3 (ﬂ-ﬁ (ma4\x4> ® M ai|zy 2\3:2) ’95 ® > ( )
= <Qtai1| H Mij|xj ‘Qtail>~
j=1
The third equality uses equation (53) with Z = M} |$1M§2|x2 e (M3). O

A.2.2 Source-transfer SDP relaxation

Let the formal leaf x-algebras to be

Ql = alg( a4|$4>, A2 alg< a2|12>. (357)

Define transfer symbols \1123 (q), g € Ag, and let A3 to be the *-algebra generated by them. Write

|3
Ag = A3, Ay = A2 @23, n— A, =9, (358)

We introduce a joint state symbol ¢, on %l,, g on 2Ug, and the root functional symbols g;'wl, and
the associated multi-state polynomial algebras. The internal and root source-replacer polynomials

Z qjig\xg (q) - gﬁ(Q)] p2> )

as

0= 3 (6~ a0 (359)

1) _ 4
ha|x - 21\901( a2|a:2 ® \IICLS\333< a4|:p4>> :

Here p1,p2 range over the full noncommutative multi-state source ring #,. Accordingly, the
complete-positivity matrix is

Com(Whita)] = Lo (i (ale)p2)) (360)

with p; € Mon(&#,) and ¢; € Mon(#3) such that deg(p;q;) < d — 1.

h3.(p1, ¢ p2) = sa (p’{
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At level d, the source and root archimedean conditions are

Hg—l (11 - (m§4|m4)* aslza’ Ld) = 0, (ag,24) € Ay X Xy,
Hg‘_1<]1 (My)ay @ 1) (M1, @ 1); Ld) = 0, (a2, 22) € Ag x Xy,
Hgflfdeg(q)( (]1 ® \I/a3|13< )) (]1 ® \I/ag\xg( ))5Ld> = 0, (afx;g,(gi)k37 (361)
Hy 5 (1= (m2, ,, 1) (m2, ,, © 1) La) =0, (am)eiacta,

gE€Mon(2g),

ailx .
H gy (1= (10 W10, (0)" (10 W1, (@) La) = 0, e

The last two lines are imposed for every (aj,z1) € Aj x Xj. The remaining level-d constraints are

HE(Lq), Hj(Lq) =0, (source states)

Hm'ml(Ld) =0, (a1,21) € A x Xy, (root functionals)

HY (m@m; Ld) =0, (a2,x2) € Az x Xa, (leaf at 2)

HB ( i4|x4v d) 0, (a4,74) € Ay x Xy, (leaf at 4) (362)
Ca- 1( as|zs) d) =0, (a3, z3) € Az x X3, (complete positivity)

Ld( s (P15 Q5 p2)) 0, p1,p2 € Mon(&,), ¢ € Mon(#3),(replacer at 3)

Lq(h, (1)) =0, t € Mon(#,), (replacer at 1).

All equalities are truncated by total degree as in definition 5.2. The prescribed-correlation constraints

are generated by h;l'))c — prail(@lx). Since deg(h(al)) = 4, they first appear at level d = 2.

|x

B Measurement-algebra factorization is insufficient for the mixed
model

The main text establishes two convergent SDP hierarchies for the mixed quantum model on source-
party trees: the source-transfer hierarchy in corollary|5.8 and inflation-NPA hierarchy in corollary 6.12.
The former is constructed directly from source algebras, source states, and completely positive
transfer maps.

A natural question is whether a convergent hierarchy could instead be obtained by applying
the existing state-polynomial framework directly to the party measurement algebras and their
factorization constraints.

The original scalar-extension method introduced SDP-compatible relaxations of measurement-
algebra factorization [Poz+19|. For the bilocal network, suitable additional constraints lead to
complete SDP hierarchies LG23t RXL26|. These formulations are closely related to state-polynomial
optimization \\ which provides convergent SDP relaxations for polynomial constraints
involving a state.

In this approach, one works with the party measurement algebras and a global state w. Source
independence is expressed through identities of the form

w(qr - qr) =wlqr) - wlg). (363)
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Such constraints can be encoded by state-polynomial optimization. Referred to as the Renou—Xu
model LG23# RXL26], it is shown that this this condition is sufficient to recover the mixed model on
bilocal network. For general networks, this measurement-factorization description is recently studied
by [YHH20)

Already on the line of four, this measurement-factorization model does not coincide with the
mixed quantum model. Indeed, it admits a correlation whose conditional distribution at the two
middle parties, given the endpoint outcomes, is a PR box, which excludes a mixed realization
(proposition . Consequently, imposing only these factorization constraints cannot yield a
complete hierarchy for the mixed model.

B.1 One-state measurement-factorization model

Consider the line-of-four source-party tree in figure which we now denote the vertices by
X—a—-A-p—-B—-~v-Y. (364)

All parties have one measurement setting and binary outcomes x, a, b,y € {0,1}. The pairs of parties
that do not share a source, hence with independent measurement algebras, are (X, B), (X,Y’), and
(A,Y). Its natural factorization-based model, which is a line-of-four specialization to the [YHH26
definition 2.2|, reads as follows.

Definition B.1 (Measurement-factorization model for the line-of-four). A correlation p(x,a,b,y)
admits a measurement-factorization realization on equation (364) if there exist a Hilbert space H, a
unit vector |Q) € H, mutually commuting von Neumann algebras

My, Ma, Mp, My C B(H), (365)

and binary POVMs
{Xx}alczo C Mx, {Aa}zlzzo C Ma,

1 1 (366)
{Bb}yp—o C Mp, {Yy}y—o C My.
such that, with w(q) = (Q|q|),
p(x,a,b,y) = w(XzAuBpYy). (367)
Moreover, the state factorizes over every pair of parties that does not share a source:
w(gxgs) = w(gx)w(gn), w(gxqy) = w(gx)w(ay), w(qagy) = w(ga)w(gy) (368)

fO?” all gx € Mx, ga € Ma, qg € Mp, and qy € My

All conditions in definition can be readily adapted in the original state polynomial optimiza-
tion.

B.2 Counterexample on the line of four

Related to |Lig24, example 3.3.18], we show such a factorization-based model admit correlations
that are incompatible to the mixed model on the line of four.
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Proposition B.2 (A post-quantum correlation satisfying the independent-party factorizations).
Define

%7 a®db= Ty,
pPR(337 a, bvy) = z,a, b’y € {07 1} (369)
0, a®b#uwy,

Then ppr admits a measurement-factorization realization in the sense of definition|B.1, but it does
not admit a mized quantum realization on the line of four as in definition 2.1.

Proof. We first construct a measurement-factorization realization for ppr explicitly. Let H =
C? ® C? ® C? with computational basis {|z,y, \) : z,y, A € {0,1}}, and write

1
Q) = 2 D lmy ). (370)
z,y, \e{0,1}

Consider the binary PVMs,

Xo =Y |w,y, N,y AL Yy = ey, Ay, Al
y,A T\

(371)
By = Z |'T7y’ b><x>yab|a Ay = Z |$ayaa D xy)(:t,y,a 69$y|7

z,y €,y

which are mutually commuting as operators diagonal in the same basis. Let wpgr(-) = (Qpr| - |2pr),
one directly computes that

1
WPR(XzAaBbe) = géaEBb,a:y = pPR(% a, b7 y) (372>

Moreover, we can check that

1

WpR(XzBy) = 1= wpR (Xe)wpr (By),
1

WPR(XzYy) = 1 = WPR(Xx)wPR(Yy)a (373)
1

wpr(A.Yy) = 1= wpR (Aa)wpr (Yy),

on the generators of the measurement algebras. Since the measurement algebras are generated by
linear spans of these generators, we have equation

It remains to exclude a mixed quantum realization for ppgr(z,a,b,y). We use the observation
made in Theorem 2.4]—a quantum correlation producing the line-of-four correlation must
give a quantum Bell correlation after conditioning on the two end outcomes—and extend it to the
mixed model. Indeed, conditioned on the marginal ppr(z,y) = i, we obtain the PR box correlation
in the Bell scenario

1
5, 4D b= Ty,

prr(a, blz,y) = 2 (374)
0, a®b+#uxy.

Suppose that ppr admitted a mixed realization with source spaces Hq, Hg, H~, and product source
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vector [, ® Qg ® €,). Define operators on the middle source space Hg by
Agle = 2000 X2 A0l ), By, = 2(2| ByY, Q). (375)

The mixed-model commutation relations make these operators positive and mutually commuting.
Since ppr(r) = ppr(y) = 1/2, we have ) A, = > Byy = Iz,. These commuting POVMs
therefore satisfy

(5] A2 Bayy|6) = 4ppr (2, a,b,y) = ppr(a, blz, y). (376)

It follows that the conditional PR box in equation (374) is a commuting-operator quantum Bell
correlation admitting the CHSH value of 4, contradicting the Tsirelson bound of 21/2. O

Remark B.3. The counterexample persists even when we impose factorization between groups of
parties that depend on disjoint sources. Indeed, the counterexample also satisfies

wpr(¢xqaqy) = wpr(¢xqa)wrr(qy), wpr(9x9Bqy) = wrr(gx)wrr(¢BGY) (377)

for all gx € Mx, g4 € My, qg € Mp, and qy € My. Together with equation (368), these
identities include all nontrivial factorizations between groups of parties whose incident source sets
are disjoint in the line-of-four network.

By proposition B.2, even a complete state-polynomial hierarchy for the measurement-factorization
model would admit ppr. Thus, extending the bilocal approach to all source-party trees requires
more than just imposing these factorization constraints.

Our hierarchy instead encodes the source-transfer model, which is equivalent to the mixed model
by theorem Its source states and completely positive transfer maps are incorporated through the
multi-state extension of state-polynomial optimization in definition 5.2, This gives a direct convergent
hierarchy for the mixed model on trees. The same source-transfer characterization also identifies the
model reconstructed from inflation in theorem establishing convergence of inflation-NPA.
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