SPARSE NONCOMMUTATIVE POLYNOMIAL OPTIMIZATION

IGOR KLEP, VICTOR MAGRON, AND JANEZ POVH

ABSTRACT. This article focuses on optimization of polynomials in noncom-
muting variables, while taking into account sparsity in the input data. A
converging hierarchy of semidefinite relaxations for eigenvalue and trace opti-
mization is provided. This hierarchy is a noncommutative analogue of results
due to Lasserre [SIAM J. Optim. 17(3) (2006), pp. 822-843] and Waki et
al. [STAM J. Optim. 17(1) (2006), pp. 218-242]. The Gelfand-Naimark-Segal
(GNS) construction is applied to extract optimizers if flatness and irreducibility
conditions are satisfied. Among the main techniques used are amalgamation
results from operator algebra. The theoretical results are utilized to compute
lower bounds on minimal eigenvalue and trace of noncommutative polynomials
from the literature.

1. INTRODUCTION

The goal of this article is to handle a specific class of sparse polynomial optimiza-
tion problems with noncommuting variables (e.g., polynomials in matrices). Appli-
cations of interest include control theory and linear systems in engineering [SIG98],
quantum theory and quantum information science [NPAO08]. For example, in the
latter context, noncommutative polynomial optimization provides upper bounds on
the maximum violation level of Bell inequalities [PV09]. Further motivations re-
late to the generalized Lax conjecture [Lax58], with computational proof attempts
relying on noncommutative sums of squares (in Clifford algebras) [NT14]. The
problem of verifying noncommutative polynomial inequalities has also occurred in
a conjecture formulated by Bessis, Moussa and Villani (BMV) in 1975 [BMVT75],
and restated by Lieb and Seiringer [LS04]. The initial conjecture boils down to
verifying that the (univariate) polynomial ¢ — tr(A + ¢tB)™ has only nonnegative
coefficients, for all positive semidefinite matrices A and B, and all m € N. Even
though the BMV conjecture has been established by Stahl [Stal3] for all m, one can
rely on computational proofs for a fixed value of m. Schweighofer and the first au-
thor derived a computational proof [KS08] of the conjecture for m < 13. Recently,
noncommutative polynomial optimization has been used in [GALL18] to study op-
timization problems related to bipartite quantum correlations, and in [GdLL19] to
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derive hierarchies of lower bounds for several matrix factorization ranks, including
nonnegative rank, positive semidefinite rank as well as their symmetric analogues.

In the commutative setting, polynomial optimization focuses on minimizing or
maximizing a polynomial over a semialgebraic set, that is, a set defined by a finite
conjunction/disjunction of polynomial inequalities. In general, computing the exact
solution of a polynomial optimization problem is an NP-hard problem [Lau09b]. In
practice, one can at least compute an approximation of the solution by considering a
relaxation of the problem. In the seminal 2001 paper [Las01], Lasserre introduced a
nowadays famous hierarchy of relaxations, called the moment-sums of squares hier-
archy allowing us to obtain a converging sequence of lower bounds for the minimum
of a polynomial over a compact semialgebraic set. Each lower bound is computed by
solving a semidefinite program (SDP). In SDP, one optimizes a linear function under
a linear matrix inequality constraint. SDP itself appears in a wide range of applica-
tions (combinatorial optimization [GLV09], control theory [BEGFB94], matrix com-
pletion [Lau09a], etc.) and can be solved efficiently (up to a few thousand optimiza-
tion variables) by freely available software, e.g. SeDuMi [Stu99], SDPT3 [TTT03],
SDPA [YFKO03] or Mosek [Mos]. For optimization problems involving n-variate
polynomials of degree less than d, the size of the matrices involved at step k > d
of Lasserre’s hierarchy of SDP relaxations is proportional to (”:k). Therefore, the
size of the SDP problems arising from the hierarchy grows rapidly.

For unconstrained problems involving a large number of variables n, a remedy
consists of reducing the size of the SDP matrices by discarding the monomials
which never appear in the support of the SOS decompositions. This technique,
based on a result by Reznick [Rez78], consists of computing the Newton polytope
of the input polynomial (that is, the convex hull of the support of this polyno-
mial) and selecting only monomials with support lying in half of this polytope.
For constrained optimization, another workaround is based on exploiting a poten-
tial sparsity /symmetry pattern arising in the input polynomials. In [Las06] (see
also [WKKMO06] and the related SparsePOP solver [WKK™09]), the author derives
a sparse version of Putinar’s representation [Put93] for polynomials positive on
compact semialgebraic sets. This variant can be used for cases where the objective
function can be written as a sum of polynomials, each of them involving a small
number of variables. Sparse polynomial optimization techniques enable us to suc-
cessfully handle various concrete applications. The frameworks [MCD17, Mag18],
coming with the Real2Float software library, rely on these techniques to produce a
hierarchy of upper bounds converging to the absolute roundoff error of a numerical
program involving polynomial operations. In energy networks, it is now possible to
compute the solution of large-scale power flow problems with up to thousand vari-
ables [Jos16]. In [TWLH19], the authors derive the sparse analogue of [HLS09] to
obtain a hierarchy of upper bounds for the volume of large-scale semialgebraic sets.
In the same spirit, the symmetry pattern of the polynomial optimization problem
can be exploited [RTAL13]. More recent progress focused on the use of alternative
hierarchies, including the so-called bounded degree SOS hierarchy (BSOS) [LTY17].
Here, one represents a positive polynomial as the sum of two terms: an SOS poly-
nomial of a priori fixed degree, and a term lying in the set of Krivine-Stengle
representations [Kri64], that is, a combination of positive linear cross-products of
the polynomials involved in the set of constraints. The BSOS hierarchy can handle
bigger instances than the standard moment-SOS hierarchy. In addition, sparsity
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can be exploited in the same way as for the sparse SOS hierarchy, which allows us
to tackle even larger problems [WLT18].

In the noncommutative context, a given noncommutative polynomial in n vari-
ables and degree d is positive semidefinite if and only if it decomposes as a sum
of hermitian squares (SOHS) [Hel02, McCO01]. In practice, an SOHS decompo-
sition can be computed by solving an SDP of size O(n¢), which is even larger
than the size of the matrices involved in the commutative case. SOHS decompo-
sitions are also used for constrained optimization, either to minimize eigenvalues
or traces of noncommutative polynomial objective functions, under noncommuta-
tive polynomial (in)equality constraints. The optimal value of such constrained
problems can be approximated, as closely as desired, while relying on the non-
commutative analogue of Lasserre’s hierarchy [PNA10, CKP12, BCKP13]. The
NCS0Stools [CKP11, BKP16] library can compute such approximations for opti-
mization problems involving polynomials in noncommuting variables. By compari-
son with the commutative case, the size O(n*) of the SDP matrices at a given step
k of the noncommutative hierarchy becomes intractable even faster, typically for
k,n ~ 6 on a standard laptop.

A remedy for unconstrained problems is to rely on the adequate noncommutative
analogue of the standard Newton polytope method, which is called the Newton chip
method (see, e.g. [BKP16, §2.3]) and can be further improved with the augmented
Newton chip method (see, e.g., [BKP16, §2.4]), by removing certain terms which
can never appear in an SOHS decomposition of a given input. As in the commuta-
tive case, the Newton polytope method cannot be applied for constrained problems.
When one cannot go from step k to step k+ 1 in the hierarchy because of the com-
putational burden, one can always consider matrices indexed by all terms of degree
k plus a fixed percentage of terms of degree k+ 1. This is used for instance to com-
pute tighter upper bounds for maximum violation levels of Bell inequalities [PV09).
Another trick, implemented in the Ncpol2sdpa library [Wit15], consists of exploit-
ing simple equality constraints, such as “X? =Y, to derive substitution rules for
variables involved in the SDP relaxations. Similar substitutions are performed in
the commutative case by Gloptipoly 3 [HLL09).

Apart from such heuristic procedures, there is, to the best of our knowledge, no
general method to exploit additional structure, such as sparsity, of (un)constrained
noncommutative polynomial optimization problems.

Contributions. We state and prove in Section 3 a sparse variant of the noncom-
mutative version of Putinar’s Positivstellensatz, under the same sparsity pattern
assumptions as the ones used in the commutative case [Las06, WKKMO06]; these
conditions are known as the running intersection property (RIP) in graph the-
ory [FKMNO1, NFF*03]. Our proof relies on amalgamation results for operator
algebras. Then, we present in Section 4 the sparse Gelfand-Naimark-Segal (GNS)
construction yielding representations for linear functionals positive w.r.t. sparsity.
This allows us to extract minimizers, providing that flatness and irreducibility con-
ditions hold. We rely on this sparse representation to design algorithms perform-
ing eigenvalue optimization (Section 5) and trace optimization of noncommuta-
tive sparse polynomials (Section 6), both in the unconstrained and constrained
case. Along the way we exhibit an example showing that the Helton-McCullough
[Hel02, McCO01] Sum of Squares theorem (every positive nc polynomial is a sum of
hermitian squares) fails in the sparse setting, see Example 5.2. Finally, we provide
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in Section 7 experimental comparisons between the bounds given by the dense re-
laxations and the ones produced by our algorithms, currently implemented in the
NCS0Stools software library.

2. NOTATION AND DEFINITIONS

This section gives the basic definitions and introduces notation used in the rest
of the article.

2.1. Noncommutative polynomials. Let us denote by M, (R) (resp. S,) the
space of all real (resp. symmetric) matrices of order n, and by S¥ the set of k-tuples
A= (Ay,...,A;) of symmetric matrices A; of order n. Let I,, stands for the iden-
tity matrix of order n. For a fixed n € N, we consider a finite alphabet X;,..., X,
and generate all possible words of finite length in these letters. The empty word is
denoted by 1. The resulting set of words is (X), with X = (X1,...,X,). We de-
note by R(X) the set of real polynomials in noncommutative variables, abbreviated
as nc polynomials. A monomial is an element of the form a,w, with a,, € R\{0}
and w € (X). The degree of an nc polynomial f € R(X) is the length of the
longest word involved in f. For d € N, (X), is the set of all words of degree at
most d. Let us denote by W the vector of all words of (X)g w.r.t. to the lexi-
cographic order. Note that the dimension of R(X), is the length of W, which is
o(n,d) = Z?:o ni =21 The set R(X) is equipped with the involution % that
fixes RU{Xq,..., X, } pomt wise and reverses words, so that R(X) is the x-algebra
freely generated by n symmetric letters Xi,...,X,. The set of all symmetric ele-
ments is defined as SymR(X) := {f € R(X) : f .

Sums of hermitian squares. An nc polynomial of the form g*g is called a hermit-
ian square. A given f € R(X) is a sum of hermitian squares (SOHS) if there exist
nc polynomials hy, ..., h, € R(X), with r € N, such that f = hfh;+---+h%h,. Let
¥(X) stands for the set of SOHS. We denote by Y(X); C X(X) the set of SOHS
polynomials of degree at most 2d. We now recall how to check whether a given
f € SymR(X) is an SOHS. The existing procedure, known as the Gram matriz
method, relies on the following proposition (see, e.g., [Hel02, §2.2]):

Proposition 2.1. Assume that f € SymR(X)o4. Then f € 3(X) if and only if
there exists Gy = 0 satisfying

(2.1) f=W;GrWy.

Conversely, given such Gy > 0 with rank r, one can construct gi,...,g9, € R(X)q4

such that f = Z:Zl 95 Gi-

Any symmetric matrix Gy (not necessarily positive semidefinite) satisfying (2.1)
is called a Gram matriz of f.

Semialgebraic sets and quadratic modules. Given a positive integer m and
S={s1,...,8m} C SymR(X), the semialgebraic set Dg associated to S is defined
as follows:
(22)  Ds:=J{A=(A1,...,A) €S} :5;(A) =0, j=1...,m}.

keN
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When considering only tuples of N x N symmetric matrices, we use the notation
Dg(N) := Dg NSY. The operator semialgebraic set D is the set of all bounded
self-adjoint operators A on a Hilbert space making g(A) a positive semidefinite
operator, for all g € S. The quadratic module Mg, generated by S, is defined by

K
(2.3) Mg := {Za;s;ai:KeN,aie]MX},s;ESU{I}} :
i=1
Given d € N, the truncated quadratic module Mg 4 of order d, generated by S, is

K
(2.4) Ms4:= {Zaysgai ‘K €N, a; e R(X),s, € SU{1},deg(a}s}a;) < Qd} .
=1

A quadratic module M is called archimedean if for each a € R(X), there exists
N € N such that N —a*a € M, e.g., N — Z?:l Xf € M. The noncommutative
analog of Putinar’s Positivstellensatz [Put93] describing noncommutative polyno-
mials positive on D with archimedean Mg is due to Helton and McCullough:

Theorem 2.2 ([HM04, Theorem 1.2]). Let SU{f} C SymR(X) and assume that
Mg is archimedean. If f(A) = 0 for all A € D, then f € Mg.

2.2. Sparsity patterns. Let Iy := {1,...,n}. For p € N consider I1,...,I, C I
satisfying (Ji_, I = Io. Let ny be the size of I, for each k =1,...,p.

We denote by (X (I1)) (resp. R(X (I}))) the set of words (resp. nc polynomials) in
the ny, variables X (It,) = {X; : ¢ € I;}. The dimension of R(X (I;))q4 is o (ng,d) =
=L Note that R(X () = R(X). We also define SymR(X (1)) := Sym R(X)n
R(X(Ix)), let (X (I})) stands for the set of SOHS in R(X(I})) and we denote by
S(X(Ix))q the restriction of X(X(Ix)) to nc polynomials of degree at most 2d.
Let Z;, be the set of all subsets of I, for all k = 1,...,p. For u € (X), suppu
denotes the support of u, that is, the set of all ¢ € {1,...,n} for which the letter X;
appears in the word u. As an example, if one considers n = 6 and u = X7 X5 X,
then supp u = {1,5,6}. In the sequel, we will rely on two specific assumptions. The
first one is as follows:

Assumption 2.3 (Boundedness). Let Dg be as in (2.2). There is M € R>? such
that Y1 | X2 < M, for all X = (X1,...,X,) € Dg.

Then, Assumption 2.3 implies that »°.., X7 < M, for all k = 1,...,p. Thus

we define

(2.5) sm+k::M—ZXJ2, k=1,...,p,
Je€ly

FISE

and set m’ = m + p in order to describe the same set Dg again as:
(2.6) Dg:={AeS":s;(4) =0, j=1,....m'}.
The second assumption is as follows:

Assumption 2.4 (RIP). Let Dg be as in (2.6) and let f € R(X). The index set
J:={1,...,m'} is partitioned into p disjoint sets Ji,...,J, and the two collections
{I,...,I,} and {J1,...,Jp} satisfy:
(i) For all j € Ji, g; € SymR(X (Ix)).
(i1) The objective function can be decomposed as f = fi1 + -+ fp, with fi €
R(X(Iy)), forallk=1,...,p.
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(i4i) The running intersection property (RIP) holds, i.e., for allk =1,...,p—1,

one has
(2.7) I N U I; C1, for somel <k.
i<k
Even though we assume that I,...,I, are explicitly given, one can compute

such subsets using the procedure in [WKKMO06]. Roughly speaking, this procedure
consists of two steps. The first step provides the correlation sparsity pattern (csp)
graph of the variables involved in the input polynomial data. The second step
computes the maximal cliques of a chordal extension of this csp graph. Even if the
computation of all maximal cliques of a graph is an NP hard problem in general, it
turns out that this procedure is efficient in practice, due to the properties of chordal
graphs (see, e.g., [BP93] for more details on the properties of chordal graphs).

2.3. Hankel and localizing matrices. To g € SymR(X) and a linear functional
L : R{(X)oq — R, one associates the following two matrices:

e the noncommutative Hankel matrix Hy is the matrix indexed by words
u,v € (X)q, with (Hp)y,, = L(u*v);
e the localizing matriz Hgg is the matrix indexed by words u, v € (X)g_[deg g/27
with (H] )uw = L(u*gv).
The functional L is called unitalif L(1) = 1 and is called symmetricif L(f*) = L(f),

for all f belonging to the domain of L. We also recall the following useful facts
together with their proofs for the sake of completeness.

Lemma 2.5 ([BKP16, Lemma 1.44]). Let g € SymR(X) and let L : R(X)2g — R
be a symmetric linear functional. Then, one has:

e L(h*h) >0 for all h € R(X)q4, if and only if, Hy, = 0;

o L(h*gh) >0 for all h € R(X)q_[deg g/21, if and only if, H} = 0.

Proof. For h =3, hyw € R(X)4, let us denote by h € R7(™9) the vector consist-
ing of all coefficients h,, of h. The first statement now follows from

L(h*h) =Y huhy L(u*v) = hyho(Hp)uw = h"Hrh.

Similarly, the second statement follows after checking that L(h*gh) = hT H TLT o O

Definition 2.6. Suppose L : R(X)a4425 — R is a linear functional with restriction
L : R(X)2qa — R. We associate to L and L the Hankel matrices Hy, and Hj
respectively, and get the block form

H; B

H;, =
L=1pT ¢

We say that L is 6-flat or that L is a flat extension of L, if Hy, is flat over Hj,
i.e., if rank Hy, = rank H7y .

For a subset I C {1,...,p}, let us define Hy(I) to be the Hankel submatrix
obtained from Hj after retaining only those rows and columns indexed by w €
(X(I)). When I C I and g € R(X(Iy)), for k € {1,...,p} , we define the localizing
submatrix Hg’g(I) in a similar fashion. In particular, Hp, (I;) and Hg’g(Ik) can be
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seen as Hankel and localizing matrices with rows and columns indexed by a basis
of R(X(I}))q. Both matrices depend only on the variables y,, with suppw € Z.

3. SPARSE REPRESENTATIONS OF NONCOMMUTATIVE POSITIVE POLYNOMIALS

In this section, we prove our main theoretical result, which is a sparse version
of the Helton-McCullough archimedean Positivstellensatz (Theorem 2.2). For this,
we rely on amalgamation theory for C*-algebras, see e.g. [Bla78, Voi85].

Given a Hilbert space H, we denote by B(H) the set of bounded operators on
H. A C*-algebra is a complex Banach algebra .4 with an involution satisfying
|lzz*|| = ||z||* for all x € A. Equivalently, it is a norm closed subalgebra with
involution of B(#) for some Hilbert space H.

Theorem 3.1 ([Bla78] or [Voi85, Section 5]). Let (A, o) and {(Bk,¢r) : k €
I} be C*-algebras with states (positive linear functionals), and let v be a state-
preserving embedding of A into By, for each k € I. Then there exists a C*-algebra
D amalgamating the (B, r) over (A, o). That is, there is a state ¢ on D, and
state-preserving homomorphisms ji : By — D, such that g o ji = i3 0 j;, for all
ki€ 1, and such that | J,c; jr(Br) generates D.

We also recall the construction by Gelfand-Naimark-Segal (GNS) establishing
a correspondence between *-representations of a C*-algebra and positive linear
functionals on it. In our context, the next result [BKP16, Theorem 1.27] restricts
to linear functionals on R(X) which are positive on an archimedean quadratic
module.

Theorem 3.2. Let S C SymR(X) be given such that its quadratic module Mg is
archimedean. Let L : R(X) — R be a nontrivial linear functional with L(Mg) C
RZ0. Then there exists a tuple A = (Aq,..., A,) € D% and a vector v such that

L(f) = (f(A)v,v), for all f € R(X).
For k=1,...,p, let us define

K

ME = {Zafsiai K eNja; € R(X(Iy)), ss € SNSymR(X (I;)) U {1}} ,
i=1

and

(3.1) M = Mg+ -+ + ME.

Theorem 3.3. Let SU {f} C SymR(X) and let Dg be as in (2.6) with the addi-
tional quadratic constraints (2.5). Suppose Assumption 2.4 holds. If f(A) > 0 for
all A € DZ, then f e M.

Proof. The proof is by contradiction: suppose that f(A) > 0 for all A € D, and
that f ¢ M. By the Hahn-Banach separation theorem (also known as the
Eidelheit-Kakutani Theorem [Bar02, Corollary IT1.1.7] in this context), there exists
a linear functional L : R(X) — R with L(f) < 0 and L(M™™°) C R=%. Without
loss of generality L(1) = 1.

Here, we cannot directly apply Theorem 3.2 since Mg *"™ is not the quadratic
module of R(X) generated by the polynomials involved in S. Nevertheless, we will
prove that there exists a tuple A = (4;,...,4,,) € D and a nonzero vector w
such that L(f) = (f(A)w,w). Since f > 0 implies that (f(4)w,w) > 0, this will
contradict the fact that L(f) <0.



8 IGOR KLEP, VICTOR MAGRON, AND JANEZ POVH

For k = 1,...,p, let us denote by L* : R(X(I;)) — R the restriction of L to
R(X(I)). Observe that L*(M¥%) C R2°. Each linear functional LF induces a
sesquilinear form

(9:h) = (g, h)i == L*(g*h)

on R(X(Iy)), which is positive semidefinite since L* is positive on sums of her-
mitian squares, allowing us to apply the Cauchy-Schwartz inequality. Let N'* :=
{h € R(X(I})) : (h,h)r = 0} be the nullvectors corresponding to L*. By using
again the Cauchy-Schwartz inequality, one can show that N* is a vector subspace
of R(X(I1)), and the sesquilinear form L* induces an inner product on the quo-
tient space R(X (I}))/N*. Let us denote by H(I}) the Hilbert space completion
of R(X(Ix))/N*. Since 1 ¢ N*, H(I;) is nontrivial and separable. By using the
fact that L* is nonnegative on the archimedean quadratic module M ’S“, there exists
N € N such that L*(g*(N — X?)g) > 0, for all g € R(X(I}.)). Therefore, one has

(3.2) 0 < (Xig, Xig)e = L*(g*X}g) < NLF(g%9)

implying that A'* is a left ideal. Therefore, the left multiplication operator X Fige
XFg is well-defined on R(X (I}))/N*, for all i € I},. By (3.2), this operator is also
bounded and can be extended uniquely to H(I). We fix an orthonormal basis of
H(Ix) and denote by Af the corresponding representative of the left multiplication
by X; in B(#(I)) with respect to this basis. Let us denote A¥ := (A¥);c;, . Then,
one has for all g € R(X (I}))

(3-3) L¥(g) = (g(A")V*,v¥),

where v¥ € H* is the image of the identity polynomial. We denote by ¢ the

induced state on B(H(Iy)), cf. Figure 1.
Now, the proof proceeds by induction on p. With p = 1, this corresponds to the
dense representation result stated in Theorem 2.2.

Case p = 2. First, note that the running intersection property (2.7) holds in this
case. If Iy N Iy = (), then one has fi(A4) > 0, for all A € DZ. As a consequence of
Theorem 2.2, one has f;, € M¥, which implies that f = fi + fo € M.

Next, let us suppose that I; NI, # (). Let us define the sesquilinear form
(g,h) — {(g,h)12 := LY (g*h) on R(X(I; N I3)). As above, we obtain N''? :=
{h € R(X(I; N I3)) : (h,h)12 = 0} and the Hilbert space completion H(I; N Iz) of
R(X(I; NI3))/N'2. We denote by L° the restriction of L' (or, equivalently, L?) to
R(X (I N I3)), and by g the induced state on B(H(I1 N I2)).

For k € {1,2}, let us denote by i; : R(X([; N I3)) — R(X(I;)) the canonical
embedding. Next we apply Theorem 3.1 with I = {1,2}, A = B(H([; N L))
endowed with ¢, By = B(H(Ix)) endowed with ¢, and v : B(H(I; N Iz)) —
B(H(Ix)) being the canonical embedding. As displayed in Figure 1, we obtain an
amalgamation D C B(H), with state ¢ and homomorphisms ji : B(H(I)) — D
such that ¢1 0 j1 = 15 0 jo.

Next perform the GNS construction with (D, ¢). There is a Hilbert space K,
representation 7 : D — B(K) and vector £ € K so that p(a) = (7(a)&, £). Then, let
us define A := (44,...,4,), with

o r(ji(AD) ifiel,
"\ n(ja(A2)) ifie s,
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(D, )
(BOH(1)). 1) (BOH(L2)), 02)
(REX (1)), L) (R(X (L)), L)

(B(H(I1 N I2)), ¢o)

i [ ia

(R(X(I; N 1)), L°)
FIGURE 1. Amalgamation for the case p = 2.

For all g € R(X), we now set L(g) := (g(A)&,€). We claim that L extends L.
Indeed, for g € R(X(I})) we have

L(g) = (9(A)¢.€) = (g(m(jr(A")E, €) = (m(9(in(A")))E. )
= ¢(9(ix(A"))) = ¢(in(9(A"))) = pu(9(A*)) = L*(g).

Therefore,

(F(A)E,€) = L(f) = L(f1) + L(f2) = L*(f1) + L*(f2) = L(f) < 0.

It only remains to prove that A € D, i.e., that s(4) = 0, for all s € S. By
assumption, s € SymR(X (I})) for some k € {1,2}, so

(3-4) s(A) = s((m o ji)(A")) = (m 0 ji) (s(A")).

Since R(X(I}))/N* is dense in H*, one can approximate as closely as desired
u € H* by elements of R(X(I}.))/N*. We prove that (s(A*)u,u), > 0, where u
stands for a vector representative of u € R(X(I3))/N*. Given such a vector u,
there exists a polynomial g € R(X(I})) (by construction), such that u = g(A*)v*.
Next, the following holds:

(s(A")u,u)y = (s(AM)g(AM)WV", g(AM)W ) = ((sg)(AF)VF, g(A")VF) = L¥(g7s9)

where the last equality comes from (3.3). Since g*sg € M¥ and L* (M%) C R=0, one
has (s(A*)u,u); > 0, which implies that ¢ := s(A*) = 0. Since ¢ is a nonnegative
element of the C*-algebra B(H(Iy)), there exists b € B(H(I})) such that ¢ = b*b.
Eventually by (3.4), one has s(4) = (7 o jx)(s(4%)) = 7n(jr(c)) = 7(jr(b*D)) =
(jr(0))*7(jr(b)) = 0, yielding A € DZ, the desired result.
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General case. Now assume p > 2. For each m < p we will construct a tuple
A™ € DF and a unit vector {™ with

(3.5) L(f) = (f(A™)€™, &™)
for all f € >, ., R(X(I;)). Observe that the right-hand side of (3.5) defines a
linear functional on the entire R(X), which we denote by L™.

The basis for the induction, p < 2, has been established above. Let p > m > 2.
By the running intersection property (2.7), there is k& < m with ( Uj<m Ij) N
Lpn+1 C I,. We denote by L™ the restriction of L™ to R(X (Uj<mI;)), by Ll
the restriction of L to R(X(I,,+1)), and by L° the restriction of L (or, equivalently,
of f,m) to R(X(Ix)). As before, Theorem 3.2 produces Hilbert spaces H,+1,Ho
and states @41, @0 on B(Hu+1), B(Ho), respectively. By the induction hypothesis
there is a Hilbert space H,, and a state ¢, on B(H,,).

Now amalgamate (B(H:m,), ¢m) and (B(Hm11), @m+1); if (Uj<m I;) N Lpgr =0,
then we amalgamate them over R, and otherwise over (B(Hy), o). Applying
the GNS construction to the amalgamated C*-algebra (D, ) then yields the de-
sired A1 € DP and a unit vector & with L(f) = (f(A™T1)¢,€) for all f €
> j<m+1 R(X(15)). 0

The reader will notice that the RIP property is used subtly in the two last para-
graphs of the proof of Theorem 3.3. Next, we provide an example demonstrating

that sparsity without a RIP-type condition is not sufficient to deduce sparsity in
SOHS decompositions.

Example 3.4. Consider the case of three variables X = (X1, X5, X3) and the
polynomial

f=(X1+ X2+ X3)?
= X7+ X3 + X3 + X1 Xo + Xo X1 + X1 X3 + X3X1 + X2 X3 + X3X5 € B(X).
Then f = fi+ f2 + f3, with

1 1

fi=gXT+ S X5+ X0 Xo + XXy € R(X), X),
1 2

fa=5XT+ TX5 4 X0 X5 + Xa Xy € R(X), X),

1 1
fz= §X22 + §X§ + X2 X3 + X3Xo € R(X3, X3).

However, the sets I; = {1,2}, I = {1,3} and I3 = {2,3} do not satisfy the RIP
condition (2.7) and f & X(X)P% .= (X, Xp) + B(X, X5) + D(Xa, Xs3) since it
has a unique Gram matrix by homogeneity.

Now consider S = {1 — X?, 1 — X2, 1 — X3}. Then Dg is as in (2.6), M
is as in (3.1) and flpe = 0. However, we claim that f + X € MF*™ iff X > 3.
Clearly,

43 = (Xa4Xe) + (X1 +X3)" +(Xo4+X3) +(1=X7)+(1=X5) +(1-X5) € M.
Hence it suffices to show there exist linear functionals Ly : R(X (I})) — R satisfying
(1) (1) = 15

(2) The corresponding (infinite) Hankel matrix Hp, and its localizing variants

Hgk , are positive semidefinite for all g € S}
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(3) Ljlrx(r;nn)y = Lklrx(r;nryy for all j, k;

(4) 2 Li(fe) = =
Define

0 1
T R
and let
Lj(g) =trg(A,B) for g € R(X(I;)).

Since L;(f;) = —1, properties (1), (2) and (4) are easily verified. For property (3),
given, say h € R(X(I1)) NR(X(I3)) = R(X32), we have

Ly(h) = tr h(B),

L3(h) = trh(A).

But matrices A and B are orthogonally equivalent as UAUT = B for

0 1
=[]
whence h(B) = h(UAUT) = Uh(A)UT and h(A) have the same trace.

4. SPARSE GNS CONSTRUCTION AND OPTIMIZER EXTRACTION

The aim of this section is to provide a general algorithm to extract solutions of
sparse noncommutative optimization problems. We will apply this algorithm below
to eigenvalue optimization (Section 5) and trace optimization (Section 6). For this
purpose, we first present sparse noncommutative versions of theorems by Curto and
Fialkow. In the commutative case, Curto and Fialkow provided sufficient conditions
for linear functionals on the set of degree 2d polynomials to be represented by
integration with respect to a nonnegative measure. The main sufficient condition to
guarantee such a representation is flatness (see Definition 2.6) of the corresponding
Hankel matrix.

In the dense case, [BKP16, Theorem 1.69] provides a first noncommutative vari-
ant. As this will be needed in the sequel, we recall this theorem and a sketch of its
proof, which relies on a finite-dimensional GNS construction.

Theorem 4.1. Let SU{f} C SymR(X )24 and set § := max{[deg(g)/2] : g € SU
1}. Let L : R(X)24+25 = R be a unital linear functional satisfying L(Mg 2q+25) C
R20. If L is 0-flat, then there exist A € Dg(r) for some r < o(n,d) and a unit
vector v such that

(4.1) L(f) = (f(A)v,v).
Proof. Let r := rank Hy. Since Hp, is a positive semidefinite matrix, we obtain
the Gram matrix decomposition Hy, = [(u, W)], ,, with vectors u,w € R", where

the labels are words of degree at most d 4+ 0. Then, we define the following finite-
dimensional Hilbert space

H :=span{w | degw < d + ¢} = span {w | degw < d},
where the equality comes from the flatness assumption. Afterwards, one can directly
consider the operators A, representing the left multiplication by X, on H, ie.,
A;w = X;w. Thanks to the flatness assumption, the operators A; are well- deﬁned

and one can show that they are symmetric, whence A = (4;,..., A,) € Dg(r) and
the representation given in (4.1) holds with v = 1. O
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We now give the sparse version of Theorem 4.1.

Theorem 4.2. Let S C SymR(X)oq, and assume Dg is as in (2.6) with the
additional quadratic constraints (2.5). Suppose Assumption 2.4 (i) holds. Set ¢ :=
max{[deg(g)/2] : g € SU1}. Let L : R(X)o4425 — R be a unital linear functional
satisfying L(Mg7"™") C RZ0. Assume that the following holds:

(H1) Hp(Ix) and Hi (I, N 1;) are 0-flat, for all j,k € {1,...,p}.
Then, there exist finite-dimensional Hilbert spaces H(Iy) with dimension 1y, for all
k€ {1,...,p}, Hilbert spaces H(I; N Iy) C H(L;), H(Ix) for all pairs (j,k) with
I; N1 # 0, and operators Ak, zzljk, acting on them, respectively. Further, there are
unit vectors vi € H(I;) and vI* € H(I; N I},) such that

L(f) = (f(AI)WI V) for all f € R(X(I;))a,
L(g) = (g(AT*)V* v*)  for all g € R(X(I; N 11))ea.
Assuming that for all pairs (j, k) with I; NI, # 0, one has

(4.2)

(H2) the matrices (A'gk)iejjmjk have no common complex invariant subspaces,
then there exist A € Dg(r), with r :==11---1p, and a unit vector v such that

(4.3) L(f) = (f(4)v,v)
for all f €37, R(X(1;))2a-

In the proof of Theorem 4.2 we will make use of the following simple linear
algebra observation.

Lemma 4.3. Let Z € M, (R). Iftr(ZA) =0 for all A € M,,(R), then Z = 0.
Proof. We have tr(ZZ7) = 0 whence ZZ7 = 0 and thus Z = 0. O

Proof of Theorem 4.2. Start by applying Theorem 4.1 to L|r(x(r,)y and L|r(x (1,n1,))
to obtain the desired Hilbert spaces H(I;), H(I;N1}), unit vectors v/, vi*¥ and oper-

ators A7, A7% satisfying (4.2). Note that we may assume H(I; N 1;,) € H(I;), H(Ix)

as the map f (fljk)vjk = f (/13 )v? is an isometry by construction. Then

(4.4) A% = Ay 101 = A nny)-

Let us denote by A(I;) and A(I; N Ii) the algebras generated by A7, and Ak,
respectively. By (4.4), the map Aik — /1{5 is a *-homomorphism A(I;) — A(I;NI}).
With 7, = dimH(I;) and rj;, = dimH(I; N Ii), one has A(I;) C M, (R) and
A(I; N I,) € M, (R).

We next want to find a finite-dimensional C*-algebra A, i.e., a subalgebra of
M, (R) for some m € N making the diagram in Figure 2 commute. (From now
on we focus on the p = 2 case, as the general case follows by a simple inductive
argument.) By the amalgamation property of C*-algebras, Theorem 3.1, we can
always find such an infinite-dimensional A. However, as shown in Example 4.4,
there may not be a suitable finite-dimensional A. To ensure this, we assume that
(H2) holds, namely that the matrices (A}?);cs,nz, have no common complex invari-
ant subspaces, i.e., A(I; N Iz) = M, ,(R). Then, for all A € A(I; NI3) =M,,(R),
ti(A) is just a direct sum of copies of A, up to orthogonal equivalence (by the
Skolem-Noether theorem [BO13, Section III.3]), i.e., there are orthogonal matrices
U} such that

Lk(A) = UE(IT’R/T12 ® A)Uk3
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FIGURE 2. Amalgamation of finite-dimensional C*-algebras

for all k € {1,2}. By replacing AF with their conjugates U,CTA’“U;C, and v* by U,§’1V’“7
we may without loss of generality assume i, (A4) = I, /r,, ® A.

The linear functional L induces linear functionals L*, L'? on A(Iy), A(I; N
Iy) given by B +— tr(BvF(vF)T) and C — tr(Cv'3(v1%)T), respectively. Write

vk = Z;’;/l’”” e? ® uf for the standard basis vectors eg? € R™/™2 and some vectors

u? € R™2. Then for C € A(I} N I3) = M,,,(R) we have
LlZ(C) _ tI,(CVlZ(le)T)
= L*I,, yry, ® C) = tr((Te C)v*(vF)T)
Tk/r12 Tk/TIQ
=tr ((I ® C)( Z ef ® uf)( Z e? ®u§)T)
j=1 =1
Tr/T12
=t (X2 0) Y (eheh)) @ (b))
ij=1
Tr/T12
= > tr((ef(en”) @ Cuf(uf)")
ij=1
7"k/7“12
= Z tr (ef(ef)T ) tr (Cu;“(uf)T)
ij=1
Tr/T12

=tr (C Z uf(uf)T))
j=1

From the equality tr(Cv'?(v1?)T) = tr (C Z;’“:/f” ub(uk)T)) for all C € M,,,(R)

we deduce using Lemma 4.3 that v12(v1?)T = Z;k:/l”z uk(uh)T. Since the left-hand
side outer product is rank one, each of the uf must be a scalar multiple of v'2, say

uf = Ajpv'?. Thus vF = Z;’“:/flz Ajrel ® v'? and > A%, = 1 since [vE| = 1.

Now set A := M, ,,(R) and define j;(A) :=1,, ® A, for all A € A(I;), and
(45) jQ(B) = (UT ® IT12)(IT‘1 & B)(U ® Ile) )
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for all B € A(I3). Here U is an riry/r15 orthogonal matrix to be determined later.
This amalgamates the diagram in Figure 2 (independently of the choice of U).

Each extension of the linear functional L* to a linear functional on A is of the
form

r3_k re/T12

(4.6) Cw—tr(C Z peres F @ vF) =tr (C’Z Z peres F @ )\jkef ®V12>,
=1 ¢ =1

wk

where ), ,u?k = 1. Since the vectors w* are norm one, there is a unitary U with

Uw; = wy. Using this U in the definition (4.5), the extension (4.6) of L' to a
linear functional L : A — R also extends L? (via j).
Now define the operators A := (Ay,...,A,), with

o {jl(/ig) ifiel,

Then L(f) = (f(A)(w! @ v1?), w! @ v!2) for all f € R(X(I1))2q + R(X(I3))2q.

To conclude the proof note that each A; is symmetric and A € Dg(r172). For the
latter we use the fact that each constraint g is either in R(X (I7)) or R(X(I3)), and
that x-subalgebras of matrix algebras admit square roots of positive semidefinite
operators. 0

Example 4.4 (Non-amalgamation in the category of finite-dimensional algebras).
For given Iy, I, suppose A(I; N I5) is generated by the 2 x 2 diagonal matrix

12 1
()

and assume A(I;) = A(Iz) = M3(R). (Observe that A(I; N I3) is the algebra
of all diagonal matrices.) For each k € {1,2}, let us define 1x(A) := A® k, for
all A € A(I; N1y). We claim that there is no finite-dimensional C*-algebra A
amalgamating the above Figure 2. Indeed, by the Skolem-Noether theorem, every
homomorphism My, (R) — M, (R) is of the form 2 — P~'(z ® IL,/,)P for some
invertible P; in particular, n divides m. If a desired A existed, then the matrices
(A2 9 1) @1 and (A'? @ 2) ® I, would be similar. But they are not as is easily
seen from eigenvalue multiplicities.

Remark 4.5. Theorem 4.2 can be seen as a noncommutative variant of the result
by Lasserre stated in [Las06, Theorem 3.7], related to the minimizers extraction
in the context of sparse polynomial optimization. In the sparse commutative case,
Lasserre assumes flatness of each moment matrix indexed in the canonical basis of
R[X (Ik)]a, for each k € {1,...,p}, which is similar to our flatness condition (H1I).
In addition, Lasserre assumes that each moment matrix indexed in the canonical
basis of R[X (I; N I})]q4 is rank one, for all pairs (j, k) with I; NI # 0, which is the
commutative analog of our irreducibility condition (H2).

4.1. Implementing the Sparse GNS Construction. As in the dense case, we
can summarize the sparse GNS construction procedure described in the proof of
Theorem 4.2 into an algorithm, called SparseGNS, stated below in Algorithm 4.6,
for the case p = 2 (the general case is similar).
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This algorithm describes how to compute the tuple A = (44,...,A,) of amal-
gamated matrices acting on H = R™" = (1) @ R™ = R™ ® H(I2), and a vector
v satisfying (4.3).

Algorithm 4.6. SparseGNS
Input: Hy, Hankel matriz of L.

1: Apply the GNS construction to obtain H(I1), H(I2) and H(I1N1s) of respective
dimensions 1, ro and 12, associated to Hy(I1), Hp(I2) and Hp(I; N 13), as
well as A', A% and A" acting on H(I,), H(I2) and H(I; N Iy), respectively.
> the dense GNS algorithm is implemented in e.g. NCSOStools [CKP11]

2: Find the corresponding unit vectors v* € H(I1), v € H(I2) and v'? € H([1 N
I5) so that (4.2) holds.

8: if The flatness (H1) and irreducibility (H2) conditions from Theorem 4.2 do

not hold then
Stop
: end if
s forke{l,2},ie 1N do
Compute the block diagonalization A¥ = diag(Xﬁz)g > e.g., by [IMKKKI0,
Algorithm 4.1]
Compute invertible matrices (Py)es1 such that P[lxﬁlpg = X§,1
9: Normalize each Py to make it orthogonal. Use them to change the basis in
the blocks (Xf,e)bl > Thus, one has flf =I®xF
10: Compute an orthogonal P such that P_leP = 121112 > Hence, without loss
of generality, A}? = x*
11: Decompose vF = 3. Ajpef @ v1?
12: end for
13:  Find an orthogonal matriz U sending e} @ > Ajie) = ef ® > Aja€s
14: forie {1,...,n} do
A4 I, ® Al ifiel,
' o (UT®1T12)(IT1®A?)(U®IT12) ZfZGIQ

N 9

&

16: end for
17: Compute v = e} @ v!
Output: A= (Ay,...,A,) and v.

Corollary 4.7. The procedure SparseGNS described in Algorithm 4.6 is sound and
returns the tuple A and the vector v from Theorem 4.2.

Proof. Correctness of the algorithm has been essentially established in the proof of
Theorem 4.2. Both computation in Line 8 and Line 10 can be performed since the
only homomorphisms out of full matrix algebras are ampliations composed with
a conjugation (by the Skolem-Noether theorem). One can perform an orthogonal
change of basis in Line 9, and A¥ = T® ¥, for all k € {1,2} and i € I, N I,. Indeed,
let us assume that a matrix P is invertible, and the map ¢ : A — P~'AP from
M, (R) to M, (R) preserves transposes. Then, the following equalities

p(AT) = P71ATP = (P71AP)T = PTATPT
imply that PPT commutes with all n x n matrices. Therefore, PP is a scalar

matrix, and P is a scalar multiple of an orthogonal matrix, the desired result.
Eventually, each component of the tuple A, given in Line 15, is well defined by
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construction and gives rise to the desired amalgamation. Line 17 constructs the
vector v needed for (4.2) to hold. O

5. EIGENVALUE OPTIMIZATION OF NONCOMMUTATIVE SPARSE POLYNOMIALS

The aim of this section is to provide SDP relaxations allowing one to under-
approximate the smallest eigenvalue that a given nc polynomial can attain on a
tuple of symmetric matrices from a given semialgebraic set. The unconstrained
case is handled in Section 5.1, where we show how to compute a lower bound on
the smallest eigenvalue via solving an SDP. The constrained case is handled in
Section 5.2, where we derive a hierarchy of lower bounds converging to the minimal
eigenvalue, assuming that the quadratic module is archimedean and that RIP holds
(Assumption 2.4).

We first recall the celebrated Helton-McCullough Sums of Squares theorem [Hel(2,
McC01] stating the equivalence between sums of hermitian squares (SOHS) and
positive semidefinite nc polynomials.

Theorem 5.1. Given f € R(X), we have f(A) = 0, for all A € S™, if and only if
feXX).

In contrast with the constrained case where we obtain the analog of Puti-
nar’s Positivstellensatz in Theorem 3.3, there is no sparse analog of the Helton-
McCullough Sums of Squares theorem, as shown in the following example.

Example 5.2. Let v = [X; X1Xp X X3 X3Xol,

1 -1 -1 0 o
-1 2 0 -« 0
(5.1) G=|-1 0 3 -1 9 |, a €R,
0 —a -1 6 —27
a 0 9 —27 142
and consider
(5.2)
f =vGv*
= X? - X1 Xa — Xo X1 +3X3 — 2X, Xo X + 2X, X2X,
— X9 X35 — X3Xo +6X5 +9X5X3 +9X3X5 — 54X3X0 X3 + 142X3 X3 X5,

The polynomial f is clearly sparse w.r.t. Iy = {x1, 22} and Iy = {z2,23}. Note
that the matrix G is positive semidefinite iff 0.270615 < o < 1.1075, whence f is a
sparse polynomial that is an SOHS.

We claim that f & £(X (I1)) +2(X(I2)), i.e., f is not a sum of sparse hermitian
squares. By the Newton chip method [BKP16, Section 2.3] only monomials in v
can appear in a sum of squares decomposition of f. Further, every Gram matrix
of f (with border vector v) is of the form (5.1). However, the matrix G with o = 0
is not positive semidefinite, hence f ¢ 3(X (1)) + (X (I3)).

5.1. Unconstrained Eigenvalue Optimization with Sparsity.
Let I stands for the identity matrix. Given f € SymR(X) of degree 2d, the smallest
eigenvalue of f is obtained by solving the following optimization problem

(5.3) Amin(f) 1= Inf{{f(4)v,v) : A€ §", |v| =1}.
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The optimal value Apin(f) of Problem (5.3) is the greatest lower bound on the
eigenvalues of f(A) over all n-tuples A of real symmetric matrices. Problem (5.3)
can be rewritten as follows:

)\min(f) = sup A
(5.4) x
st. f(A) =M =0, VAesS",

which is in turn equivalent to

/\min,d(f) = sup A

(5.5) A
st f(X) = A€ S(X)q,

as a consequence of Theorem 5.1.
The dual of SDP (5.5) is

Lsohs,d(f) = inf <HL7 Gf>
Hy,
st. (Hp)uw = (Hp)w,», forall wv=w"z,
(Hp)1n=1, Hp =0,
Hp e Scv'(n,d) )

(5.6)

where G is a Gram matrix for f (see Proposition 2.1).
One can compute Apin(f) by solving a single SDP, either SDP (5.6) or SDP (5.5),
since there is no duality gap between these two programs (see, e.g., [BKP16, The-
orem 4.1]), that is, one has Leohs,a(f) = Amin,a(f) = Amin (f)-

Now, we address eigenvalue optimization for a given sparse nc polynomial f =
fi+ -+ fp of degree 2d, with fi, € SymR(X (I))2q, for all k =1,...,p. For all

k=1,...,p, let Gy, be a Gram matrix associated to f. The sparse variant of
SDP (5.6) is
P
L) = int S (o), G)
k=1
(5.7) st (Ho(Ig))uw = (Ho(Ig))w,2, for all u*v = w*z,

(Ho(Ig))1n =1, Hp(lx) =0,
Hp(Iy) € Sonp,ay, k=1,...,p,
whose dual is the sparse variant of SDP (5.5):
asparse gy Sl;p A\

min,d

(5.8)
s.t. f — A€ E<X(I1)>2d +-- 4+ E<X(Ip)>2d )

To prove that there is no duality gap between SDP (5.7) and SDP (5.8), we need
a sparse variant of [MPO05, Proposition 3.4], which says that 3(X), is closed in
R(X)24:

Proposition 5.3. The set S(X)7*™ is a closed convex subset of R(X(I1))2q +
c A+ R(X(1))24-

Proof. For each k € {1,...,p}, we endow each R(X (I}))2q4 with a norm || - ||5. For
each f € R(X([1))2q + - - + R(X(Ip))2d, we set

L= imf (I fills -+ M fpllz : f = fr 4o+ S, fr € RIX(Ik))2a}
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Let us consider an element h = hy + -+ + hy, € X(X)*™, with hy, € S(X(I1))q-
For each k € {1,...,p}, hi can be written as a sum of at most o (ng,d) hermitian
squares of degree at most 2d by Proposition 2.1. Define the mapping

S (R{X (1)) a)” ™D — R(X(Ii))2d
o(ng,d)

(he) 750D s Z it

and let us denote hy, = (hkj);’:(q’“d). Then, the image of the map ¢, defined by

¢ [J(RX(Ix))a)” ™D = RIX(I))2a + -+ + R(X (1))
k=1

(hy,... hy) = @r(hy) + -+ ¢p(hy),

is equal to X(X)5P*"™.
Let us define the subset V C [[h_, (R(X (Ix))q) ™% by

p ||o(nk,.d)

Vi=qh=hy+-+h,: > || Y hjhy| =1
k=1 j
k

Since V is compact, then ¢(V) is also compact. Note that 0 ¢ V, implying that
0 ¢ ¢(V). Next, let us consider a sequence (f*);>1 of elements of ¥(X)5*"™,
converging to f € R(X(I1))aq + -+ + R(X(I,))24. One can write f* = Ao’ for
A€ RZY and v’ € ¢(V). By compactness of ¢(V), there exists a subsequence of
(v%)e, (also denoted (v%),), which converges to v € ¢(V) C B(X)*™°. By definition
of || || and V, one has |[v*| < 1, for all £ > 1. Since 0 ¢ ¢(V) and ¢(V) is compact,

£
there exists an ¢ > 0 such that [[v°|| > ¢, for all £ > 1. Therefore, \* = H
converges to %, as ¢ goes to infinity. From this, we deduce that f¢ converges to
f= Hﬁ” v e LX), yielding the desired result. O

From Proposition 5.3, we obtain the following theorem which does not require
Assumption 2.4.

Theorem 5.4. Let f € SymR(X) of degree 2d, with f = fi +---+ fp, fu €
SymR(X (Ix))2a, for all k = 1,...,p. Then, one has N30 (f) = L;Eﬁ;bs(f), i.e.,

there is no duality gap between SDP (5.7) and SDP (5.8).

Proof. The strong duality is obtained exactly as for the dense case [BKP16, Theo-
rem 4.1], and relies on the closedness of X(X)7"*"™, stated in Proposition 5.3. O

Remark 5.5. By contrast with the dense case, it is not enough to compute the
solution of SDP (5.7) to obtain the optimal value Amin(f) of the unconstrained
optimization problem (5.3). However, one can still compute a certified lower bound
ASPErse, d(f) by solving a single SDP, either in the primal form (5.7) or in the dual
form (5.8). Note that the related computational cost is potentially much less
expensive. Indeed, SDP (5.8) involves Y %_, o(ny,2d) equality constraints and
> b _, o(ng,d)+1 variables. This is in contrast with the dense version (5.5), which

involves o (n, 2d) equality constraints and 1 + o(n,d) variables.
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5.2. Constrained Eigenvalue Optimization with Sparsity.

Here, we focus on providing lower bounds for the constrained eigenvalue optimiza-

tion of nc polynomials. Given f € SymR(X) and S := {¢1,...,9m} C SymR(X)

as in (2.2), let us define Apin(f, S) as follows:

(5.9 Amin(£,5) = E{(F(A)V.,v) : A € DF, V]| = 1},

which is, as for the unconstrained case, equivalent to

)\min(fv S) =sup A

(5.10) A
st. f(A)—AI>=0, VAeDZ.

Let d; := [degg;/2], for each j = 1,...,m and d := max{[deg f/2],d1,...,dn}.
As shown in [PNA10, CKP12] (see also [HMO04]), one can approximate Amin(f,S)
from below via the following hierarchy of SDP programs, indexed by s > d:
As(f,S) :=sup A

A

(5.11)
s.t. f —A€ M&QS .

The dual of SDP (5.11) is

Ly(f,S):= inf (Hr,Gy)
HL,HTLT,QJ
st (Hp)uw = (Hp)w,z, forall w*v=w*z,
(5.12) (HL)l,l =1,

HL toa HL eSo’(n,s)v
Hg,gj >__O7 Hg,gj eSo’(’msfdj)) ]: 1a"'7m'
Under additional assumptions, this hierarchy of primal-dual SDP (5.11)-(5.12)

converges to the value of the constrained eigenvalue problem. Recall that an e-
neighborhood of 0 is the set AV, defined for a given € > 0 by:

N = U {A:—(Al,...,An)eSZ:sQZn:A?EO}-

keN i=1
Lemma 5.6. If h € R(X) vanishes on an e-neighborhood of 0, then h = 0.
Proof. See [BKP16, Lemma 1.35]. O

Corollary 5.7. Assume that Dg contains an e-neighborhood of 0 and that the qua-
dratic module Mg is archimedean. Then the following holds for each f € SymR(X):
(5.13) llm L,(f,S) = lim As(f,8) = Amin ([, S) .

The main ingredient of the proof (see, e.g., [BKP16, Corollary 4.11]) is the nc
analog of Putinar’s Positivstellensatz, stated in Theorem 2.2.
Let SU{f} C SymR(X) and let Dg be as in (2.6) with the additional quadratic
constraints (2.5). Let M be as in (3.1) and let us define Mg"™ in the same

way as the truncated quadratic module Mg s in (2.4). Now, let us state the sparse
variant of the primal-dual hierarchy (5.11)-(5.12) of lower bounds for Apin(f,5).
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For all s > d, the sparse variant of SDP (5.12) is
(5.14)
P

L (£ §) = inf Hy (1), Gy,
sarse(f, S) HoBD,, ;( LUk),Gyp)

st (Ho(Ip)uw = (Ho(Ip)w,z, forall v v=w"z,
1

(Hp(Ix))1a =1,

HL(Ik)ioy HLES (ng,s) » k'Zl, P,
H} (k) =0,

HE,Q;‘ € Sa’(nk,sfdj)a ] € Jkak =1...,p,

whose dual is the sparse variant of SDP (5.11):

Asparse(f Q) :=sup A
(5.15) A
st. f—A¢ Mg{’:rsc.

Proposition 5.8. Let S U {f} C SymR(X), assume that Ds contains an e-

neighborhood of 0 and that Dg is as in (2.6) with the additional quadratic con-
straints (2.5). Then SDP (5.14) admits strictly feasible solutions.

Proof. This proof being almost the same as the one of [BKP16, Proposition 4.9]
is presented for the sake of completeness. By Lemma 2.5, it is enough to build a
linear map L : Sym R(X)s, — R such that for all k =1,...,p one has:
e L(h*h) > 0, for all nonzero h € R{(X (I}))s;
e forall j € Ji, one has L(h*g;h) > 0, for all nonzero h € R(X (Ix))s—rdeg g, /2]
Let us pick N > s and let U stands for the set of all N x N matrices from Dg
with rational entries:

U:={A® = AP A"y reN, AV e Dg(N)}
Note that this set I/ contains a dense subset of N.. Let us associate to A € U the

linear map L4 : SymR(X)sy — R defined by La(h) := tr(h(A4)). From this, we

define L as follows:

L
L= 27" = .
2 1L |l

r=1

Now let us fix k € {1,...,p}. Obviously, one has L(k*h) > 0, for all nonzero
h € R(X(I))q. Let us suppose that L(h*h) = 0 for some h € R(X(I))q. Then,
one has L 4 (h*h) = 0 = tr(h*(A"))h(A™)), for all € N. This implies that for
all » € N, one has h*(A)h(A"™) = 0, which in turn yields h(A™)) = 0. Since U
contains a dense subset of NV, this implies that h vanishes on a e-neighborhood of
0. As a consequence of Lemma 5.6, one has h = 0.

In a similar way, we prove that if L(h*g;h) = 0 for some h € R(X (I1))s—[deg g;/27
then one necessarily has h = 0. (]

Corollary 5.9. Let SU{f} C SymR(X), assume that Dg contains an e-neighborhood
of 0 and that Dg is as in (2.6) with the additional quadratic constraints (2.5). Let
Assumption 2.4 hold. Then, one has

(5.16) llm L3parse(f S) = ILm AP £0.8) = Amin ([, 5) -
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Proof. The proof is similar to the one in the dense case. Let us take A := Apin(f, S)—
e. Then, one has f — X > 0 on D, so Theorem 3.3 implies that f — A € MP*™.
Hence, there exists d such that f — X € Mg"™, yielding a feasible solution for
SDP (5.11). By Proposition 5.8, SDP (5.14) admits strictly feasible solutions.
This implies in particular that there is no duality gap between SDP (5.14) and
SDP (5.15), thus LSparse(f S) = Asparse(f Q) Therefore, one has Apin(f,S) >
Lsparse( f G = Asparse( £ .G) > Anin(f, S) — €, yielding the desired result. O

As for the unconstrained case, there is no sparse variant of the “perfect” Posi-
tivstellensatz stated in [BKP16, §4.4] or [HKM12], for constrained eigenvalue op-
timization over convex nc semialgebraic sets, such as those associated either to
the sparse nc ball B*P#=¢ := {1 — 37, X2,...,1— Zielp X2} or the nc polydisc

= {1-X2,...,1 — X2}. Namely, for an nc polynomial f of degree 2d + 1,
computing only SDP (5.7) with optimal value X777 (f,S) when S = B%2¢ or
S = D®Parse does not suffice to obtain the value of Apin(f,S). This is explained
in Example 5.10 below, which implies that there is no sparse variant of [BKP16,
Corollary 4.18] when S = Bsparse,

Example 5.10. Let us consider a randomly generated cubic polynomial f = fi+ f2
with

fi=4— X1 +3Xy—3X3—3X2 —7X, Xy +6X1 X35 — XoX; — 5X3X; + 5X35X,
— 55X} —3XIX3 +4X1 Xo Xy — 6X1 X0 X3 + 7X1 X3 X +2X1 X3Xo — X1 X3
— Xo X2 +3XoX1 Xy — XoX1 X3 — 2X5 — 5X2X3 — 4Xo X2 — 5X3X7
+7X3X1 X0 + 6X3X0 X, —4X3Xo Xy — X2X| — 2X2 X + 7X3,

fo= —14+6Xs+5X3+3Xy —5X3 +2XoX3 +4Xo Xy —4X3Xs + X2 — X3X,4
+ Xy Xo — Xy X3 +2X7 — 7X3 +4Xo X2 +5XoX3X, — TXo Xy X3 — TXo X2
+ X3X2 +6X3X0X3 — 6X3XoX, —3X2Xo — TX2X, +6X3X4Xo
—3X3X4 X3 — TX3X? +3X, X5 — TX4Xo X3 — Xy XXy — 5X4 X2
+TX4X3Xy +6X2X, —4X3

and the nc polyball § = BsPase = {1 — X? — X2 — X3 1 — X7 — X2 — X7}
corresponding to I; = {1,2,3} and I, = {2,3,4}. Then, one has \’*™°(f,S) ~
—27.536 < AP™°(f, S) ~ —27.467 =~ Amin2 (£, S) = Amin (£, S).

5.3. Extracting Optimizers. Here, we explain how to extract a pair of optimizers
(4, v) for the eigenvalue optimization problems. when the flatness and irreducibility
conditions of Theorem 4.2 hold. We apply the SparseGNS procedure described in
Algorithm 4.6 on the optimal solution of SDP (5.7) in the unconstrained case or
SDP (5.14) in the constrained case. In the unconstrained case, we have the following
sparse variant of [BKP16, Proposition 4.4].

Proposition 5.11. Given f as in Theorem 5.4, let us assume that SDP (5.7)
yields an optimal solution Hy, associated to L300\ (f). If the linear functional L
underlying Hy, satisfies the flatness (H1) and irreducibility (H2) conditions stated

in Theorem 4.2, then one has

p
)\min(f) ngﬁgserl Z HL Ilc Gfk :
k=1
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Proof. The first equality comes from Theorem 5.4. Let us assume that each Hp,
satisfies the assumptions of Theorem 4.2. Then, we obtain a tuple A of symmetric
matrices and a unit vector v such that L(f) = (f(4)v | v). Since one has L(f) =

P _(Hp(Ix),Gg.) = Amin([), the desired result holds. O

We can extract optimizers for the unconstrained minimal eigenvalue problem (5.3)
thanks to the following algorithm.

Algorithm 5.12. SparseEigGNS
Input: f € SymR(X)o4 satisfying Assumption 2.4.

1: Compute L1011 (f) by solving SDP (5.7)

2: if SDP (5.7) is unbounded or its optimum is not attained then

3: Stop

4: end if

5: Let Hy, be an optimizer of SDP (5.7). Compute A,v := SparseGNS(Hp,).
Output: A and v.

In the constrained case, the next result is the sparse variant of [BKP16, Theo-
rem 4.12] and is a direct corollary of Theorem 4.2.

Corollary 5.13. Let SU{f} C SymR(X), assume that Dg contains an e-neighborhood
of 0 and that Dg is as in (2.6) with the additional quadratic constraints (2.5). Sup-
pose Assumptions 2.4(i)-(ii) hold. Let Hy be an optimal solution of SDP (5.14)
with value Ls(f,S), for s > d+ 6, such that L satisfies the assumptions of Theo-
rem 4.2. Then, there exist v € N, A € Dg(r) and a unit vector v such that

)\min(fv S) = <f(A)V7V> = Ls(fv S) .

Remark 5.14. Asin the dense case [BKP16, Algorithm 4.2], one can provide a ran-
domized algorithm to look for flat optimal solutions for the constrained eigenvalue
problem (5.9). The underlying reason which motivates this randomized approach
is work by Nie, who derives in [Niel4] a hierarchy of SDP programs, with a random
objective function, that converges to a flat solution (under mild assumptions).

Example 5.15. Consider the sparse polynomial f = f; + fo from Example 5.10.
The Hankel matrix Hy, obtained when computing A3**"*¢ by solving (5.14) for s = 3
satisfies the flatness (H1) and irreducibility (H2) conditions of Theorem 4.2. We
can thus apply the SparseGNS algorithm yielding

[0.0059  0.0481 0.1638  0.4570
Ay = 0.0481 —0.2583  0.5629 —0.2624
0.1638  0.5629  0.3265 —0.3734
| 0.4570 —0.2624 -0.3734 —0.2337
[ —0.3502  0.0080  0.1411  0.0865 |
Ay — 0.0080 —0.4053  0.2404 —0.1649
0.1411 0.2404 —0.0959  0.3652
| 0.0865 —0.1649  0.3652  0.4117 |
—0.7669 —0.0074 —0.1313 —0.0805 |
As = —-0.0074 -0.4715 -0.2238  0.1535
—0.1313 —-0.2238  0.0848 —0.3400
| —0.0805  0.1535 —0.3400 —0.2126 |
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0.3302 —0.1839 0.1811 —0.0404
—0.1839 —0.1069 0.5114 —0.0570
0.1811 0.5114  0.1311 —-0.3664

| —0.0404 —-0.0570 —0.3664  0.4440

Ay =

where )
—10.3144 3.9233  —5.0836 —7.7828
F(A) = 3.9233 1.8363 4.5078 —7.5905
= —5.0836 4.5078 —19.5827 13.9157
—7.7828 —7.5905 13.9157 8.3381

has minimal eigenvalue —27.4665 with unit eigenvector

v =[0.1546 —0.2507 0.8840 —0.3631]" .

In this case all the ranks involved were equal to four. So As and A3 were computed
already from Hp(I; N I), after an appropriate basis change A; (and the same
Ag, A3) was obtained from Hp,([1), and finally Ay was computed from Hp (I3).

6. TRACE OPTIMIZATION OF NONCOMMUTATIVE SPARSE POLYNOMIALS

The aim of this section is to provide SDP relaxations allowing one to under-
approximate the smallest trace of an nc polynomial on a semialgebraic set. In
Section 6.1, we provide a sparse tracial representation for tracial linear function-
als. In Section 6.2, we address the unconstrained trace minimization problem. As
in Section 5.1, we compute a lower bound on the smallest trace via SDP. The
constrained case is handled in Section 6.3, where we derive a hierarchy of lower
bounds converging to the minimal trace, assuming that the quadratic module is
archimedean and that RIP holds (Assumption 2.4). Most proofs are similar to the
ones of eigenvalue problems addressed in Section 5, so our treatment here is more
concise.

We start this section by introducing useful notations about commutators and
trace zero polynomials. Given g,h € R(X), the nc polynomial [g,h] := gh — hg
is called a commutator. Two nc polynomials g,h € R(X) are called cyclically
equivalent (g X h) if g — h is a sum of commutators. Given S C SymR(X)
with corresponding quadratic module Mg and truncated variant Mg 4, one defines
Os.4:={g9 € SymR(X)ay : g X h for some h € Ms 4} and ©g := [J ey ©s5,4- In
this case, Og stands for the cyclic quadratic module generated by S and Og 4 stands
for the truncated cyclic quadratic module generated by S.

For S C SymR(X) and Dg as in (2.6) with the additional quadratic constraints (2.5),
let us define @’g)d = {g € SymR(X)oq : g X h for some h € M’g)d}, ok =
Uden @’g,d, for all k =1,...,p and the sum

(6.1) O™ =054+ + 0%,
as well as ©F" = J,cn O%y - If S is empty, we drop the S in the above
notations.

The normalized trace of a matrix A € S,, is given by tr A = %Z?:l a;;. An nc
polynomial g € SymR(X) is called a trace zero nc polynomial if tr(g(A4)) = 0, for
all A € S"™. This is equivalent to g X 0 (see e.g. [KS08, Proposition 2.3]).

We also recall the definition of the cyclic degree, which generalizes the degree of
an nc polynomial. Given a = (a1,...,a,) € R", the a-degree of a word w €
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X is defined by deg, := >, a;dy,;, where d,,; denotes how many times X;
appears in w. For a given nc polynomial g = > gww € R(X), one has deg,, g :=
maxg, 20 deg, w. The cyclic-a-degree of a polynomial g is given by cdeg, g =
minh%cg deg;g. Finally, the cyclic degree is then defined by cdeg g := cdeg(li 1 9-

.....

6.1. Sparse Tracial Representations.

The next theorem allows one to obtain a sparse tracial representation of a tracial
linear functional, under the same flatness and irreducibility conditions stated in
Theorem 4.2. This is a sparse variant of [BKP16, Theorem 1.71].

Theorem 6.1. Let S C SymR(X)o4, and assume that the semialgebraic set Dg is
as in (2.6) with the additional quadratic constraints (2.5). Let Assumption 2.4 (i)
hold. Set § := max{[deg(g)/2] : g € SU1}. Let L : R(X)24+25 — R be a unital
tracial linear functional satisfying L(@;‘j:rse) C R=Y. Assume that the flatness (H1)
and irreducibility (H2) conditions of Theorem 4.2 hold. Then there are finitely many
n-tuples AW of symmetric matrices in Dg(r) for some r € N, and positive scalars
Aj with 3 ; Aj =1, such that for all f € R(X(1))2q + -+ R(X(I}))24, one has:

(6.2) L(f) =D At f(AV)).

Proof. As in Theorem 4.2, we perform the finite-dimensional GNS construction to
obtain a tuple A € Dg(r), for some r € N, and unit vector v such that (6.2) holds.
To obtain the tracial representation, the proof is essentially the same as the one
of [BKP16, Theorem 1.71] and relies on the Wedderburn theorem, see e.g. [Lam13,
Chapter 1] for more details. O

6.2. Unconstrained Trace Optimization with Sparsity.
Given f € SymR(X), the trace-minimum of f is obtained by solving the following
optimization problem

(6.3) trin (f) := inf{tr f(4) : A€ S"},

which is equivalent to

(6.4) trmin(f) = sup{a : tr(f —a)(4) > 0,VA € S},

If the cyclic degree of f is odd, then tryi,(f) = —oo, thus let us assume that

2d = cdeg f. To approximate trmin(f) from below, one considers the following
relaxation:

(6.5) tro(f) =sup{a: f—a €Oy},
whose dual is
Le(f) = gIlLf (Hr,Gy)

st (Hp)uw = (Hp)w., forall u*v X w*z,

(Hp)ii =1,

Hp =0, Hp €Ssm,.d)-
One has tre(f) = Lo(f) < trmin(f), where the inequality comes from [BKP16,
Lemma 5.2] and the equality results from the strong duality between SDP (6.6)

and SDP (6.5), see e.g. [BKP16, Theorem 5.3] for a proof. In addition, if the
optimizer HyP" of SDP (6.6) satisfies the flatness condition, i.e., the linear functional

(6.6)
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underlying H;P* is 1-flat (see Definition 2.6), then the above relaxations are exact
and one has tro(f) = Lo(f) = trmin(f). This exactness result is stated in [BKP16,
Theorem 5.4].

For a given nc polynomial f = f1 + -+ + fp, with fi € SymR(X (I}))aq, for all
k=1,...,p, we consider the following sparse variant of SDP (6.6):

p

sparse o
Lg (f)—glLf ;(HL(Ik)vak)
(6.7) st (Ho(Ig))uw = (H(Ie))w.,  for all uw*v X w*z,

(Ho(Ik)ho =1, Hp(ly) =0,
HL(IIC) ESa(nk,d)» k= ].,...,p,

whose dual is the sparse variant of SDP (6.5):

trg 0(f) =sup A
(6'8) A sparse
st. f—AeoP™™.

Now, we are ready to state the sparse variant of [BKP16, Theorem 5.3].

Theorem 6.2. Let f € SymR(X) of degree 2d, with f = f1 +---+ fp, fu €
SymR(X (Ix))aa, for all k = 1,...,p. There is no duality gap between SDP (6.7)
and SDP (6.8), namely tr)*™(f) = LI (f).

Proof. The proof of strong duality is essentially the same as the one of Theorem 5.4.
It relies on the closedness of the convex cone ©7°*" which comes from the closedness

of X3P proved in Proposition 5.3. O

As for unconstrained eigenvalue optimization, one can retrieve the solution of
the initial trace minimization problem under the same assumptions as Theorem 4.2.
This is stated in the next proposition, which is the sparse variant of [BKP16,
Theorem 5.4].

Proposition 6.3. Let f be as in Theorem 6.2, and assume that SDP (6.7) admits
an optimal solution Hy. If the linear functional L underlying Hy satisfies the
flatness (H1) and irreducibility (H2) conditions stated in Theorem 4.2, then

trS®pal‘SC(f) — LS@paI‘SC(f) — trmlll(f) .

Proof. The first equality comes from Theorem 6.2. By Theorem 6.1, there exist
finitely many n-tuples of symmetric matrices AY) and positive scalars A; with
> Aj = Lsuch that L(f) =3, A, tr f(AY). Since L(f) = S _ (HL(I}),Gy,) =
LE™(f) and train(f) = 35 trmin(£)) < 35060 f(AD) = L(f), one has
trmin(f) < L °(f). The desired result then follows from weak duality between
SDP (6.7) and SDP (6.8). O

In practice, Proposition 6.3 allows one to derive an algorithm similar to the
SparseEigGNS procedure (described in Algorithm 5.12) to find flat optimal solutions
for the unconstrained trace problem.
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6.3. Constrained Trace Optimization with Sparsity.

In this subsection, we provide the sparse tracial version of Lasserre’s hierarchy
to minimize the trace of a noncommutative polynomial on a semialgebraic set.
Given f € SymR(X) and S := {g1,...,9m} C SymR(X) as in (2.2), let us define
trmin (f, S) as follows:

(6.9) tramin(f. 5) = inf{tr f(A) : A € Ds}.

Since an infinite-dimensional Hilbert space does not admit a trace, we obtain lower
bounds on the minimal trace by considering a particular subset of DZ°. This subset
is obtained by restricting from the algebra of all bounded operators B(H) on a
Hilbert space H to finite von Neumann algebras [Tak03] of type I and type II.
We introduce tryn(f, S)!t as the trace-minimum of f on Dgl. This latter set is
defined as follows (see [BKP16, Definition 1.59]):

Definition 6.4. Let F be a type-11;-von Neumann algebra [Tak03, Chapter 5]. Let
us define DL as the set of all tuples A = (A1,...,A,) € F"* making s(A) a positive
semidefinite operator for every s € S. The von Neumann semialgebraic set Dgl
generated by S is defined as

Dyt = DY,
F

where the union is over all type-111-von Neumann algebras with separable predual.

By [BKP16, Proposition 1.62], if f € Og, then tr f(A) > 0, for all A € Dg and

A € Dg'. Since Dg can be modeled by D4, one has truyin(f, S)™ < trmin(f, S).
With d being defined as in Section 5.2, one can approximate trmyi,(f,S)! from
below via the following hierarchy of SDP programs, indexed by s > d:

(6.10) tros(f,S) =sup{a: f—a € Ogq},
whose dual is

Los(f,S) :=inf (Hy,Gy)

st. (Hp)uw = (Hp)w,, forall u*v b wz,
(6.11) (Hp)iq =1,
Hy = Oa Hy € Scr(n,s) .

HY, =0, H}, €Sotmody, J=1L....m.

If the quadratic module Mg is archimedean, the resulting hierarchy of SDP pro-
grams provides a sequence of lower bounds tre s(f, S) monotonically converging to
tTmin (£, S)M1, see e.g. [BKP16, Corollary 3.5].

Next, we present a sparse variant hierarchy of SDP programs providing a se-
quence of lower bounds trg? " (f,S) monotonically converging to trmin(f, Sy,

Let SU{f} € SymR(X) and let Dg be as in (2.6) with the additional quadratic
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constraints (2.5). Let us define the sparse variant of SDP (6.11), indexed by s > d:

p

Lge;rse(ﬁS) :glLf Z<HL(Ik)7Gfk>
k=1

st. (Hp(Ip))uw = (Hp(Ig))w.,  for all u*v X w*z,
(Hp(Ix))11 =1, Hp(Ix) =0,
Hi(It) € Somps), k=1,....p,
H}ﬂgj =0, Hggj € So(ns—dy, J=1,...,m.

(6.12)

whose dual is the sparse variant of SDP (6.10):
(6.13) trgs  (f,S) =supla: f—a€OF ™},

38

With the same conditions as the ones assumed in Proposition 5.8 for constrained
eigenvalue optimization, SDP (6.12) admits strictly feasible solutions, so there is
no duality gap between SDP (6.12) and SDP (6.13). The proof is the same since
the constructed linear functional in Proposition 5.8 is tracial. In order to prove
convergence of the hierarchy of bounds given by the SDP (6.12)-(6.13), we need the
following proposition, which is the sparse variant of [BKP16, Proposition 1.63].

Proposition 6.5. Let S U {f} C SymR(X) and let Dg be as in (2.6) with the
additional quadratic constraints (2.5). Let Assumption 2.4 hold. Then the following
are equivalent:

(i) tr f(A) >0 for all A € DY*;
(ii) for alle > 0, there exists g € M with f +¢ yg.

Proof. The implication (ii) == (i) is trivial. For the converse implication, let us fix
¢ > 0 such that the conclusion of (ii) does not hold. By the Hahn-Banach separation
theorem, there exists a linear functional L : Sym R(X) — R with L(f +¢) < 0 and
L(MP*™°) € R2%. As in Theorem 3.3, the GNS construction leads to operator
algebras Ay, Aji for j,k =1,...,p and j # k, with Aj;, C A;, Ax. However, in
this case the GNS construction yields tracial states on these, whence they are all
finite von Neumann algebras. Now amalgamate in the category of von Neumann
algebras (cf. [VDN92]) to obtain a finite von Neumann algebra A with trace 7 so
that 7(f) < —e < 0. O

Proposition 6.5 implies the following convergence property.

Corollary 6.6. Let S U {f} C SymR(X) and let Dg be as in (2.6) with the
additional quadratic constraints (2.5). Let Assumption 2.4 hold. Then

Jim 6 (f,5) = Jim L™, S) = trmin(f, )™

Proof. By weak duality, one has trgy>*(f,5) < L™ (f,5) < trmin(f, S). In
addition, Proposition 6.5 implies that for each each m € N, there exists s(m) € N

such that f — trmi(f,S)™ + L € @zpj(r:) This implies that

1 sparse
trmin(fa S)Hl - E S tr@pvs(m) (f7 S) )

yielding the desired conclusion. [
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To extract solutions of constrained trace minimization problems, we rely on the
following variant of Theorem 6.1. It is, in turn, the tracial analog of Theorem 4.2.

Proposition 6.7. Let S C Sym R(X)oq, and assume that the semialgebraic set Dg
is as in (2.6) with the additional quadratic constraints (2.5). Let Assumption 2.4 (i)
hold. Set ¢ := max{[deg(g)/2] : g € SU1}. Let Hy be an optimal solution of
SDP (6.7) with value Lsepzrsc(f, S), for s > d+ 9, such that L satisfies the flatness
(H1) and irreducibility (H2) conditions of Theorem 4.2. Then there are finitely
many n-tuples AV of symmetric matrices in Dg(r) for some r € N, and positive
scalars Aj with 3, Aj =1 such that

L(f) = ZAj tr f(AD)

In particular, one has trmin(f, S) = trmin(f, S)™" = LGV (£, S) = trg 2> (£, S)-

S

As in the dense case [BKP16, Algorithm 5.1], one can rely on Proposition 6.7 to
provide a randomized algorithm to look for flat optimal solutions for the constrained
trace problem (6.9).

7. NUMERICAL EXPERIMENTS

The aim of this section is to provide experimental comparison between the
bounds given by the dense relaxations (using NCeigMin under NCSOStools) and
the ones produced by our sparse variants. For the sake of conciseness, we focus on
minimal eigenvalue computation.

In Section 7.1 we focus on the unconstrained case. For a given nc polynomial f
of degree 2d, we compare the smallest eigenvalue Amin(f) = Amin,a(f) = Lsons,d(f)
computed via SDP (5.6) (or equivalently SDP (5.5)) with NP0 (f) = L q(f),
computed via SDP (5.7) (or equivalently SDP (5.8)).

In Section 7.2 we focus on the unconstrained case. We compare the values of
Amin,s(f,S) = Lsons,s(f,S), obtained in the dense setting via SDP (5.12) (or equiv-
alently SDP (5.11)), with the values of A% (f) = L g(f), obtained in the
sparse setting via SDP (5.14) (or equivalently SDP (5.15)), for various sets of con-
straints S and increasing values of the relaxation order s.

The resulting algorithm, denoted by NCeigMinSparse, is currently implemented
in NCSOStools [CKP11]. This software library is available within Matlab and in-
terfaced with the SDP solver Mosek 8.1 [Mos], which turned out to yield better
performance than SeDuMi 1.3 [Stu99]. All numerical results were obtained using a
cluster available at the Faculty of mechanical engineering, University of Ljubljana,
which has 30 TFlops computing performance. For our computations we used only
one computing node which consisted of 2 Intel Xeon X5670 2,93GHz processors,
each with 6 computing cores; 48 GB DDR3 memory; 500 GB hard drive. We ran
Matlab in a plain (sequential) mode, without imposing any paralelization.

7.1. Unconstrained Optimization. In Table 1, we report results obtained for
minimizing the eigenvalue of the nc variants of the following functions:

e The chained singular function [CGT88]:

fos = Z((Xz +10X,41)2 +5(Xivo — Xirs)? + (Xiv1 —2X40)" +10(X; — Xivs)?h),
icJ
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TABLE 1. NCeigMin vs NCeigMinSparse for unconstrained mini-
mal eigenvalues of the chained singular and generalized Rosenbrock

functions.
f n NCeigMin NCeigMinSparse
Medp  Msdp  Amin2(f) time (s) | msap  Nsap  Amina (f)  time (s)
4 78 169 0 0.42 78 169 0 0.37
8| 398 841 0 1.33 | 165 1323 0 3.69
12| 974 2025 0 4.35 | 298 2205 0 6.28
fes 16 | 1806 3721 0 14.29 413 3087 0 9.18
20 | 2894 5929 0 52.47 537 3969 0 12.78
24 | 4238 8649 0 152.17 661 4851 0 17.65
10| 200 400 0 0.56 95 441 0 1.39
12 288 576 0 0.81 117 539 0 1.78
14 392 784 0 1.12 139 637 0 2.20
v | 16| 512 1024 0 146 | 161 735 0 2.67
18 | 648 1296 0 2.15| 183 833 0 3.26
20 | 800 1600 0 292 | 205 931 0 4.10
where J = {1,3,4,...,n — 3} and n is a multiple of 4. In this case, one

can choose I = {k,k+ 1,k+2,k+3} forall k =1,...,n — 3 so that the
associated sparsity pattern satisfies (2.7).
e The generalized Rosenbrock function [Nas84]:

n—1
fri=1+3 (100(Xi+1 — X224 (1- Xm)?) .
i=1
In this case, one can choose I, = {k,k+ 1} for all k =1,...,n — 1 so that
the associated sparsity pattern satisfies (2.7).

We compute bounds on the minimal eigenvalues of f = f.s for each n € {4,...,24}
being a multiple of 4, and f,r for even values of n € {2,...,20}. For both functions,
the minimal eigenvalue is 0. We indicate in Table 1 the data related to the semi-
definite programs solved by Mosek. For each value of n, msq, stands for the total
number of constraints and nqp stands for the total number of variables either of the
SDP program (5.6) solved to compute Apin(f) or the SDP program (5.7) solved to
compute A\ (f). As emphasized in the columns corresponding to msap, the size
of the SDP programs can be significantly reduced after exploiting sparsity, which is
consistent with Remark 5.5. While the procedure NCeigMin does not take sparsity
into account, it relies on the Newton chip method [BKP16, §2.3] to reduce the num-
ber of variables involved in the Hankel matrix from SDP (5.6). This explains why
Nsdp 1S smaller for some values of n (e.g. n = 8 for fo) when running NCeigMin.
However, the sparse procedure NCeigMinSparse turns out to be very often more
efficient to compute the minimal eigenvalue. So far, our NCeigMinSparse procedure
is limited by the computational abilities of current SDP solvers (such as Mosek)
to handle matrices with more constraints and variables than the ones obtained e.g.
for the chained singular function at n = 24 (see the related values of mgq, and nsap
in the corresponding column). It turns out that exploiting the sparsity pattern
yields SDP programs with significantly fewer variables than the ones obtained after
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TABLE 2. NCeigMin vs NCeigMinSparse for minimal eigenvalue of
the chained singular function on the nc polydisc Scs.

n NCeigMin NCeigMinSparse
Msdp  Nsdp  A2(fes, Ses)  time (8) | Mgdap  Nsdp Ao (fes, Ses)  time (s)
41 161 641 315.21 3.25 | 161 641 315.21 2.95
8| 1009 6625 965.48 146.99 | 525 1923 965.48 4.66
12| 3121 28705 1615.7 7891.6 | 889 3205 1615.7 7.43
16 - 1253 4487 2266.05 13.20
20 - 1617 5769 2916.32 18.50
24 — 1981 7051 3566.56 26.38

running the Newton chip method.

In the column reporting timings, we indicate the time needed to prepare and solve
the SDP relaxation. For values of n,d 2 8, our current implementation in (inter-
preted) Matlab happens to be rather inefficient to construct the SDP problem itself,
mainly because we rely on a naive nc polynomial arithmetic. To overcome this com-
putational burden, we plan to interface NCSOStools with a C library implementing
a more sophisticated monomial arithmetic. We also emphasize that for these un-
constrained problems, each function is a sum of sparse hermitian squares, thus the
sparse procedure NCeigMinSparse always retrieves the same optimal value as the
dense procedure NCeigMin. However, the bound computed via the sparse procedure
can be a strict lower bound of the minimal eigenvalue, as shown in Example 5.2.

7.2. Constrained Optimization. In Table 2, we report results obtained for min-
imizing the eigenvalue of the nc chained singular function on the semialgebraic set
Ses i={1—X2,...,1 - X2 X, —1/3,...,X,, — 1/3} for n € {4,8,12,16,20,24}.
Since f has degree 4, it follows from [BKP16, Corollary 4.18] that it is enough to
solve SDP (5.7) with optimal value As(f, Scs) to compute the minimal eigenvalue
Amin (f, Scs). For the experiments described in Table 2, we cannot rely on the New-
ton chip method as in the unconstrained case. Thus the dense procedure NCeigMin
suffers from a severe computational burden for n > 10; the symbol “—” in a column
entry indicates that the calculation did not finish in a couple of hours. As already
observed before for the unconstrained case, the sparse procedure NCeigMinSparse
performs much better than NCeigMin. Surprisingly, NCeigMinSparse yields the
same bounds as NCeigMin at the minimal relaxation order s = 2, for all values of
n < 10.

As shown in Example 5.10, there is no guarantee to obtain the above mentioned
convergence behavior in a systematic way. We consider randomly generated cubic
n-variate polynomials frang satisfying Assumption 2.4 with I, = {k,k + 1,k + 2},
for all kK = 1,...,n — 2. The corresponding nc polyball is given by BPars¢ .=
{1-X?-X2-X2...,1—X2,—- X2, — X2}, In Table 3, we report re-
sults obtained for minimizing the eigenvalue of fi.nq on B*P?™¢ for each value of
n € {4,...,10}. Here again, the sparse procedure NCeigMinSparse yields better
performance than NCeigMin. Moreover, the sparse bound obtained for each n < 10
at minimal relaxation order s = 2 already gives an accurate approximation of the
optimal bound provided by the dense procedure. We emphasize that the value of
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TABLE 3. NCeigMin vs NCeigMinSparse for minimal eigenvalue of
random cubic polynomials on the nc polyball § = BPas¢,

n NCeigMin NCeigMinSparse
Msdp Nsdp >\2(frand7 S) time (S> S Msdp Nsdp )\iparsc(fmnda S) time (S)
2 79 370 -53.72 1.18
4 & 491 -53.64 3.31 3 729 3538 -53.64 12.64
2 179 740 -142.62 2.33
61 239 2045 -142.52 26.79 3 1535 7076 -142.52 29.52
2 279 1110 -166.32 3.73
8| 559 5815 -165.89 17130 3 2341 10614 -165.91 62.70
2 379 1480 -200.51 5.43
10| 1079 13289  -199.62 857.95 3 3147 14152 199 66 13099
2 429 1665 -180.93 6.58
11| 1429 18985  -180.39 2111.26 | 5 5ci 12001 18040 200,73
19 i ] ] 2 479 1850 -385.89 7.82
3 3953 17690 -384.87 289.12
16 i ] ] 2679 2590 -344.31 15.46
3 5565 24766 -342.15 975.43
50 2 879 3330 -504.36 31.41
) ) ) T3 7177 31842 -503.02 2587.61

the third order relaxation obtained with the sparse procedure is almost equal to
the optimal bound. In addition, the dense procedure cannot handle to solve the
minimal order relaxation for n > 10, while we can always obtain a lower bound of
the eigenvalue with NCeigMinSparse.

8. CONCLUSION AND PERSPECTIVES

We have presented a sparse variant of Putinar’s Positivstellensatz for positive
noncommutative polynomials, yielding a converging hierarchy of semidefinite relax-
ations for eigenvalue and trace optimization. We also designed a general algorithm
to extract solutions of such sparse problems, thanks to a sparse variant of the
Gelfand-Naimark-Segal construction and amalgamation properties of operator al-
gebras. Experimental results obtained with NCSOStools prove that one can obtain
accurate lower bounds via these semidefinite relaxations in an efficient way.

An obvious direction of further research is to investigate whether and how one
can benefit from sparsity exploitation in other application fields, for instance to
compute certified approximations of quantum graph parameters or maximum vio-
lation bounds of Bell inequalities in quantum information theory.

We have proved that there is no sparse analog of the Helton-McCullough Sums of
Squares theorem. Thus, another interesting track of research is to look for alterna-
tive representations of sparse positive polynomials, e.g., representations involving
noncommutative rational functions.

Apart from sparsity, we also intend to pursue research efforts to take into account
other properties of structured noncommutative polynomials, such as symmetry.
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