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Abstract

The k-local Hamiltonian problem is a central model for quantum many-body systems and Hamil-
tonian complexity. Semidefinite programming and noncommutative sum-of-squares hierarchies provide
systematic certificates for ground-state energies, but existing finite-convergence results give no quantita-
tive guarantee on the accuracy of the low hierarchy levels accessible in computation. We prove explicit
finite-level convergence rates for these hierarchies in the Pauli setting. For k-local Hamiltonians whose
Pauli expansion contains only even-weight terms, we show that both the NPA-type lower-bound hierarchy
and the upper-bound hierarchy on the spectral minimum have error at most C (k)f;fl /n, where E;Lfl is
the smallest root of a Krawtchouk polynomial and C'(k) is independent of the number of qubits n and
the hierarchy level d. General k-local Hamiltonians reduce to this even-weight case by adding one ancilla
qubit while preserving the spectrum. The proof constructs almost-reproducing kernels for the Pauli al-
gebra and relates their spectra to Krawtchouk polynomials, giving a noncommutative analogue of recent
kernel-based convergence analyses for commutative polynomial optimization. These results provide the
first quantitative finite-level accuracy guarantees for noncommutative semidefinite relaxations of Pauli
Hamiltonians.

1 Introduction

Certifying the ground-state energy of a many-body quantum system is a basic task in quantum information
[1, 2], condensed-matter physics [3, 4], and quantum chemistry [5, [6]. For a system of n qubits with local
interactions, this task is captured by the k-local Hamiltonian problem: given a Hamiltonian

SC{1,...,n}
|S|<k

where Hg acts nontrivially only on the qubits indexed by S, estimate or certify the smallest eigenvalue of
H. Since the k-local Hamiltonian problem is QMA-hard already for fixed locality & > 2 [IJ [2], rigorous
approximation and relaxation methods are indispensable.

A large body of work therefore studies tractable approximation methods for local Hamiltonians and
important special cases such as Quantum Max Cut, a 2-local problem without 1-local terms that is itself QMA-
hard [7]. Variational methods, including restrictions to product states [8, @] or more general Ansétze [10],
produce feasible states and hence upper bounds on the smallest eigenvalue. In this paper, we focus on the
complementary certification problem: obtaining rigorous lower bounds through semidefinite programming
and noncommutative sum-of-squares relaxations.

Semidefinite programming relaxations and noncommutative sum-of-squares methods [IT], 12} 13| 14] pro-
duce certified lower bounds on the ground-state energy through a hierarchy of tractable relaxations. These
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hierarchies are complete in the sense that they converge at sufficiently high levels. However, completeness
alone does not answer the computationally relevant question: how accurate is a fixed, low-level relaxation?
Without an explicit rate, a hierarchy may be theoretically convergent but provide no certified information at
the levels that can actually be solved.

In this paper, we give the first explicit finite-level accuracy guarantees for sum-of-squares hierarchies for
noncommutative polynomial optimization problems in the Pauli setting. More precisely, we analyze both the
NPA hierarchy [I5] and the upper-bound hierarchy for the spectral minimum [I6]. For k-local Hamiltonians
whose Pauli expansion contains only even-weight terms, the d-th level of both hierarchies have error bounded
by

n,4

Ok,

where §gf is the smallest root of a Krawtchouk polynomial and C(k) depends only on the locality k. For

the k-local Hamiltonian problem, the even-weight assumption corresponds to Hamiltonians of the form
with Hg = 0 whenever |S| is odd. This restriction is not essential for spectral optimization: an arbitrary
k-local Hamiltonian on n qubits can be embedded into an even-weight Hamiltonian on n + 1 qubits with the
same spectrum.

The polynomial kernel method has been recently leveraged to obtain convergence rates for commutative
polynomial optimization on the sphere [I7], the hypercube [I8], the binary cube [19], the ball, and the sim-
plex [20]. For a comprehensive overview of convergence-rate results in commutative polynomial optimization,
we refer to the recent survey [2I]. Our proof adapts the kernel method used in [I7, 19, 20] to the non-
commutative setting of Pauli Hamiltonians. While our overall strategy is similar to that of the three works
above, our convergence rate estimate connects closely to the estimates for the binary cube in [I9], which can
be seen as a special case of our setting. In particular, both convergence rate estimates depend heavily on
Krawtchouk polynomials (although with different parameters). We construct kernels on the Pauli algebra
that almost reproduce low-degree even Pauli polynomials. After diagonalization, the spectra of these kernels
are governed by Krawtchouk polynomials with parameter ¢ = 4, which leads to the explicit rate above.

1.1 Main results

We now state the main convergence estimates. We first recall the noncommutative polynomial formulation
of a Pauli Hamiltonian.

Let C(x)/Z be the quotient of the free x-algebra generated by variables z,;, where 0 € {ox,0y,0z}
and i € {1,...,n}, by the ideal Z generated by the relations satisfied by the corresponding Pauli operators.
Evaluation at the Pauli matrices will be denoted by p — p(o). Since Pauli words form a basis of the matrix
algebra on n qubits, every Hamiltonian H has a unique representative py € C(x)/Z such that H = pg (o). If
H is k-local, then py has degree at most k. If Hg = 0 whenever |S] is odd, then py contains only even-degree
monomials, and we call such a polynomial an even-weight polynomial. In the remainder of the paper, we
work with a general polynomial p, since H is uniquely determined by py. Here the degree, or weight, of a
Pauli word is the number of qubits on which it acts nontrivially. For more background on noncommutative
polynomial optimization, see [14].

Let ¥4(x) denote the cone of sums-of-Hermitian-squares polynomials of degree at most 2d. The hierarchy
of lower bounds on the spectral minimum can then be written as

va(p) =sup A, @)

st. p—AeXy(x)y/T.
Since every feasible A satisfies A < Apin(p), the numbers v4(p) are certified lower bounds on the spectral
minimum. The hierarchy (2 is known to converge at level n: we have p — Apin(p(0)) = s*s, where s(o) = G
for some G with G*G = p(0) — Anin(p(0))I2n. The polynomial s is of degree at most n since the Pauli
words of degree at most n form a basis of the matrix algebra, so this gives a solution to the n-th level of the
hierarchy. In Remark [I} we recover this finite convergence through our proof.

Theorem 1. Let p € C{x),/Z be a Hermitian even-weight polynomial. Let Amin(p) denote the smallest
eigenvalue of p(c), and suppose that ||p(0)||ee < 1, where || - ||oo is the spectral norm. Let £3* be the smallest



671,4
dbl < L then
n 27

root of the Krawtchouk polynomial of degree d with parameters n and q = 4. If %

n,4
M) — valp) < O() L ®)

where C(k) is independent of n,d and satisfies
2
Clk) < Sh(k+2)(1+ V2)2RHL,

The even-degree hypothesis is a technical assumption of the proof, not a restriction on the spectra that
can be treated. In Appendix [A] we show that every k-local Hamiltonian on n qubits can be embedded into
an even-weight Hamiltonian on n + 1 qubits with the same spectrum, with locality k' = k for even k and
k' =k +1 for odd k. This extends [22, Lemma 1], which treats the case k = 2.

In the proof of Theorem (1] (Section , we choose a parameter 17 = 2 for simplicity. However, for a given
degree d the optimal 1 > 0 equals

1 4k ggfl -t
= ( 3 n ) '
which improves the necessary condition on the degree in Theorem [I] to

ﬁfgfl
3 n

In this case, the bound in changes by a factor n/2. See Section for more details.

The hierarchy is the noncommutative analog of the moment/sum-of-squares hierarchy in (commuta-
tive) polynomial optimization [23], which gives lower bounds on a minimum. Similarly, there is a noncommu-
tative analog to Lasserre’s hierarchy of upper bounds on a minimum of a polynomial [24], which gives upper
bounds on the spectral minimum [I6]. We can use the functions we construct for the proof of Theorem |[1| to
give a convergence rate for this hierarchy as well, similarly to the commutative case [19, 20} 25].

The (dual of the) upper bound hierarchy is given by

<1

pa(p) =inf  (p,s),
st (1,8) =1, (4)
s € Zd<x>/z-7

where in our case (-,-) denotes the normalized trace inner product induced by evaluation on Pauli matrices.
With s such that s(o) = vv!, where v is an eigenvector of p(c) corresponding to the minimum eigenvalue,
we can use a similar argument as for the hierarchy to show that the hierarchy converges at level n.

Theorem 2. Let p € C(z)/Z be a Hermitian even-weight polynomial. Let Amin(p) denote the smallest
eigenvalue of p(o), and suppose that ||p(c)||ec < 1. Let 53’4 be the smallest root of the Krawtchouk polynomial
of degree d with parameters n and ¢ = 4. Then

,LLd(p) - Amin(p) S N ) (5)

where C (k) is the same constant as in Theorem [1}

Unlike Theorem [I] the upper-bound estimate (5)) holds for every relaxation level d.

The Krawtchouk-root expression in Theorems [I] and [2] can be made more explicit using known estimates
for the smallest roots. By [26, Corollary 5.20|, the smallest roots of the Krawtchouk polynomials with
parameter g > 1 satisfy

27 -1 q—-2h7 1 2
gdigqi_qi@_, 2(q — 1) 1_d+ ﬁ
n q 2 n ¢ n )n
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Figure 1: Normalized smallest Krawtchouk roots controlling the convergence rates in Theorems [I]

and The solid curve shows 533_’11/407 while the dashed orange curve is the asymptotic limit ¢4(t) =

3 (L+1./3t(1— t)) The two horizontal lines show the optimized sufficient condition §§f1/n < 3/(4k)
for Theorem [1| (as explained in the paragraph following the theorem), for k = 2, 4.

where hg is the largest root of the Hermite polynomial of degree d, which satisfies
hg = V2d — ¢(2d)™Y + o(d~Y/%)

as d — oo, where ¢ = 1.85575. .. is a constant. Asymptotically, we have by [26], Corollary 5.21| (see also [19]
Theorem 34]) that for ¢ € [0, %],

"4 -1 g—2 2
li d_ g )=3"" (1224 2 Slg— Dl —t
i, =0 = 55 = (5 a0,

where the limit means that for any sequences (n;);, (d;); such that lim; . n; = oo and lim;_, d;/n; =t,
we have lim; g;’j’q/n = ¢q(1).

1.2 Proof technique

The proof adapts the Christoffel-Darboux kernel method used to obtain convergence rates for commutative
sum-of-squares hierarchies [I'7, 19, 20]. The main new ingredient is a noncommutative analogue of this
construction for the Pauli algebra.

We use reproducing kernels to find an invertible linear map K : C(x)2q4/Z — C(x)24/Z (with 2d > k)
satisfying the following properties:

K1 =1 (P1)
Kp € X4(z)/T if p(o) is positive semidefinite (P2)
1K™ 'p —pllee <€ if p is an even-weight polynomial of degree k with ||p||eo <1 (P3)

where ||p||oo is the spectral norm after evaluation on the Pauli matrices.



Lemma 3. Let K be an invertible linear map satisfying properties (P1)-(P3)). Let p € C{x)x/Z be Hermitian
and suppose that every monomial of p has even degree with ||p|loc < 1. Then Amin(p) — va(p) < e.

Proof. Since K1 = 1, we have
Kil(p — Amin(p) +€) = Kilp — Amin(p) + €.

By (P3), the polynomial K~!p differs from p in spectral norm by at most . Since p(c) = Amin(p)l2n, it
follows that
Kil(p - Amin(p) +5)(0’) = 0.

Applying to K™1(p — Amin(p) + €) gives
= Amin(p) + € =K(K ' (p = Ain(p) +¢)) € Sa(z)/T.
Thus v4(p) > Amin(p) — €. O

Thus the problem reduces to constructing a positive kernel that is close to the identity on low-degree
even Pauli polynomials. We start from the reproducing kernel associated with the normalized trace inner
product and perturb its homogeneous components so that the resulting kernel is positive while remaining
almost reproducing.

1.3 Guide to the paper

Section 2] recalls the kernel formalism and the basic facts about Krawtchouk polynomials used throughout the
proof. In Section [3| we construct the homogeneous reproducing kernels for the Pauli algebra and diagonalize
them, showing that their spectra are governed by Krawtchouk polynomials with parameter ¢ = 4. Section [4]
uses this diagonalization to construct an almost-reproducing positive kernel and prove the lower-bound es-
timate of Theorem [I] Section [ applies the same kernel to the dual upper-bound hierarchy and proves
Theorem [2} Section [6] discusses limitations and possible extensions, including qudit systems, swap-operator
formulations, and sparse hierarchies. Appendix [A] gives the reduction from general local Hamiltonians to
even-weight Hamiltonians, while Appendices [B] and [C] contain the auxiliary estimates on Krawtchouk poly-
nomials and homogeneous Pauli components.

2 Preliminaries

2.1 Kernels

Let P C C(x) be a polynomial space with inner product (-,-). A kernel is an element of P ® P, and there is
a natural inner product on P ® P given by (a1 ® b1,as ® be) = (a1, a2)(by,b2). We use the convention that
inner products are linear in the second argument. For K = Zf\;l bi; ® b3, € P® P, where * denotes the
involution of C(z) (representing the Hermitian conjugate), we define the operator K : P — P by

N

Kp = Z b1,i(b2,i;p)- (6)

i=1

We often evaluate the second factor of the kernel K on Pauli matrices, while the first factor remains a
polynomial in z, to obtain K(z,0) = Zf\il b1 i(z) ® by i(0)*. We will use (p1,p2) = Tr(p1(0)*p2(c)), where
Tr denotes the normalized trace, and where we denote by p(o) the evaluation of p on the matrices

gi:[2®...®g®...®]2. (7)

Here the matrix o € {ox,0y,02} acts on the i-th qubit. Then we obtain the following expression equivalent

to @:

Kp = Z b1,i(2)Tr(be,i(0)"p(0)) = Tr2(K (z,0)(I2n @ p(0))),



where Try is the partial trace defined by Tro(A ® B) = Tr(B)A and extended linearly.

Now if b1; = ba; = b; and {b;} is an orthonormal basis with respect to the inner product, then K is a
reproducing kernel: the associated linear operator satisfies Kp = p. The reproducing kernel depends only
on the inner product, and not on the choice of orthonormal basis. Such a kernel is also sometimes called a
Christoffel-Darboux kernel.

2.2 Krawtchouk polynomials
Let ¢ > 2 and let wy : {0,...,n} — R be the weight function

wili) a0~ 1(7)

This defines an inner product
n

(pr.p2be = 3 pr(Dpa(iw, i),
i=0
where p; and ps are univariate polynomials with real coefficients. The standard orthogonal polynomials with
respect to this inner product are the Krawtchouk polynomials

T

k) = Y arta- 0 (2 27) ()

= r=3)\J

of degree r (see, e.g., [27, Section 5.7]). Note that this is not the standard definition of the Krawtchouk
polynomials, but an equivalent expression that will come up more naturally in this paper.
The Krawtchouk polynomials satisfy the orthogonality relations

(K9, I ) g = O e (g — 1) (n>

r
Furthermore, K79(0) = (¢ — 1)" (") = [[K9||2, where || - || is the norm induced by the above inner product.
We also consider the dual normalization
ﬁ’n”q(i) _ ’C?aQ(Z)
" 1113

so that R
O o

The following two elementary lemmas will be used to control the coefficients of the almost-reproducing
kernel.

Lemma 4. For every0 <i<n and 0 <r <n,

o) < k210 =g -1 (7).

r

Lemma 5. For every0 <¢<n and 1 <r <n,

ko) -k <=0 ()

Equivalently,
= . qr .
1-K2930) < ——— 1.
) (@—1)n

We prove both lemmas in Appendix Lemma is a slight strengthening of Lemma 33 in [19] for ¢ > 2,

which states that )
1-Kma(i) < 2.

n



3 Reproducing kernels for the Pauli algebra

Recall that we consider polynomials in variables z,; where o is a Pauli matrix and ¢ € {1,...,n}. Further-
more, the polynomials have no terms with multiple variables corresponding to the same ¢, and the variables
Zo,; satisfy the same relations as the Pauli matrices. The inner product on this polynomial space is given by

(p1,p2) = Tr(p1(o)p2(0)).

Recall that the Pauli matrices together with the identity form an orthonormal basis with respect to the trace
inner product. Thus the tensor products of these matrices form an orthonormal basis of Manyon(C). In
particular, this means that the words
T
H Tajis
j=1

form a basis of the space of polynomials of degree r, that is orthonormal with respect to the trace inner
product, where o; € {ox,0y,0z} and 1 <i; <i;41 <n for all j.
Define the reproducing kernels for the spaces of homogeneous polynomials of degree r by

T
n __ . .
Cr - E § H'Ta'jﬂj ®‘r0'j-,'l_7” (8)
1<ii<-<ir<noje{ox,0y,02} =1

Then the reproducing kernel for the space of polynomials up to degree d is given by

d
Sar
r=0
Now evaluation of C7' on the Pauli matrices gives

Cl(o,0) = Z H Z oy @ o7y
JC[n] €T We{X,Y,Z}
| J|=r
In the following sections, it will be useful to write C*(o, o) in terms of the matrices
3 1 , .
A] = 114714-1 Z U"]/V®U"]/V.
We{X,Y,z}

Thus A; acts on the two-copy space of the j-th qubit. This gives

- —1
Cro0) =Y J[(4; =3Lm) => (@) (-3)" (ﬁ-z) oI 4
JCn i€ 1=0 JCn] G
|J|=r |J|=l

as a consequence of pairwise commutativity of the A;’s.

3.1 Reduction to the Krawtchouk polynomials

We now diagonalize the kernels C? (o, o) by expressing the eigenvalues of C*(o, o) in terms of Krawtchouk
polynomials with parameter ¢ = 4.

Let A= %14 + i ZWE{XX’Z} ow ® ow be the single-site version of the operators A;. It has eigenvalues
0 and 1 with multiplicity 1 and 3, respectively. Let @) be an orthogonal matrix such that

QTAQ = Diag(0,1,1,1).



Then Q®" diagonalizes the matrices C"(co, o), where the j-th copy of @ acts on the two-copy space corre-
sponding to the j-th qubit. The diagonal entries of (Q®")TC" (o, 0)Q®™ are then given by

(Q*") O} (0.0)Q%"), Z4l r(n2 ) > 1w

n)jeJ
\J\ l

— (- §<—4>l<3>r-l (") (=) )

where a € {0,1}" indicates that we consider the eigenvalues a; of A;. In particular, the expression @ is
(=1)"K4(i) with i =} a; € {0,...,n} and ¢ = 4
We record the conclusion as a lemma.

Lemma 6. For 0 < r < n, the eigenvalues of C"(o,0) are (—=1)"K®%(i), i = 0,...,n. The eigenvalue
corresponding to © has multiplicity 3" (TZ) Consequently, the kernels C)' are pairwise orthogonal with respect
to the trace inner product, and
9 n
ez == (7).

Proof. The diagonalization above gives the eigenvalue formula. It remains only to account for the multiplic-
ities and the norm. The eigenspace of a single A; with eigenvalue 1 has dimension 3, while the eigenspace
with eigenvalue 0 has dimension 1. Hence the number of joint eigenvectors with > ja; =11s

()

Since we use the normalized trace on the 4"-dimensional 2-copy space, the induced weight on i € {0,...,n}is

w(i) = 473 (Z‘)

This is exactly the Krawtchouk weight w, (7). Therefore

(€7, 0 = ST ) (1)K iwali) = (—1)7 (0 K0t

=0

By the orthogonality relations for the Krawtchouk polynomials, this equals 0 for » # s, and for r = s it equals

) :

Finally, the same identity can be written symbolically in the polynomial algebra. Since the variables z, ;
satisfy the Pauli relations, we have

n

Cr(@,a) = (1)K (3 Ay(@,2) (mod ToT), (10)

j=1
where 5 1
Aj(x’xl):11®l+1 Z Lo ® Ty ;.
oe{ox,0y,02}

The equality stated in holds in the quotient algebra (mod Z ® Z) obtained after imposing the Pauli
relations separately in each tensor factor.



4 Proof of Theorem [1

Recall that by Lemma [3] it suffices to find a linear operator K with the properties

Kl =1, (P1)
Kp € Sa(z)/T if p(o) = 0, (P2)
1K 'p—pllo <€ if p is an even-weight polynomial of degree k with ||p|leo < 1. (P3)

Then € = (n, k, d) gives the convergence rate of the hierarchy.
Note that (P3]) says that K should be almost reproducing for such p. Therefore we consider the linear
operator corresponding to a slight modification of the reproducing kernel:

2d
K=Y cCp,
r=0
where C' is defined in . In particular, this gives

Kp = TI‘Q(K(Z‘ U)(IQTL ®p ZCT p = ZCT'pM (11)

where C? is the linear operator corresponding to C*, and p, = Cl'p = Try(Cl(z,0)(I2» ® p(0))) contains
all terms of p with degree equal to r, since C) is the reproducing kernel for homogeneous polynomials of
degree r. In particular, if all terms in p are of even degree, then po,.11 = 0 for every r > 0.

To satisfy property (P1]), we need

=Kl=1.
Define on
Cr=—r-.
ICII7
Then by orthogonality of the kernels, we have
(C" K) = c,.
4.1 Property (P2)
Suppose that the coefficients ¢, are such that
2d
F) = e (=17 KA
r=0

is a univariate sum of squares of degree 2d. Using equation , we then have that for any p with p(o) > 0,
Kp = Try(K(2,0)(Izn @ p(0))) = Tray | Ion @ p(o Z Aj(z,0) | Ion @ p(o)?

where

B =3 V!

for a positive semidefinite matrlx B=>,\ vlvz, and A" denotes the conjugate transpose of A. Given an
orthonormal basis {u;}; of C2", the partial trace can be evaluated as

1

Kp = Z (Inn @ u})(Ion @ p(0) %) (ZA r,0 ) (Izn @ p(0) %) (I2n @ u;),

which is a sum of squares of degree 2d in the variables x.



4.2 Property (P3)
By equation , we have that for a degree k polynomial of even weight

k/2 ]
K'lp-p=>)_ < - 1) par.
,_ Cor
r=0
The extremal eigenvalues of K~!'p — p are then bounded in absolute value by
k
/2 1
S = —1| max_[plee.
= |cor 0<r<k/2

4.2.1 Bounding max, ||p2r|co

Lemma 7. Suppose H = Zfzo H, is a k-local Hamiltonian on n qubits, with H, containing terms of weight
exactly r. Then
”HrHoo < 'Yk-”HHoo,

where the constant -y, is independent of n. In particular, if p is a polynomial of degree k in the Pauli matrices,
[Prlloo < YellPlloo-

Proof. For a € [0,1], define H(«) = Zf:() o"H,. The map H — H(«) is also known as the noise operator,
and is completely positive for o € [—1/3,1] [28], Section 8]. Furthermore, as mentioned in [28], ||H (@)|lcc <
|H || for o € [0,1] because H(a) can be written as a convex combination of conjugations of H by unitary
matrices.

Suppose 0 < ap < -+ < a < 1. Then we can express H, in terms of H(«;) by

k

Hy =Y b H(a;),

=0

where the coefficients b,.; can be found by inverting the Vandermonde matrix (a:)f r—0-
This implies the bound

k k
[ Hylloo < Z b7, H (ai) ]| e < Z 1071 H || oo
=0 =0

Note that, in particular, the coefficients b,; are independent of the dimension n, so we may take v, =

k
maxo<,<k ;g |bri
For a polynomial p whose variables correspond to Pauli matrices, the spectral norm is defined by

[Plloc = [IP(0)]]o0-
Because p,(0) = Tro(C)}(0,0)(I2n ® p(0))) = (p(c)), this implies
2 loo < YElIPl0o- O

In Appendix [C] we show the upper bound
T < (1 _’_\/§)2k+1

by choosing a specific set of points {«;};.

10



4.2.2 Bounding fol [1/cor — 1

We ﬁrst bound the sum by a quantity that is linear in ¢o,. Recall that to satisfy Property [P2] we require
f= ZT o &r(—1)"K™* to be a sum-of-squares polynomial, thus nonnegative. This implies that all eigenvalues
of K are nonnegatlve Combining this with Lemma [f] and Lemma [6] we obtain

<02T’ > <( )27’C§r4yz ( )chn4 /Cn4 ch J,Cn4 — o=

J
Now if ¢o, > % for some 1 > 0, then
k/2 k/2

1 1‘ = Zé(l —cor) <y (1—cap).

C
2r r=1 r r=1

k/2

2.

r=1

The following lemma is stated for general ¢, but we will only use the ¢ = 4 case.
Lemma 8. There is a univariate sum-of-squares polynomial f = ZT ZoCr (1)K such that co = 1 and
k/2

;(1 — 027‘) < qulgj(k +)2)€d+1

Proof. Let ¥4 denote the cone of univariate sums-of-squares polynomials of degree at most 2d. To find a
bound, we want to solve

min (h, f),
st (1, f)g=1 (12)
f ey

with h = & — fol K9 Since K17(i) < K29(0) = 1, h is minimal at 0 with h(0) = 0. Furthermore, if
f= Ocr( 1)K € $q with ¢g = (1, f)g = 1, then (h, f)g = SF% (1 — ca,.).
By Lemma [f] the function h is upper bounded as

k/2

) 2qr . qk(k+2).
i) = ; (¢—Dn' ~ 4(g—Dn"

By [19, Theorem 12| (which combines results from [29]), the optimal solution to (12]) is attained for the linear
function (i) = ¢ and has optimal value equal to the smallest root 523}1 of the Krawtchouk polynomial K’ +1
This gives that there is an f € ¥, as above whose coefficients satisfy

k/2 k/2

qgk(k+2) .,
Z\CWM > A—cy) < 4q —Dn s T i O
r=1
Note that by Lemma [5 we also have
“n 8r . 8T n
1-— Cop = <1 - K:277~4’f>4 < 37n<7’a f>4 = 37n£djr41’ (13)

for the polynomial f € ¥4 used in the proof of Lemma[8 Therefore the condition holds if
1

%§d+1 =

for all r. Since the left-hand side is minimal for » = k/2, and a larger n worsens the bound, the optimal 7 is
given by
4k 4\ "
n= <1 - 3n§d+1) :

11



Thus if 1 — 3—25"’4 > 0, then we have the bound

d+1
k/2
k(k+2) pn4
— =1 <np——E7.
; Car ’_77 3n Sat1

For simplicity, Theorem [I] uses 7 = 2 with the corresponding condition on d.

Proof of Theorem[]l Choose the coefficients ¢, from Lemma [§ applied with ¢ = 4. Then K1 = 1, and
property (P2) holds by the construction above. By 7 the assumption

n,4
ﬁ§d+1<}
3 n T2

implies ¢o, > 1/2 for every 1 < r < k/2. Therefore

k/2 k/2 n,4
2k(k +2) Sat

— 1 <25 (1 — ey, < AT bl
; Cor ‘ - ;( car) < 3 n

Using Lemma |z|, and the assumption ||p|ls < 1, we get

Uk +2)  Erh
Yk .
3 n

IK™'p — pllos <

The bound on ~; from Appendix |C| gives the stated constant C'(k). Lemma [3| then implies

n,4
Mup) — valp) < C (RS o

Remark 1. When d = n, the problem has optimal value O for h(i) = i, which recovers finite convergence
at level n. To see this, take f = g2, where we choose g such that g(i) = 0 fori € {1,...,n} and g(0) = 1.
Then g is of degree n, and since (1, f)q = g(0) = 1, it is a feasible solution with (h, f)q = 0.

Remark 2. The proofs in [17, (19, [20] use that
1—CT§Z|1—CT|
T

to get a bound on the minimum degree required for the convergence rates for commutative polynomial op-
timization on the sphere, the binary cube, and the ball and the simplex, respectively. Using a bound on c,

similar to would improve the minimum level for which the convergence rates hold. For example, for the

binary cube this improves the requirement on d from k(k + 1){3_’31/11 <1/2 to Zk:{gfl/n < 1/2, and for the

ball and the simplex from d > Cnkv'k to d > Cnk, where in each case n is the number of variables, d the
level of the hierarchy, and k the degree of the polynomial to be minimized.

5 Proof of Theorem 2

The dual of the hierarchy in [I6] is given by

pa(p) =inf  (p,s),
st (1,s) =1,

To give a convergence rate for this hierarchy, we use a similar idea as in [20], adapted to the noncommutative
setting. We still require that p is a noncommutative polynomial in the Pauli matrices with monomials of
even weight, of even degree k.

12



Let K be the kernel with coefficients ¢, given in Lemma [§ and let K denote the associated linear
operator on the Pauli polynomial space. Let v be a normalized eigenvector of p(o) corresponding to the
smallest eigenvalue Apin(p), and take

s= W Iw)" K(o,2)(v® Ian),

i.e., we evaluate the first factor of the kernel on the Pauli matrices, while the second factor remains a
polynomial in z. Since the univariate polynomial associated to K is a sum of squares, the same argument as
in Section [£.1] shows that

s € Xg{x)/T.

Moreover, because K reproduces constants,
(1,s) = v (K1)(o)v = vTv = 1.

Thus s is feasible for the upper-bound hierarchy.
Using the defining property of the kernel,

(. s) = v"(Kp)(o)o.

Therefore
(P, 5) = Amin(p) = v (Kp — p)(o)v
< |Kp — pllso
k/2
< -1 oo
_;\62 | max [perlo

By Lemma [§| and Lemma [7}

k(k+2) & Ck) &

- Amin S -
(p;s) (p) PR 5
Since pq(p) < (p, s), this proves
C(k 571,4
pal®) ~ min(p) < T 2L

Unlike the lower-bound estimate in Theorem |1} this argument does not require a lower bound on the

coefficients ¢y, because no inverse coefficients 1/co, appear. Hence the estimate holds for every relaxation
level d.

6 Discussion and outlook

In this work, we provided the first convergence rates for hierarchies for noncommutative polynomial optimiza-
tion when the variables represent Pauli matrices. We showed that for k-local Hamiltonians where each term
acts on an even number of qubits, both the upper bound and the lower bound hierarchy have error at most

n,4
a1

n

C(k)

in the d-th level of the hierarchy, where C(k) does not depend on the number n of qubits or the level d of
the hierarchy.

When the polynomial p only involves the variables z, ;, the corresponding Hamiltonian is diagonal in
the computational basis. In this case, spectral optimization reduces to binary polynomial optimization on
{£1}". Indeed, evaluating p on the matrices o7, gives a diagonal matrix whose diagonal entries are p(z), for
z € {£1}", and the trace inner product becomes

up) =5 3 P P2,

ze{£1}"

13



Thus the Pauli setting considered here contains the binary cube as a commutative special case.
A natural question is whether the same construction extends to qudit systems. A direct analogue of the
kernels used here appears to lead to

/ 2d’
n, d _
(1 - dl)rICTL a E A] ’ q= 4 —1

J

for local dimension d’, where Agl is the qudit analog of the matrices A; = %I + % ZWG{X,YZ} U%V ® O'{;V. For

kernels of the form ) chﬁ’dl with nonnegative eigenvalues, this forces bounds of the form
Cor < (d, — 1)7274(30.

Thus, unlike in the qubit case, this direct construction cannot produce sum-of-squares kernels whose even
coefficients cs, remain close to 1. Extending the convergence-rate analysis to qudits therefore seems to require
a different kernel construction.

Another interesting research direction is to exploit additional algebraic structure. For example, for the
quantum max-cut problem, the hierarchy can be highly simplified when one uses the swap matrices

1 1 i
S’Lj = 5]271 + 5 Z O'WO'{/V.
We{X,Y,Z}

This then leads to a noncommutative polynomial optimization problem using a different ideal [30]. Although
this symmetry-reduced hierarchy converges at level [n/2] rather than level n, finite convergence alone does
not imply better quantitative bounds at low levels. It would be interesting to obtain convergence rates that
reflect this additional algebraic structure.

Sparsity is another important direction. Correlative sparsity can substantially reduce the size of the
semidefinite programs [31]. At a fixed relaxation level, a sparse hierarchy may give weaker bounds than the
dense hierarchy, but the reduced computational cost may allow one to reach higher levels. In the commutative
setting, convergence rates for sparse sum-of-squares hierarchies were obtained in [32]. A natural next step is
to develop analogous rates for sparse noncommutative hierarchies and compare the resulting accuracy as a
function of computational cost.

Finally, the finite-dimensional nature of the Pauli setting is essential to our argument. The variables
are represented by explicit matrices, which gives a canonical trace inner product and concrete reproducing
kernels. This contrasts sharply with dimension-free noncommutative polynomial optimization, where one
optimizes over Hilbert spaces of arbitrary dimension, operators on those spaces, and states. Our use of
reproducing kernels is related to the noncommutative Christoffel-Darboux kernels of [33]; developing this
connection further may provide a systematic way to construct kernels for other structured noncommutative
optimization problems. In full generality, effective convergence rates cannot be expected. Indeed, for Bell
inequalities and nonlocal games, the identities MIP“° = coRE [34] and MIP* = RE [35] rule out uniform
computable convergence rates for the corresponding SDP hierarchies: such rates would yield algorithms for
undecidable approximation problems. Thus future convergence-rate results must rely on additional struc-
ture, such as fixed finite-dimensional representations, explicit matrix constraints, symmetry, sparsity, or
other assumptions that make the feasible set quantitatively controllable. Without such restrictions, uniform
computable convergence rates are ruled out by undecidability phenomena.
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A Reduction to even-weight Hamiltonians

Lemma 9. Let
H = Hodd + Heven

be a k-local Hamiltonian on n qubits, where Hyqq contains the terms with odd weight and Heyven contains the
terms with even weight. Define a Hamiltonian on n + 1 qubits by

f[ = Hodd ® UOZ + Heven & 127

where 0% acts on the ancilla qubit.

_ Then H is k'-local, where k' = k if k is even, and k' = k + 1 if k is odd. Moreover, every monomial in
H has even degree, and

spec(H) = spec(H)
as sets of eigenvalues. In particular,
)\max(ﬁ) - )\max(H)a )\min(ﬁ) = )\min(H)~

Proof. By construction, the terms of Heyen ® I are still of even degree, and every term of odd degree [ [, ; afyi
in Hyqq is replaced by the even degree term [[,_; 0}#0%. Hence every monomial in H has even degree.

Since 0% has eigenvalues £1, in the 0%-eigenbasis we have

ﬁ = (Hcvcn + Hodd) o (Hcvcn - Hodd);

where the symbo represents unitary equivalence. Thus it suffices to show that Heyen — Hoqq and
Heyven + Hogqq have the same spectrum.
Let s denote entrywise complex conjugation on C?, and define the antilinear operator

1 Atg”

J :=ovk

on C2. Since
0xX =0x, Yy = =0y, 0z =0z,
a direct computation gives
ngjflzngngzfng JO’yJ71:O'y0'yO'y:70'y, szjilidyﬁ(fyif(fz.
Now let
— T8N
0 :=J"

an antilinear isometry on (C?)®". If w is a Pauli word of degree m, then
Qwoe ! = (-1)"w.

In particular, every odd-degree Pauli monomial changes sign, while every even-degree Pauli monomial is
fixed. Since H is Hermitian, its coefficients in the Pauli-word basis are real. Therefore

G(Heven + ]{odd)671 = Heven - Hodd-
Since © is bijective, it preserves the spectrum: if (Heven + Hodd)v = Av, then
(Heven - Hodd)@v = 6(-[:Ieven + Hodd)v = A Ov.

Hence
SpeC(Heven - Hodd) = SpeC(Heven + Hodd) = SpeC(H)'

Combining this with the block decomposition above, we obtain

spec(H) = spec(H),

as claimed. O
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B Proofs of Lemma 4] and Lemma [5

For the proofs of the lemmas, we will use the generating function of the Krawtchouk polynomials, which is
given by

S K@) = (1—2) (1 + (g — 1)2)" .

r=0
Lemma 10 (Restatement of Lemma . For every0<i<mand 0 <r <mn,

. n r n
et < o) = a1y (7).
Proof. We compare coefficients. First,
(1-2)< (142 <1+ (g—1)2),
where < denotes coefficientwise inequality. Hence
1-2) 1+ (-1))" " < (1+2)(1+(g-1)2)" " < (1+(¢—1)2)".
Taking the coefficient of 2" (denoted by [2"]) in the generating function gives
n . r 7 n—ia T n r(M
290) = 11 - 20+ (g = D2 < 0+ - 02" = - 17 (7))

Since

Km9(0) = ()14 (g — 1)2)" = (g — 1)’ (”)

r
the claim follows. O

Lemma 11 (Restatement of Lemma [5)). For every 0 <i<mn and 1 <r <n,

ra) - k@ < g -1 (1)

Equivalently,

—~ . qr .
n,q < )
1—K9(4) e i

Proof. Using again the generating function,
Ka(0) = K1(0) = [ ((1+ (g = 1)2)" = (1= 2)' (L4 (g = 1)2)" )

= (1 + (@=D2)" (1 + (= D2) = (1= 2)')).
Then

|
—

(I4+(q—1)2)"—1=2)"=(14+(q—1)2)—(1=2)) > 1+ (g—1)2)"""*1-2)°

S

Il
o

i—1

=qz Z(l +(g—1)2)175(1 — 2)*.

s=0
Since (1 — 2)® < (1+ (¢ — 1)2)® coefficientwise, we get
(1+(g—1)2)" —(1—2) < qiz(1+(g—1)2) L

Therefore
K9(0) = K1) < [ (aiz(1+ (= 1)2)" ™) = gi [ (1 + (g = D2)" " =g+ (g — 1) (Z B i)
proving the first claim.
For the normalized version, simply divide by
o) = o -1 (7). 0
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C Upper bound on 7

To find an explicit bound on 7, we choose the interpolation points a; to be the Chebyshev nodes shifted to the
interval [0, 1], which are the roots of the shifted Chebyshev polynomial of the first kind T}, | (z) = Ty1(22—1).
Here the superscript * in 77 is part of the standard notation for the shifted Chebyshev polynomial and is
unrelated to the involution on C(x) used elsewhere in the paper.

These polynomials satisfy the discrete orthogonality relation

k

N . k+1
> Ty () Ty (i) = dj1
i=0 U

for j,I <k, where u; = 1if j = 0 and u; = 2 otherwise.
Recall that we need to express H, from the expression

= ZHTQT

in terms of the evaluations on o;. That is, we require the coefficients b, ; such that
k
He =Y byiH(ai),
i=0

which then give the bound 7; < max, Zf:o 4.
The discrete orthogonality gives the expression

and hence

J
Ti(ai) ) mrga”
r=0

where 7, ; is the coeflicient of the degree r term of Tf. Thus the coefficients b,.; are given by

e

QM”

az Tr,j-

This gives the bound

ko J
Yk SZIbr7z| S ZZ 7—7“7j|~
T, 7=07r=0

Because all roots of the shifted Chebyshev polynomial TJ*(x) are positive, its coeflicients must alternate
in sign. Furthermore, the leading coefficient of T;(2z — 1) is strictly positive for j > 1. This implies that
sgn(ry ;) = (=1)’7".

This sign alternation allows us to write the sum of the absolute values of the coeflicients as an evaluation
of the polynomial itself:

Do lmil =D (-1 ZTm —1)’T;(-1).
r=0 r=0

Using the parity property of the standard Chebyshev polynomials, T} (—z) = (—1)T}(z), we simplify this
expression to: ' ‘
(=T (=1) = (=1)T3(=3) = T;(3).
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Substituting this back into our initial bound for 7, yields the summation:

k
<2 Ti(3).
3=0

For & > 1, the Chebyshev polynomials of the first kind can be evaluated using the closed-form expression

Tj(z) = 3 (2 + V22 —=1)7 + (x — V2% — 1)7). Thus
T;(3) = % ((3 +2v2)7 + (3 - 2\/§)J’) < (34 2V2).

We can now cleanly bound the sum by evaluating the geometric series of the dominant term:

k k
Y Ti3) <Y (3+2v2)
j=0 §=0
(34 2v2)kt -1
 B+2v2) -1
(3 + 2\/§)k‘+1

2(1+v2)
(1 + ﬂ) <3+2\@>1~c

1
2

Therefore, we obtain the upper bound:

< (14 v2) (3+2f2)k - (1+ ﬁ)ml.
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