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The bulk spectral gap is semi-decidable:
a convergent family of certified upper bounds
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Abstract. Determining spectral gaps in the thermodynamic limit is a central challenge in quantum
many-body physics. Existing rigorous methods are largely limited to special settings, while variational
numerical approaches typically provide estimates rather than certified bounds. Here we introduce a
complete family of certified upper bounds on the bulk spectral gap of quantum many-body systems.
These upper bounds are obtained by solving a series of semidefinite programs and they become
arbitrarily tight at the cost of more computational resources. This shows that the bulk spectral gap is
semi-decidable, in contrast to undecidability results for alternative notions of spectral gap based on
sequences of finite systems with prescribed boundary conditions. As a proof of principle, we apply our
algorithm to the spin—% kagome lattice Heisenberg antiferromagnet and obtain, to our knowledge, the
first nontrivial certified upper bounds on its bulk spectral gap.

The spectral gap, the energy difference between the
ground state and the first excited state, is fundamental in
quantum many-body physics. A nonzero gap often implies
exponential decay of correlations HasO7| and phase sta-
bility ﬂBHMlOt \Den+02t \Sac99| while a vanishing gap is
associated with criticality. In quantum computation, the
spectral gap governs the runtime of adiabatic quantum
algorithms .

Determining the spectral gap is notoriously difficult,
and many open many-body-physics problems can be for-
mulated as spectral gap problems. For example, the Hal-
dane conjecture states that the antiferromagnetic Heisen-
berg model in 1D with integer spins is gapped [Hal83].
Rigorous bounds on the spectral gap are confined to
special settings, most notably frustration-free systems,
tracing back to ideas developed for models such as the

canonical frustrated model whose thermodynamic-limit
gap remains debated despite extensive numerical work,
with competing results supporting both gapped and gap-
less scenarios .

A missing central ingredient is a general method for ob-
taining rigorous upper bounds on the spectral gap. Lower
bounds certify gappedness, whereas upper bounds rule
out proposed finite gaps and provide a route to prov-
ing gaplessness when they can be driven to zero. Such
bounds are known in structured settings, for example
from symmetry-based constraints such as Lieb—Schultz—
Mattis-type theorems |HasO4 and from Goldstone-type
arguments |Nac06 . Alternatively, in special models such
as the AKLT chain and related spin-1 valence-bond-solid
chains, rigorous upper bounds can also be obtained vari-

ationally from explicit low-energy trial states |AAHS88

AKLT chain ﬂAﬁ’+88t ‘Aﬁ’+87ﬁ ‘FNW92t ‘Kna88t ‘Lelet

\Kna88|. Outside these special cases, however, a generally

Nac96; You23|. Outside such structured settings, how-
ever, the ground states and low-energy excitations are not
known in general. In fact, from a computational point
of view, the spectral gap in the thermodynamic limit is
undecidable |[Bau-+20; CPW15].

Hence, for general settings, one usually relies on vari-
ational numerical approaches, including tensor-network
methods Orﬁ14t Sch11|, variational Monte Carlo ,
and neural states Anséitze [CT17]. These have achieved
remarkable success, but provide estimates rather than rig-
orous certificates. A paradigmatic example is the spin—%
kagome lattice Heisenberg antiferromagnet (cf. Fig. , a

applicable certified framework is still lacking.

In this letter, we introduce the first general algorithm
for rigorously upper bounding bulk spectral gaps in the
thermodynamic limit. It produces a hierarchy of increas-
ingly precise, but computationally more costly, upper
bounds. These upper bounds converge to the bulk spec-
tral gap, the gap of the infinite system itself as probed by
local excitations, independent of any prescribed bound-
ary condition. The same framework can also incorporate
prescribed symmetries as additional constraints, yield-
ing certified bounds within the corresponding symmetry
sector. As a proof of principle, we apply the method



to the spin-% kagome lattice Heisenberg antiferromagnet.
We obtain a fully general certified upper bound 2.18J,
and a sharper bound 1.15J in a physically motivated
symmetry sector. Although these bounds are far above
existing numerical estimates—from gaps of order 1072

to 10~1.J to possibly gapless scenarios [DMS12; He+17
YHWI11|—they are, to our knowledge, the first rigorously
certified upper bounds on this bulk spectral gap.

Our algorithm is built upon semidefinite programs
(SDPs), which have proved powerful for certified results in
quantum information theory |NPA08t PNA10| and, more
recently, many-body physics [Ara+26; Ara25; FFS24;
Mor+25; Wan+26; Wan+24]. These existing applica-
tions rely on standard SDP constraints that are linear in
the state. By contrast, many important many-body prop-
erties, including spectral gaps, are naturally described by
nonlinear constraints and are therefore not accessible to
standard SDP methods in a direct way. The frustration-
free case is special: the lower-bound problem admits
positivity conditions that can be relaxed into a standard
SDP hierarchy , although completeness remains
open. Our work takes a different route: for general finite-
range interacting systems, we develop a new method
to translate a nonlinear formulation of the spectral gap
into certified SDP relaxations, and we prove that this
translation yields a complete characterization of the bulk
spectral gap problem in the thermodynamic limit.

More broadly, our work opens practical and theoreti-
cal directions. On the practical side, stronger structural
reductions, better exploitation of sparsity, and larger-scale
computations could substantially sharpen the present al-
gorithm and turn it into a competitive tool for difficult
quantum many-body models. Even when numerically
larger than the best variational estimates, such upper
bounds are valuable because the framework provides rig-
orous thermodynamic-limit certificates, rather than nu-
merical evidence that may change with improved Ansétze
or larger simulations. On the theoretical side, our results
raise a natural question about lower-bound certification
for bulk spectral gaps. The known undecidability re-
sults concern finite-volume gap notions defined with fixed
boundary conditions [Bau+20; CPW15]. We show that
our method, formulated directly in the bulk, is compatible
with those constructions because it addresses a different
notion of spectral gaps. This leaves open whether the bulk
spectral gap problem is itself undecidable, or whether it
admits a complementary certification method for lower
bounds.

ScopPEe. For clarity, we present the main-text construc-
tion for a one-dimensional spin—% chain. The framework
extends to finite-range systems on arbitrary-dimensional,
non-regular lattices, including the kagome lattice, and
more general systems with appropriate operator-algebraic
structures; see Supplementary Information Theorem 2.6.

FINITE-VOLUME SPECTRAL GAP WITH BOUNDARY CON-
DITIONS. Our work focuses on the bulk spectral gap, in

Figure 1: A portion of the kagome lattice. From “Kagome-
lattice-bw.svg” by WilliamSix (Wikimedia Commons),

CC BY-SA 4.0

contrast to the conventional finite-volume notion with
prescribed boundary conditions that we introduce first;
see Supplementary Information Section 4.1/ Consider a
nearest-neighbour Hamiltonian

H=> hii, (1)

i€Z

where each local term h; ;41 acts on two neighbouring
sites. Since this formal infinite sum is not a well-defined
operator, one instead studies truncated Hamiltonians
Hg(L) on intervals A(L) :={—L,..., L}, with boundary
condition B (e.g., open or periodic).

The finite-volume gap is then read from the spec-
trum of Hg(L), and its behavior as L. — oo is taken as
the thermodynamic-limit notion of spectral gaps. One
(very strong) version, used for example in [CPW15], is
a non-degenerate uniform gap: for all sufficiently large
L, the finite-volume ground state is unique and the gap
above it remains bounded below by a positive constant
independent of L.

This definition is generally sensitive to boundary condi-
tions: in the AKLT chain, for example, periodic boundary
conditions give a unique finite-volume ground state, while
four-fold degenerate for open boundary conditions .
Yet, the thermodynamic limit is meant to capture bulk
properties of very large systems, so one would like a
notion of spectral gaps that reflects intrinsic bulk ex-
citations rather than artifacts of how the boundary is
imposed. This motivates a formulation that captures the
bulk behavior directly.

BULK SPECTRAL GAP IN THE THERMODYNAMIC LIMIT.
In order to access the bulk property independent of chosen
boundary conditions, we take the formulation rooted
in the thermodynamic limit [BR81|; see Supplementary
Information Section [1] for details.

Suppose that we have a state p on the infinite chain in
the thermodynamic limit. On the infinite chain, physically
meaningful excitations are local observables, supported on
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finite intervals A(L). Concretely, for a spin-1 chain, these
are generated by finite products of local Pauli operators
acting on A(L). The set of all such local observables
forms the local algebra Aj,.. A state is then described
through its expectation values on these observables,

w(a) = Tr(pa), (2)

which defines a positive normalized linear functional on
Aloc, and we also identify this functional w with the state
p. (More precisely, this expectation-value functional w is
defined on the norm closure of Ajyc.)

Although the formal Hamiltonian H = ), h; ;41 is
not itself a well-defined finitely supported operator, its
commutator with any local observable a is well defined:
only those interaction terms near the support of a fail
to commute with it, so [H,a] reduces to a finite sum.
This gives a well-defined notion of energy change by local
excitations and leads to the appropriate notion of infinite-
volume ground state: w is a Kubo—Martin—-Schwinger
(KMS) ground state when

w(a*[H,a]) >0 (3)

for all local observables a € Aj,.. Physically, this says
that no finitely supported excitation a can lower the
energy. In finite dimensions, this is equivalent to the
usual spectral notion of ground states; see Supplemen-
tary Information Theorem In the thermodynamic
limit, it provides the corresponding bulk notion of ground
states, independent of any particular choice of boundary
conditions.

For a KMS ground state w, we say that w has a locally
non-degenerate bulk spectral gap of size at least v > 0 if

w(a*[H, a]) > v(w(a"a) — w(a)]?) (4)

for all local observables a € A, . (By the
Cauchy—Schwarz inequality for states, Eq. 1} in particu-
lar implies Eq. |D .) For w, the left-hand side of Eq. is
again the energy increase created by the local excitation
a. Local degeneracy would mean that some local operator
maps the chosen ground state w to another orthogonal
ground state. For such an operator, the energy increase
is zero, while w(a*a) — |w(a)|? is positive. Hence Eq.
could hold only with v = 0. The local non-degeneracy
condition excludes precisely this possibility: in that case,
Eq. says that every local excitation acting nontriv-
ially on the chosen w must pay at least v units of energy
after normalization. This should be distinguished from
global degeneracy between distinct symmetry-broken or
topological sectors, which need not be connected by local
observables; see Supplementary Information Theorem 1.8,

The bulk spectral gap of H is then the supremum of all
~ for which there exists a KMS ground state w satisfying
Eq. . This gap is defined directly in the thermodynamic
limit through local excitations and is independent of any
prescribed boundaries. For example, finite-volume AKLT

chains with open boundary conditions have boundary-
induced ground-state degeneracy, while it is gapped in

the bulk [Aff+88].

A COMPLETE HIERARCHY OF RELAXATIONS. The dynam-
ical criterion Eq. is the starting point of our complete
SDP hierarchy; see Supplementary Information Section
for the full formulation and proof.

Suppose first that there exists a KMS ground state w
with a locally non-degenerate bulk spectral gap at least
~. Then Eq. must hold for every local excitation a.
In particular, it must hold for all excitations supported
inside any fixed finite interval A(L). Thus, every finite
interval A(L) gives a necessary consistency check for such
a gapped KMS ground state.

This leads to a hierarchy of tests: for each L, we ask
whether there exists a consistent assignment of expecta-
tion values to all excitations supported on A(L) satisfying
Eq. . If not for some L, then by contraposition, no
KMS ground state with a locally non-degenerate bulk
gap at least v can exist. Thus, the hierarchy is a nested
family of necessary conditions for the existence of a KMS
ground state with a locally non-degenerate bulk gap of
at least ~.

Although each test is formulated on a finite interval
A(L), it is not a finite-volume calculation. We do not
diagonalize a truncated Hamiltonian on A(L), nor do we
extrapolate properties of a finite system with a prescribed
boundary condition. Instead, each interval A(L) is only
a local window to test Eq. @) The environment outside
A(L) is not fixed in advance but is left completely free,
so the construction effectively ranges over all compatible
boundary conditions at once. This is why infeasibility
at some finite A(L) gives a certified upper bound in the
thermodynamic limit, rather than a mere finite-volume
estimation.

For each fixed interval A(L), this test becomes a finite-
dimensional feasibility problem. That is, one asks whether
there exists a consistent assignment of expectation values
to all local excitations on A(L) such that the bulk-gap
inequality is satisfied. Existing works [Ara+26; FFS24;
already use a similar local-consistency-check
idea to, e.g., certify KMS ground states with Eq. (3). In
those settings, the relevant constraints are linear in the
functional w and therefore the problem can be naturally
cast into standard SDP formulations. Here, by contrast,
Eq. contains a nonlinear term |w(a)|?, which is the
major obstacle when one seeks to treat it with SDP
methods.

To overcome this difficulty, we build on state polyno-
mial optimization , further extending it so that
Eq. becomes an SDP constraint without changing the
underlying thermodynamic-limit problem. In practice,
for fixed A(L), checking this inequality against all local
excitations is not computationally viable. Thus, the algo-
rithm is indexed by two parameters: L, which controls
the size of the local test window, and d, which controls




the class of local excitations tested within that window;
see Supplementary Information Theorems and for
a precise definition.

Our central result is that the resulting algorithm,
implemented through SDPs indexed by (L,d), is not
merely a sequence of necessary tests, but a complete
certification procedure; see Supplementary Information
Theorem Namely, infeasibility at some finite level
(L,d) rigorously proves that no KMS ground state can
have a locally non-degenerate bulk gap above the chosen
threshold 7. Conversely, if the algorithm remains feasible
at every level (L,d), then there exists a corresponding
KMS ground state in the thermodynamic limit with a
locally non-degenerate bulk spectral gap of at least ~.
More generally, the algorithm also bounds expectation
values of local observables over KMS ground states with
locally non-degenerate bulk gap at least v. Symmetry
constraints can also be imposed: the same supremum is
then restricted to symmetric KMS ground states, yield-
ing a symmetry-restricted bulk gap; see Supplementary
Information Theorem

NUMERICAL SHOWCASING. From a numerical perspec-
tive, our algorithm rigorously certifies upper bounds on
the bulk spectral gap of H, or on the corresponding
symmetry-restricted bulk gap when symmetries are im-
posed. At each (L,d), the largest feasible value of v is
such an upper bound: infeasibility above it certifies that
no KMS ground state can satisfy Eq. at that thresh-
old. As the relaxation is tightened, these certified bounds
decrease monotonically and become sharper at a higher
computational cost. By completeness, arbitrary precision
is achievable in principle.

As a proof of principle, we first test the hierarchy
on the transverse-field Ising chain with spin-flip symme-
try imposed, where the resulting behavior matches the
known analytical results; see Fig. 2 or Supplementary
Information Section for more details.

We then apply the method to the spin—% kagome lat-
tice Heisenberg antiferromagnet, a canonical frustrated
model in the study of quantum spin liquids. For this, the
thermodynamic-limit gap remains under active debate:
early density matrix renormalization group (DMRG) stud-
ies reported evidence compatible with a gapped ground
state, with estimated singlet and spin gaps of about 0.04—
0.05J and 0.13.J |DMSl2t \YHWll], whereas later DMRG
studies on infinitely long cylinders and tensor-network
approaches argued for gapless behavior |He+17; Jia+19ﬁ
. Exact diagonalization on clusters of up to 48
sites has not resolved the issue conclusively |LSM19].
These approaches provide valuable numerical evidence,
but they do not by themselves constitute certified proofs
for the thermodynamic-limit bulk gap.

Within our framework, we obtain certified upper
bounds on the bulk spectral gap of the KLHM in the
thermodynamic limit (Fig. . The tightest fully general
upper bound is 2.18J. We also test two symmetry sectors:
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Figure 2: Certified upper bounds for the transverse-field
Ising chain with spin-flip symmetry imposed. Largest fea-
sible v for g = 0.5,1.0,1.5,2.0 along the relaxation levels
(L,d) = (n+ 1,n), n = 2,3,4. As the relaxations are
nested, these certified upper bounds decrease monotoni-
cally in L and d. In the disordered phase (g = 1.5,2.0)
the bounds approach the known gap value 2(g — 1) from
above. At criticality (¢ = 1.0) the bound decays slowly,
possibly reflecting divergent correlation length. For the
ordered phase (g = 0.5), the sign-flip symmetry selects
the symmetric mixed ground state whose local bulk gap
vanishes, and our bounds approach to zero. Further
calculations with different d are reported in Supplemen-
tary Information Table the best bounds obtained for
g=10.5,1.0,1.5,2.0 are 0.10,0.45,1.17,2.11, respectively.

one imposing only the three m-rotation spin symmetries,
which allows chirality, and one additionally imposing
finite spin-isotropy and time-reversal symmetry, where
the tightest bound is 1.15.J. The algorithm therefore al-
ready provides rigorous thermodynamic-limit certificates
beyond elementary analytic estimates and conventional
finite-size or variational methods; see Supplementary In-
formation Section for details.

FURTHER DISCUSSIONS. Our current bounds on kagome
model are proof-of-principle rather than an optimized
kagome-specific computation. This points to a practi-
cal direction for future work: stronger structural reduc-
tions, better exploitation of symmetries (such as those
in [Wan-+26]), together with increased computational re-
sources, may substantially sharpen the bounds and turn
the method into a competitive tool for difficult models
where traditional approaches remain inconclusive. Our
bounds are computed using an SDP solver implemented
in floating-point arithmetic and we did not take into
account numerical errors. However, by extending the
rigorous post-processing approach of to our op-
timization problem, it would be possible to obtain exact
rational bounds at a reasonable computational cost.
Moreover, improved certified upper bounds can have
qualitative implications: if such a bound lies below the
energy of a proposed excitation, then that excitation is
rigorously excluded from being the lowest bulk excitation.
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Figure 3: Certified upper bounds for the spin—% kagome
lattice Heisenberg antiferromagnet. Largest feasible gap
parameter versus patch radius L, where L is the graph
distance from a chosen reference site. We show four cases:
the hierarchy with no symmetry restriction at d = 2 for
L =1, 2; the hierarchy with 7w-rotation spin symmetries
at d = 2 for L = 1,2; the same symmetries plus finite
spin-isotropy and time-reversal symmetry at d = 2 for
L =1,2,3,4; and the latter symmetry sector at d = 3 for
L =1,2,3. The corresponding kagome patches contain
5, 13, 27, and 45 sites for L = 1,2, 3, 4, respectively. The
tightest general certified upper bound on the bulk spectral
gap is 2.18.J, while the tightest certified upper bound in
the symmetry-restricted sectors is 1.15J. Exact values
and definitions are given in Supplementary Information

Section and Table

Thus, even though the numerical value of a certified
upper bound might be larger than traditional variational
estimates, it provides rigorous information about the
thermodynamic limit.

On the theoretical side, a natural complementary
question is whether one can also certify lower bounds
on bulk spectral gaps. At first sight, the known undecid-
ability results for spectral gaps [Bau-+20; CPW15] seem
to obstruct such a possibility. However, they concern
finite-volume gaps with prescribed boundary conditions,
whereas our method addresses KMS bulk gappedness
directly in the thermodynamic limit. This distinction is
essential: finite-volume spectral data with fixed bound-
ary conditions need not provide a reliable algorithmic
route to deciding gappedness in the worst case scenarios.
By contrast, our upper-bound hierarchy shows that the
bulk formulation has a semi-decidable side: if Ap, de-
notes the actual bulk gap, then every threshold strictly
larger than Apuk can be eventually ruled out by our
algorithm. Thus, the two settings lead to different algo-
rithmic questions rather than contradictory conclusions.
In particular, our results imply that boundary excitations
play an essential role in the construction of |CPW15 ;
see Supplementary Information Theorem This leaves
open whether the bulk spectral gap problem itself is unde-
cidable, or instead admits a complementary lower-bound
certification method. We refer to Supplementary Informa-

tion Sections 4.2 and|4.3/for more details. More generally,
the distinction between these two gap notions illustrates a
caution about mathematical idealizations of the physical
world: different thermodynamic-limit idealizations can
lead to genuinely different algorithmic questions.

Code availability

The code used to generate the numerical results and
figures in this work is available at https://github.com/
wangjie212/SpectralGap.
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Supplementary Information

We give an outline of this supplementary material, emphasizing where the main definitions and technical
results enter. In Section 1 we introduce the operator-algebraic framework for many-body systems in the
thermodynamic limit, including dynamical systems (Section E) and KMS ground states (Section . We
then define the state-dependent locally non-degenerate bulk gap and the corresponding system-level bulk
spectral gap (Section, and record several consequences used later. In Sectionwe construct our algorithm
via a SDP hierarchy: first at a high level (Section, then in the state-polynomial framework, where we
prove completeness (Section . In Section E we use the hierarchy to compute certified upper bounds
and report numerical case studies for the transverse-field Ising model (Section and the kagome lattice
Heisenberg model (Section @) Finally, in Section 4 we compare bulk spectral gaps with finite-volume gap
notions under fixed boundary conditions (Section 4.1), revisit the construction of |CPW15] and show that
boundary excitations play an essential role there (Section @), and explain why bulk-gap undecidability

remains open despite [Bau-+20] (Section 4.3).

1 Operator algebraic formalism for spectral gaps in the thermody-
namic limit

The theory of operator algebras provides a natural framework for studying bulk behavior directly in the
thermodynamic limit ; see also for a high-level introduction. In this section we recall the
minimal formalism needed for our construction. After defining the quasi-local algebra and its dynamics
(Section 1.1), we introduce KMS ground states and their GNS bulk Hamiltonians (Section 1.2). We then
define the state-dependent locally non-degenerate bulk gap, give its equivalent dynamical criterion, identify
its relationship with purity/extremity, and define the associated system-level bulk spectral gap (Section .

1.1 Thermodynamic limit and dynamical systems with operator algebras

We begin by introducing an algebraic formulation for thermodynamic limits, following Chapter 6.2].

Let us denote by M, (C) the set of ¢ x ¢ matrices with complex entries. Let A(L) := {—L,..., L}? be the
set of vertices of a D-dimensional lattice of side length 2L +1 € IN. To each site ¢ € A(L) we associate a Hilbert
space H() ~ €7 and let A; = B(HV) ~ M,(C) be the C*-algebra of (bounded) observables acting on H ().
Thanks to finite dimensionality, we may assume that A; is generated by a finite set of self-adjoint operators
{xy)} C A; and is bounded such that M;') — (:17;1))2 = 0 for some fixed constant MJ@ > 0. Similarly, for any

finite subset S C A(L), let Ag = @), A; with the generating set {xy)}ies. Then, the thermodynamic limit
UZ A(L) can be modeled by an approximately finite-dimensional C*-algebra of quasi-local observables

A= A, where Ay = U Anr)s (51)

LeN

and the closure is taken with respect to the operator norm.

With the observables of the system in the thermodynamic limit defined, we now introduce the dynamics.
For any finite subset S C A, the interaction ® among the sites of S is given by a self-adjoint matrix
O(S) = ¢(5)* € Ag. Fixing an interaction ®, the local Hamiltonian on the sublattice A(L) is given by

HAME = 3" 9(5) € Ay, (S2)
SCA(L)

which is well-defined as a finite sum. In our manuscript, we consider only finite-range interactions: there
exists an | > 0 such that ®(S5) # 0 only if diam(S) < I, where diam(S) = sup, ,cgd(x,y) denotes the
diameter of S in the lattice metric.

Example 1.1. For ezample, with a translationally invariant nearest neighbour interaction, the local Hamilto-
nian of the transverse-field Ising model on the sublattice {—L,..., L} C Z at some constant g > 0 [MRS24



18 given by

L-1 L
A(L
HTI(?IIE/I,g = — Z ZiZi-i-l +g Z X;. (83)
i=—1L i=—1L

where Z;, X; € A; are the Pauli matrices acting on the site i.

While the thermodynamic limit of the observables of A is straightforward, for the family F = {HA)} |
taking the norm limit L — oo inside A is, however, not meaningful due to unboundedness. Instead, we
counsider the Heisenberg dynamics generated by the family F = {H A(L)} - For every local observable a € Aj,,
the limit

Tr(a) = lim eitHA(L)ae*itHA(L), teR, (S4)

exists and defines a strongly-continuous one-parameter automorphism group on A (thanks to the finite range
interaction). Furthermore, let §x be the densely defined derivation (or generator) of the dynamics 7, which
is a closed derivation whose dense domain contains Aj,. as a core. For any local observable a € Ay (ry, it
satisfies

ox(a) = i[HMD) a]. (S5)

Definition 1.2. Given the family of the local Hamiltonians F = {H )} on the lattice A = |J7°_, A(L), let
7r be the associated Heisenberg dynamics and dx be its derivation. We call the tuple (A, 7F,dF) a dynamical
system induced by F.

Crucially, with the operator algebraic formalism of the thermodynamic limit of many-body systems, we
directly access the bulk properties of the systems without the need to fix any boundary conditions on the
finite-size approximants.

1.2 KMS ground states

We are ready to introduce a dynamical formulation of ground states, the Kubo-Martin—Schwinger (KMS)
state [BR81, Chapter 5.3| at temperature 0.

Definition 1.3 (KMS ground state). Let (A, 7x,dx) be a dynamical system induced by the local Hamiltonian
family F = {HA(L)}L and let w : A — C be a state. Then, w is a KMS ground state for the family F if and
only if

—iw(a*0x(a)) >0 (S6)

for all a in the domain of 6. In particular, for a € Ay, Eq. simplifies to w(a*[HME) a]) > 0 for some
L. It also follows that w is Tr-invariant, i.e., w(rx(a)) =w(a) for alla € A and t € R.
Note that Eq. (S6) implicitly requires —iw(a*dx(a)) € R for every a, so w(a*dx(a)) is purely imaginary.

Hence
0 = w(a’5x(a)) + w(a o (a))

=w(a*0r(a)) + w(dr(a*)a) = w(dr(a*a)).

Since every element of a unital x-algebra is a linear combination of squares, it follows that every KMS ground
state satisfies the stationary condition

(S7)

w(d7(a)) = 0 (38)

for all a in the domain of §7. Equivalently, w is stationary under the dynamics, w o 7% = w, in agreement

with [BR81| Lemma 5.3.16]. Moreover,

—iw(a*dx(a)) = —%w(a*é;(a) — b6x(a*)a). (S9)

10



This rewriting, where the right-hand side is hermitian, will be useful later in Section 2.2.

Eq. captures the intuition that any perturbation of w by an observable must increase the energy of
the system. We note that the KMS ground state is generally not unique. In fact, the set of all KMS ground
states is weak-* compact and convex, and its extremal points are also pure states on A |BR81, Chapter 5.3.3].
The following proposition/definition of bulk Hamiltonians connects the dynamical formulation with the usual
spectral definition of ground states. It relies on the Gelfand-Naimark-Segal (GNS) representation
Theorem 9.14].

Proposition 1.4 (Bulk Hamiltonian). Let (A, 77,dx) be a dynamical system induced by the local Hamiltonian
family F = {H )}, Let w: A — C be a KMS ground state for F and let (Hy,,m,,|QW)) be its GNS
representation.

Then there exists a unique positive self-adjoint (possibly unbounded) operator H,, with a dense domain in
H., called the bulk Hamiltonian associated with w, such that

o (Th(a)) = To(a)e e,
o, (a) Q) = ( ( ) 1), (S10)
H, |Qw> =
H,m,(a) Q) = —17Tw(6}'( ) 1),

for allt € R and a € A. Consequently, Spec (H,,) C [0,00), and |Q,) is a ground state for H, in the usual
spectral sense.

Proof. See |BR81, Proposition 5.3.19]. O

In other words, for any KMS ground state w of (A, 7#,x), there exists a unique bulk Hamiltonian H,, in
the GNS representation that implements the dynamics induced by the family F = {H A(L)} - Moreover, the
GNS cyclic state |€),,) is the zero-energy ground state of this bulk Hamiltonian H,, in the usual sense.

Remark 1.5 (Connection to finite-dimensional system). For a finite-dimensional quantum system My (C),
the KMS ground state in Theorem @ for a Hamiltonian H € My(C) coincides with the usual spectral
ground state for H. Indeed, every state w on My(C) satisfies w(-) = Tr(p-) for some density operator
p. It is straightforward to check that every ground state for H (as the eigenvector corresponding to the
lowest eigenvalue) satisfies Eq. . Conversely, diagonalizing H with its eigenvectors {|E;)} and choosing
a;; = |E;)(E;| forces a KMS ground state to be supported only on the minimum eigenspace of H.

It follows that the KMS ground state can be regarded as a natural generalization of the usual definition of
ground states to infinite systems.

1.3 Spectral gaps in the bulk

We now discuss the algebraic formalism of spectral gaps in the thermodynamic limit, which characterizes
bulk excitations in many-body systems [Oga23, Definition 3.2].

Definition 1.6 (Locally non-degenerate bulk gap on states). Let (A, 7x,0x) be a dynamical system induced
by the local Hamiltonian family F = {HA(L)}L. Let w : A — C be a KMS ground state for F and let
(He Tws Q) be its GNS representation with the bulk Hamiltonian H,,.

We say that the system (A, 7x,0x) with the state w is locally non-degenerate bulk-gapped if there exists
a constant v > 0 such that the bulk Hamiltonian H,,:

1. is locally non-degenerate in the sense that

ker(H,,) = Span {|Q)};
2. satisfies the bulk spectral gap condition

Spec (H,) N (0,7) = 0.

11



In this case, we say the system (A, 7x,d0x) with the state w has a locally non-degenerate bulk spectral gap of
at least ~.

There is a dynamical characterization of locally non-degenerate bulk-gapped systems (by substituting
A =a—-w(a)l in [NSY24, Eq. (2.22)]), which plays a central role in Section 2,

Proposition 1.7 (Dynamical criterion for locally non-degenerate bulk gap on ground states). Let (A, 77,07)
be a dynamical system induced by the local Hamiltonian family F = {HM} . Let w: A — C be a KMS
ground state for F and let (H,, 7y, |Qy)) be its GNS representation with the bulk Hamiltonian H,.

Then, the system (A, 7r,dx) with the state w has a locally non-degenerate bulk spectral gap of at least 7y
if and only if

—iw(a* 05 (a)) = A(w(a*a) - [w(@)]?). (s11)
for all a in the domain of dr.

Note that w(a*a)—|w(a)[?> > 0 for any state w and any a by the Cauchy-Schwarz inequality for states [Bla06,
p. I1.6.2.6] so Eq. (S11) automatically implies Eq. (S6). Thus, by the discussion following Theorem
Eq. (S11) is equivalent to the stationary condition w(éx(a)) = 0 and

i * * *
_§w(a 6r(a) —dr(a*)a) > y(w(a*a) — |w(a)|2), (S12)
for all @ in the domain of . This symmetrized expression of Eq. l} is used later in Section g
Eq. | , equivalently w(dx(a)) = 0 and Eq. 1 , corresponds to the following physical intuition:
(a) The left-hand side —iw(a*dx(a)) measures the energy increase due to the excitation a. It is “energy
increase” because w satisfies Eq. .

(b) The term w(a*a) — |w(a)|* measures the variance of the operator a. Geometrically, it represents the
squared norm of the component of the vector 7, (a) |€),) that lies in the orthogonal complement {|€,,)}+.

(¢) The parameter 7 represents a lower bound on the “conversion rate” between distance (the right-hand-side)
and energy (the left-hand-side). The inequality implies that the energy increase is proportional to how
far 7, (a) pushes the ground state |{2,) away from 0O-eigenspace. Specifically, every unit that a drives
|Q.) out of the 0-eigenspace costs at least v units of energy.

Remark 1.8. Note that “non-degeneracy” of a given KMS ground state w does not refer to the same thing in
the conventional physics literature. Local non-degeneracy does not exclude the global degeneracy coming from
several distinct pure KMS ground states with inequivalent GNS representations and only excludes zero-energy
excitations that can be reached by local operators from the chosen KMS ground state.

A simple example is the ordered phase of the transverse-field Ising chain; see Section|3.1. In the usual
physics language this phase is two-fold degenerate, corresponding to the two pure KMS ground states induced
by |T--+) and |L---). Each of these two states admits a locally non-degenerate bulk spectral gap, yet is
separated by a global spin flip and is not connected by local observables. Thus, this global degeneracy should
not be confused with the local non-degeneracy tested by Theorems and 1.7.

Recall that the set of all KMS ground states is convex. We make the following observation about local
non-degeneracy and pure states (i.e., the extremal points of the KMS ground state set).

Proposition 1.9. Let (A, 7x,0x) be a dynamical system induced by the local Hamiltonian family F =
{HMDY . Let w: A — C be a KMS ground state for F.
If w is not pure, then its bulk Hamiltonian H,, is locally degenerate. Subsequently, Eq. l) holds for all

a only when v = 0.

Proof. Let (Hw, Tw, |Qw)) be the GNS representation of w, and let H,, be the corresponding bulk Hamiltonian.
Since w is not pure, there exist two distinct KMS ground state wy and wg, wy # we, and s € (0,1) such that
w = swi + (1 — s)ws.
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Since sw; < w and (1 — s)wy < w, the Arveson’s Radon—Nikodym theorem |Bla06, p. I11.6.4.6] gives unique
operators Ty, Ty € m,(A), 0 < Ty, Ty < 1, such that, for all a € A,
(Qu|T1mw(a)| Q) = swi(a),

(T (@) 2) = (1 — )nla). (513)

Moreover, uniqueness gives 71 + T» = 1, and neither 77 nor 75 is a scalar multiple of the identity since the
convex decomposition is assumed to be nontr1v1al Both 77 |Q,) , T2 |Qw) # 0 since wy,wy # 0.

We now show that Tj |€2,,) lies in ker(H,,). Recall from Theorem that 7, (7%(a)) = etflom, (a)e it
and e Q) = |Q,). For any a,b € A, since w; is a Tr-invariant KMS ground state, we compute

Q| (a) Ty, ()| > = swi(ab)
b))

(

wi(7x(a

wi (7 (a)7r (b))

Q| T1ms (T3(0)) 7o (T5(6))[€)

Q| (75 (a)) Times (77 (b)) [ )
itH,,

Qu| (e My (a)e )Ty (e ey, (b)e 1) |)
( )( ltH“T e—ltH T )|Qw>a

(S14)

w

Q.

/\/\/\/\o;

where we also use the fact that 77 is a *-automorphism on A and T € 7, (A)’. Tt follows from the cyclicity
of |Q,) that T} = e'tfleTie™tHw je. Ty commutes with e «. Thus,

LTy (0,) — T [0
HLT3 ) = —ilim & 1) =T ()

lim p =0. (S15)

The same argument shows that T5 |Q,) € ker(H,,) as well.

The vector T} |Q,) is not colinear with |€,,). Indeed, if T} |Q,) = A |Qy), then sw; = Aw. Evaluating
a =1 gives A = s, and hence w; = w, contradicting the nontriviality of the convex decomposition. It follows
that ker(H,,) is of at least dimension 2 and H,, is locally degenerate.

For clarity, we directly prove the “subsequent” statement without invoking Theorem As (Q,|T1|0) =
swi (1) = s, set

T1 Q) — 5|Qw)
\/<Qw‘T12|Qw> — %

n) = (516)

Then |n) L |Q), (nn) =1, and |n) € ker(H,,) since both T} |,) and |€,) are.
Therefore, since m,(Ajc)|) is a core for H,, there exists a sequence {ap}r C Apc such that
Tw(ar) Q) — |n) and Hymo(ar) Q) — Hy, [n) = 0 as k — oo. It follows from Theorem 1.4 that

—iw(apdr(ar)) = (Qu|me (ar)” Homo (ar)|Qw) — (n|He|n) = 0. (S17)

On the other hand,
wiajar) = lwlar)* = (nln) = |(Qulm)* = 1. (S18)
Thus, Eq. |) can hold only when v = 0. O

Let G, denote the set of KMS ground states of (A, 7r,d7) with locally non-degenerate bulk gap at least
7. By Theorem 1.9, -, G, need not be convex, even though the full set of KMS ground states is convex. On the
other hand, G, is weak-"-closed. Indeed, for every fixed a, both sides of Eq. (S11) depend weak-*-continuously
on w, and thus define a weak-*-closed set; intersecting over all a preserves closedness In fact, G, is even
weak-*-compact as a closed subset of the weak-*-compact space of all states.

So far, the discussion has been state-dependent, it concerns whether a given KMS ground state is locally
non-degenerate bulk-gapped. We now define bulk spectral gaps at the level of dynamical systems.
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Definition 1.10 (Bulk spectral gap). Let (A, 7x,0x) be a dynamical system induced by the local Hamiltonian
family F = {HME)} . The bulk spectral gap Apuy of (A, 7x,07) is the supremum of all v > 0 for which
there exists a KMS ground state w satisfying Eq. (S11).

To finish up the discussion of the algebraic spectral gap, we introduce the notion of bulk gaplessness on
KMS ground states.

Definition 1.11 (Bulk-gapless KMS ground state). Let (A, 7r7,0x) be a dynamical system induced by the
local Hamiltonian family F = {H P}, Let w: A — C be a KMS ground state for F and let (Ho,, T, QW)
be its GNS representation with the bulk Hamiltonian H,,.

We say that the system (A, 7x,dx) with the state w is bulk-gapless if, for every e,

Spec (H,) N (0,¢) # 0.

That is, the eigenvalue 0 of H,, is not an isolated point of the spectrum.

2 A complete SDP hierarchy for certifying bulk spectral gaps

We now construct the SDP hierarchy used to certify upper bounds on the bulk spectral gap. The hierarchy is
based on state polynomial optimization and is designed to test, for a fixed threshold 7, whether
there exists a KMS ground state satisfying the dynamical bulk-gap criterion of Theorem [1.7. Its central
property is completeness: feasibility at every level is equivalent to the existence of such a KMS ground state,
while infeasibility at some finite level rules out that threshold and hence gives a certified upper bound on the
bulk spectral gap of Theorem 1.10. We first present the hierarchy at a high level in Section then give the
state-polynomial formulation and proof of completeness in Section 2.2.

2.1 The hierarchy of relaxations on a high level

Let the interaction ® be finite-range with the interaction length . Our goal is to turn the dynamical
characterization in Theorem |1.7]into a tractable algorithm. Rather than working with the full quasi-local
C*-algebra A, we restrict, for each n, to the local algebra A, of observables supported on A(n), equipped
with the corresponding finite-volume Hamiltonian H*("). Note that we use n (rather than L as in Section
to label the finite regions A(n), since n will also denote the corresponding level of the relaxation hierarchy.

Within Aj(,) we introduce the notion of operator complexity. Any a € Ay, can be written as a

noncommutative polynomial in the local generators {xgz)}le A(n)- We define the degree of a, denoted by deg(a),
to be the minimum total degree among all such polynomial representations. Finally, let W/‘f(n) C Aj(n) denote
the set of all monomials in the generators of total degree < d and Ai(n) = Span(WX(n)) the polynomials in
An(n) of total degree < d.

In the following we assume that the degree of the local Hamiltonians is uniformly bounded, i.e., there
exists a (minimal) integer deg(H) independent of the region A(n) such that H™) ¢ Aie(i()H) for all n. This

assumption is fulfilled for many physical models; for example, for all translation-invariant Hamiltonians with
finite-range interactions.

Definition 2.1 (The hierarchy of relaxations). Let (A, 7x,d7) be a dynamical system induced by a family of
local Hamiltonians F = {HA(")}n with the interaction length l. Fix a gap parameter v > 0.

We first define the feasibility hierarchy for certifying the existence of a KMS ground state with a locally
non-degenerate bulk spectral gap at least v. For n,d € N, with n,d sufficiently large, the relaxation on A?ffn)
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asks whether there exists a linear functional w? : Ai‘%n) — C satisfying

wi1)=1 normalization
n( ,

wl(a*a) >0, Vac Ajl\(n), (state positivity)
wg([HA("), a]) =0, Vace Aitiif(m, (stationarity)

1 —[de
3 wl (a*[HA(”),a] — [HAM) a*]a) > y(wl(a*a) — [wl(a)]?), Vae Ai(iilf(mm (bulk spectral gap)
(S19)
More generally, let O = O* € A be a local observable. We are interested in the extremal expectation values
of O over G, the weak-x-closed set of KMS ground states of (A, 7r,0x) with locally non-degenerate bulk gap

at least ~y:
(O)min = rrengn w(0),
weYy

(O)max = U{réag): w(0).

(S20)

Whenever n,d are sufficiently large such that O, HM™) ¢ .Ajzfén), we define the corresponding upper and
lower relaxations by optimizing O over the same feasible set:
ozzlzx/min = maximize/minimize w?(0),
wfb:Ai‘Zn)%C linear

st wi(l) =1, (normalization)
wl(a*a) >0, Vac Ai(n), (state positivity)
wi([HA("), a]) =0, Vace Af\d(gfclf(m, (stationarity)

1 * * * —ldae

§wﬁ (a [HA™ o] — [HA™ g }a) > y(wl(a*a) — [wl(a)]?), Vae Ai(id_lf(m/ﬂ. (bulk spectral gap)
(S21)

By setting O = 1, the trivial optimization reduces to the feasibility hierarchy of Eq. (S19).

The normalization condition and state positivity constraint correspond to the definition of states on A,
and the stationarity constraint and bulk spectral gap condition are meant to recover Egs. and @),
which are equivalent to Eq. @) Note that while the term |w(a)|? in the constraints is nonlinear, this
optimization problem can be cast as an SDP using the framework of state polynomial optimization Kle+24|;
see Theorem for the full formulation.

Remark 2.2. The subscript A(n —1) in Ai‘f;ﬁjf(m in stationarity constraint and Ai?iijf(H)/Q] in the bulk

spectral gap constraint is essential. Since the interaction has a range l, any such excitation a is separated
from the boundary of A(n) by enough room for the commutator [H™™ a] to coincide with the infinite-volume
dynamic derivation dx(a). Thus, the finite relaxation tests the bulk gap condition in a local window without
imposing any boundary condition outside A(n). Without this buffer, the constraint would involve boundary
terms of the chosen finite-volume Hamiltonian, reducing the test to a finite-volume gap calculation with that
boundary condition.

Remark 2.3. For fixed (n,d), the relaxation Eq. m is a finite-dimensional feasibility problem (over
finitely many parameters specifying the linear functional wl on A?\d(n))' Consequently, it can in principle be
solved using quantifier elimination over the reals (the Tarski-Seidenberg theorem), for instance via cylindrical
algebraic decomposition (CAD). However, quantifier elimination/CAD has doubly exponential worst-case
complexity, and is therefore impractical except for very small instances . In contrast, the state
polynomial optimization yields an SDP hierarchy, which is capable of handling optimization problems of
Eq. m beyond feasibility, and is far more effective in practice; see Section@

This hierarchy of relaxations admits a clear physical interpretation. If the system (A, 77, ) admits a
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KMS ground state w with a locally non-degenerate bulk gap of at least 7, then w restricted to the subspace
A?\Cén), denoted by w?¢, must be a valid solution to Egs. and @) for every (n,d). Furthermore, it
is straightforward to see that the optimal values of the hierarchy form a monotonic sequence as n (or d)
increases.

Consequently, if the problem is found to be infeasible at any level (n,d), it provides a rigorous certificate
that the system cannot admit a bulk spectral gap of at least 4. On the other hand, feasibility at a single
level (n,d) does not certify a bulk spectral gap; it only confirms the absence of gap-violating excitations due
to operators in A?\dn rather than the full A.

We will show in Theorem that the state polynomial optimization formulation of Theorem is
complete. Furthermore, the hierarchy estimates the expectation values in the sense that oz,rﬁi; /" {O)min and
' N (O)max-

2.2 The state polynomial formulation and its completeness

We first formalize the state polynomial optimization problem corresponding to Theorem and then prove
that the resulting hierarchy is complete: feasibility at all relaxation levels is equivalent to the existence
of a KMS ground state with a locally non-degenerate bulk spectral gap at least -, and the corresponding
optimization values converge to the exact extremal expectation values over such states.

Recall that Ajoe = Upen Aa) and A == Ajoc, where each matrix algebra A; ~ M,(C), i € A(L), is

generated by {mgl)}j As A; is just matrix algebra, all elements of A; are bounded; there exists a constant
MJ@ such that M;i) - (9(;5-1.))2 > 0, and in particular, the square root s; = (MJ(Z) — (xy))z) 12 ¢ A; exists.
(For example, with spin-1/2 chain and Pauli matrices, we have MJ@ =land1— (X®D)?2=1-(Y®)? =
1—(ZW)2=0)

To begin with, we write the explicit state polynomial optimization formulation of Eq. m, following the

notation of . For every (noncommutative) monomial w in the local generators {zgl)}, we introduce a
formal state symbol ¢(w). Heuristically, ¢(w) represents the scalar expectation of w in the state .

We extend ¢(-) by linearity and involution, and impose the compatibility rules for all monomials w, v and
complex numbers ¢

S =1, o) =s(w)’, ow+e) = s(w) +es(), (522)
together with commutativity of all state symbols and the convention that ¢(-) treats state symbols as scalars:
[s(w), ()] =0, <(ws(v)) = s(w)s(v). (S23)
These rules give rise to the ring of state polynomials
& = C[¢(w) : w # 1 is a monomial in the generators] (S24)
with an antilinear involution *. We then define the ring of noncommutative state polynomials by
S =7 ® Apc, (525)

whose elements are finite sums ZT pra, with p, € % and a, € Ajc.

We set deg(s(w)) := deg(w) and extend deg(-) multiplicatively, so that deg(s(w)s(v)) = deg(w) + deg(v)
and deg(s(w)u) = deg(w) + deg(u) for u € . For each (n,d) we write Yﬁ(n) and yi(n) for the truncations
to (noncommutative) state polynomials supported on A(n) and of total degree < d. By a monomial in % (or
%) we mean a product of factors ¢(w) (and one factor w’) with w (and w’) monomials in Aj,c.

Definition 2.4 (State polynomial optimization for bulk spectral gap). Fiz a gap parameter v > 0 and assume
there is a finite mazimal interaction length 1. Let n,d € IN be large enough such that O, HM™) ¢ Ai‘fn).

Let L4 - y/%gn) — C be a linear functional. The associated moment matriz My(L2) is indeved by the
monomials s,t € le\(n) and defined by

[Ma(L)],, = La(s(s™)). (526)

s,t
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The moment matriz associated with the bulk spectral gap, Mi fdeg(H)/2] (Ed), 18 indexed by the monomials
s,t € .Yi?ldjf(m/ﬂ and defined by

[Miapfdeg( . (ﬁd)} y — ﬁi (;<§(5* [HA("),t] _ [HA(H)’ 3*]t)) _ 7(((5*15) — g(s*)g(t))) . (S27)

The state polynomial relaxation at level (n,d) for the local observable O € AA( ) is defined as

aizx/min ‘= maximize/minimize  £%(c(0)),

Lg: yfflm*)([] linear functional

st L£i(1) =1, (normalization)
d . (S28)
Mq(Ly) = 0, (positivity)
cl (§([HA(")7 w])) =0, VYwe yf\tfi)g(m, (stationarity)
Mflipfc’iycg(H)/Q] (Lz) = 0. (bulk spectral gap)

By setting O = 1, the trivial optimization reduces to the hierarchy for Eq. (S19).

Let us spell out the meaning of the constraints in Eq. |i The positivity constraint Mg (£4) = 0 is
equivalent to

Li(s(q*q) =0,  Vge L, (529)

as in |Kle+24, Lemma 6.4]. In particular, it contains conditions £%(s(a*a)) > 0 for a € A%(n) as special

cases, because the moment matrix My(£Z) is indexed by % 7\(71) rather than only by Y/‘\i(n). The stationarity
constraint is equivalent to

LN, g))) =0, VgL L, (S30)

gap,y

The bulk spectral gap constraint M ;™ [deg

(H)/2] (C ) = 0 is equivalent to

1 €
Ly <2 (C(q* (A g] — [HM™, q*]q)) —(slg*q) - |§(Q)|2)> >0,  VgeSLy (S31)

which is a state-polynomial formulation of the symmetrized bulk-gap criterion Eq. (S12).
Let Q%P and Q%:82P be the convex cones in Ly 2d generated by the hermitian elements appearing in

Eqgs. q: and -

QP = Cone{c(CJ*q) rqes ‘i<n)}7

Qi,gap — Cone{%(g(q*[HA(n)7q] _ [HA(n)’q*]q)> _ W(C(q*q) _ |§(Q)|2) s yi(n(dﬁ(m/ﬂ} (S32)
Similarly, let Z¢ be the hermitian part of the linear subspace appearing in , ie.,

Id = {s([H"™, g - q") : g € #3,55) (33)
where we use that [H A(n), a] is hermitian when a* = —a. Then the positivity, stationarity, and bulk spectral
gap constraints are equivalent to the requirement that [,‘fL is nonnegative on the convex cone

Q= QP + I + QB (S34)

By construction, Q¢ C Qﬁl, whenever n < n' and d < d'.
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Theorem 2.5. Let (A, 7x,0x) be a dynamical system induced by a family of local Hamiltonians F = {HA(")}n
with interaction length I, and let O € A be a local observable. Fix a gap parameter vy > 0.

Then, the state polynomial reformulation (Theorem m) of the relaxation hierarchy (Theorem |2.1) is
feasible at every level (n,d) with the parameter v if and only if there exists a KMS ground state w on the
dynamical system (A, 77,0x) with a locally non-degenerate bulk spectral gap of at least ~.

min max

Furthermore, the hierarchy values o3y and oy converge monotonically to the extremal expectation

values from Eq. (S20):
A 2O mins APFN, (O) max (S35)
as n,d — 0o.

For the proof of this theorem, we need to construct an archimedean quadratic module Q@ C .. As
in 'Kle+24l, let @ be the convex cone generated by ¢(q*¢), the hermitian bulk-gap polynomials %(g (q* dr(q) —
5;(q*)q)) — v(g(q*q) — g(q*)g(q)), and the hermitian polynomials encoding the stationarity condition,
s(67(q—q*)), for all ¢ € . Then Q is the union of the cones Q% on which the £ are required to be positive.
Moreover, Q is a quadratic module of .7, i.e., p*Qp C Q for all p € ., because the maps ¢ and §r treat

elements of . as scalars. Next, recall that for each xy) there is an sy) = (M](l) - (:E;i))Q)l/2 € A;. Hence,
for every q € .&Z,

<(Q* (M — (wﬁi))z)q) = <((S§i)q)*(S§i)Q)) €Q. (S36)
Thus, |Kle+24, Lemma 5.4| applies and therefore the quadratic module Q is archimedean.

Proof. The necessity of the hierarchy is immediate from the discussion at the end of Section 2.1 and by letting
both ¢ and £Z be induced by the KMS ground state w. For the sufficiency of the hierarchy, assuming the
feasibility of Theorem ’ﬂ‘ for every (n,d), we need to construct a state w : A — C that satisfies Eq. m for
the dynamical system (A, 7r,d7) induced by F = {HA™},,. To this end, we first extract a limit £ on .
from the feasible solutions £¢ using a standard argument, and then we use the representation theorem for
archimedean quadratic modules [Mar08, Theorem 5.4.4] (also known as the Kadison-Dubois Theorem) to
obtain an extremal solution I to construct the desired w.

First, given the functionals EfL : Y/%Ein) — C, we extract a state £ on the full .. To this end, note that
. is the inductive limit of YK&) as n,d — oo. As a vector space of countable dimension, we can enumerate
a basis {p1,pa, ...} for .. We can further assume that these basis elements are hermitian, i.e., pf = p;.

For each basis element p; € ., since Q C . is archimedean, there exists a constant m; > 0 such that
m; £p; € Q. As Q is the union of the cones Q¢ on which £¢ is nonnegative, for all sufficiently large
(n,d), we have m; & p; € Q% and hence |£4(p;)| < m;. That is, for each fixed p;, the sequence {L%(p;)}n.a
is uniformly bounded and has a convergent subsequence by compactness. A standard diagonal argument

over the countable basis {p1, ps, ...} gives a convergent subsequence of functionals £;il’;; such that 'CZ’Z (pi) is
convergent for all i as k — co. We define £ : .¥ — C on the basis {p1,p2,...} by
L(p;) = lim L3 (pi), (S37)
k—o0

and extend linearly to all of .. By construction, £(1) =1 and £(Q) C R>o.

Since Q C . is archimedean and £(Q) C Rx>¢, by the representation theorem for archimedean quadratic
modules Theorem 5.4.4], there exists a probability measure p, supported on the set of characters K
on & satisfying (1) =1 and £(Q) C Rxq, such that

L(a) = / K(a) du(K). ($38)

Therefore, every K € supp(u) gives rise to a feasible solution to Eq. (S28) for all n,d.
Moreover, since L(s(0)) = [ K(s(0)) du(K), there exists K € supp(u) such that K(c(O)) > L(s(0)) (and

similarly there exists K € supp(u) with K(<(0)) < L(<(0))). In case of maximization with a;}%*, choose K
such that K(s(0)) > L(s(0)); otherwise, for minimization with oz:{”igl‘, fix K such that K(c(0)) < L(s(0)).
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Define the functional w : A, — C by
w(a) = K(s(a)). (S39)

It is straightforward to check that w(1) = 1, and w(a*a) > 0 for all a € Ay because ¢(a*a) € Q for
all a € Ajpe. Hence, w is a state on Ap.. Moreover, from +¢(0r(a — a*)) € @ for all a € Ajc it
follows that w(dr(a — a*)) = 0 for all a € A, hence w(dr(a)) = 0 for all a € Aj,c because a =

1((a—a*)—i((ia) — (ia)*)). This shows that w fulfils the stationarity condition Eq. on Ajoc. Similarly, as

1(s(a*6x(a) — 0r(a*)a)) — v(s(a*a) — s(a*)s(a)) € Q for all @ € Ay, and as characters are *-homomorphic,

1
5K(s(a%62(a) = dx(a")a)) = 7(K(s(a"a)) = [K(s(@) ) (S40)
for all a € Ajoc, so w also satisfies Eq. on Ajo.. Equivalently, w satisfies
w(a*[HA("), a]) > y(w(a*a) — |w(a)|2), (541)

for all a € Aj., that is, it fulfills Eq. @) on Ajpe.

Now, with Aioe = U,,en Ar(n) and F = {HA(")}n, following the same steps as in Section we recover
the desired dynamical system (A = Ajoc, 77, 67). As Ao inherits the C*-norm from A, the positivity and
normalization of w imply that w is norm-bounded on Aj.., and hence w extends by continuity to a state on
the quasi-local algebra A, which we again denote by w. Since A is a core for dx, the extension w satisfies
Eq. for all @ in the domain of § .

To sum up the proof of the convergence statement, we recover a KMS ground state w on the dynamical
system (A, 77, d7) admitting a locally non-degenerate bulk spectral gap at least v, proving the “if and only
if” statement of the theorem.

Finally, we prove the “furthermore” statement. Since level-(n, d) feasible sets are nested as n,d increase,
aﬁig is monotonically nondecreasing and o;)'%* is monotonically nonincreasing, hence both converge.

Every ~-gapped KMS ground state of (A, 7r,0x) restricts to a feasible solution at every level. So, by
optimality and taking n,d — oo, one has

lim afi; < {O)min < (O)max < lim o5 (S42)
n,d— oo ’ n,d— oo ’
It remains to show lim,, 4 agﬁx < {O)max. By the convergence proof, the hierarchy admits a limiting
state w on (A, 77,0x), and therefore

lim ;5" = £(<(0)) = K(s(0)) = w(0) < {O)max- (543)
n,d— oo

The first equality is by construction, the first inequality follows from the choice of K (see the paragraph below
Eq. (S38)), the equality K(s(0)) = w(O) follows from the definition of w, and the final inequality follows
from the definition of (O)ax. The case of minimization is analogous. O

Consequently, if the hierarchy with O := 1 is infeasible at some level for a given =, then ~ is larger than
the bulk spectral gap of Theorem[1.10,

Remark 2.6 (Scope of Construction). The proof does not rely on the specific lattice realization of the
quasi-local algebra beyond the existence of (i) a distinguished dense x-subalgebra Aye C A (typically an
increasing union of finite-dimensional C*-subalgebras), (ii) a strongly continuous dynamics 7 on A with a
generator 6 whose dense domain contains Ajoc as a core, and (4ii) an archimedean constraint on the local
generators. Whenever these structural assumptions hold, the corresponding variant of Theorem leads
to an analogous Theorem |2.5. In particular, the locally non-degenerate bulk spectral gap inequality can be
replaced by any family of constraints that is expressible in the framework of state polynomial optimization, in
order to tackle a specific class of problems or achieve better convergence behavior.

As an example beyond square lattices, we adapt our SDP hierarchy to the kagome lattice in Section 3.2.
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Remark 2.7 (Hierarchy with local symmetry constraints). Let a be a x-automorphism of A preserving Ajoc
(mapping local observables to local observables) and commuting with the dynamics Tx. One may restrict
the hierarchy to a-symmetric KMS ground states by adding linear invariance constraints. At the level of

FEq. 1 , this means imposing
wi(a(a)) = wi(a) (544)

for all local observables a for which both a and «(a) lie in the truncation Af\‘én). In the state-polynomial
formulation Eq. (S28), the same symmetry is imposed by extending a to & and requiring

L (a(p)) = LL(p) (545)

for the corresponding state polynomials p and a(p) in the truncation Yfgn). The proof of Theorem 2.5 extends
directly, with the feasible set replaced by the a-symmetric feasible set. Hence feasibility for every (n,d) is
equivalent to the existence of an a-symmetric KMS ground state with locally non-degenerate bulk spectral gap
of at least .

Imposing physically motivated symmetries therefore reduces the certification problem to a specified subclass
of KMS ground states. This restriction can substantially improve numerical performance, and is used in the
numerical examples of Section 3.

3 Numerical showcases

For each finite level (n,d), feasibility of Theorem at a given -y is a necessary condition for the existence
of a KMS ground state satisfying Eq. . Hence, if the relaxation is infeasible, then + is ruled out as a
possible bulk spectral gap in the sense of Theorem 1.10 Equivalently, maximizing v subject to feasibility
gives a certified upper bound on the bulk spectral gap. As (n,d) increases, the relaxation becomes stricter,
so these certified upper bounds form a monotonically nonincreasing sequence, yielding progressively tighter
bounds in the thermodynamic limit. This shows that bulk spectral gap is semi-decidable: one can always
exclude a proposed bulk gap in finite time.

We test the SDP hierarchy on the transverse-field Ising model (Section and the kagome lattice
Heisenberg model (Section . In practice, the computational cost can be reduced by exploiting struc-
tural constraints, reduced density matrix positivity, and symmetries specific to the model under study, as
in . For the numerical implementations reported below, we use a selected subset of state monomials
for each degree d to index the moment matrix in order to better balance tightness of SDPs and computational
costs. The precise monomial sets used in each computation, together with reproducibility details, are provided
at https://github.com/wangjie212/SpectralGap. All numerical experiments were performed on a desktop
computer with Intel(R) Core(TM) i9-10900 CPU@2.80GHz and 64G RAM except that the computation on
the Kagome lattice Heisenberg model with L = 3,4 was conducted on a workstation with Intel(R) Xeon(R)
Gold 6348 CPU@2.60GHz and 773G RAM.

3.1 Transverse-field Ising model

A standard analytically solvable example is the transverse-field Ising model on the infinite chain Z. Here
each site i carries a qubit algebra A; ~ My(C) with Pauli operators X;, Z; € A;. For g > 0, the finite-volume
Hamiltonian on A(L) ={—L,...,L} CZis

L-1 L
A
HT%ZA,Q == Z ZiZiy1+yg Z Xi. (546)
i=—L i=—L

The exact solution indicates three regimes |MRSQ4]:

1. Disordered phase g > 1: unique ground state with a finite-volume spectral gap that converges to 2(g — 1)
in the thermodynamic limit.

2. Critical point g = 1: unique ground state; the finite-volume gap closes as 1/L.
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Table S1: Largest feasible gap parameter returned by the SDP hierarchy for the transverse-field Ising
chain. Rows correspond to the system size parameter L, and columns to the monomial degree d. All
computations impose the spin-flip Zs-symmetry. Missing entries indicate values not computed within the
available computational budget. Mirror symmetry 7 — —i is also imposed to further improve the numerical
tightness.

g=0.5 g=1.0
L|d=2 d=3 d=4 L|d=2 d=3 d=4
2052 044 044 2| 118 114 114
31039 025 024 31093 078 0.78
41036 019 015 41085 060 059
5(035 017  0.10 5(08L 052 047
6034 016 - 6| 08 047 -

7] 034 015 - 71079 045 @ -
g=1.5 g=20
L|ld=2 d=3 d=4 L|ld=2 d=3 d=4
2200 198 198 2| 289 283 288
31166 157 157 3| 252 247 247
4| 152 137 137 41236 229 229
5| 146 127 1.26 50228 219 219
6| 142 120 - 6224 214 -
7| 140 117 - 7221 211 -

3. Ordered phase 0 < g < 1: two degenerate ground states in the thermodynamic limit aligned along the
z-axis, each with an energy gap 2(1 — g).
The set of KMS ground states for transverse-field Ising model is fully characterized by Theorem 1].
For 0 < g < 1, there exist exactly two pure KMS ground states whose equal classical mixture is the unique
KMS ground state that is Zs-symmetric under the mapping Y; — —Y;, Z; — —Z;. By Theorem 1.9} this
Zo-symmetric equal classical mixture has a locally non-degenerate bulk gap of 0. For g > 1, there exists a
unique pure KMS ground state and it is also Zs-symmetric.
Recall that our SDP hierarchy tests the necessary condition for a locally non-degenerate bulk gap vy over
all KMS ground states of the given dynamical system. In the numerical tests here, we impose the spin-flip Zs
symmetry,

Y~ —Yi, Zi — — 7, (S47)

for every site i, using the symmetry-restricted hierarchy of Theorem The resulting hierarchy therefore
certifies only the absence of a gapped Zs-symmetric KMS ground state. For g > 1, this restriction does not
change the result, since the unique pure KMS ground state is Zy-symmetric. For 0 < g < 1, the symmetry
constraint selects the unique Zs-symmetric equal classical mixture which has a bulk gap of 0. We impose
mirror symmetry ¢ — —i to further improve the numerical tightness.

In Fig. 2 of the main text, we plot the largest feasible gap parameter at relaxation level (L,d) = (n+1,n),
for n € {2,3,4} and g € {0.5,1.0,1.5,2.0}, with the spin-flip Zs-symmetry imposed. The corresponding
values, together with additional computations at other relaxation levels, are reported in Table As expected
from the nested relaxations, the maximal feasible values decrease monotonically as either L or d is increased.

For g = 1.5 and g = 2.0, the upper bounds approach the known value 2(g — 1) from above. For g = 1, the
decrease is slower, likely due to critical finite-size scaling. For g = 0.5, the symmetry-restricted hierarchy
returns bounds decreasing towards 0, consistent with testing the Zs-symmetric equal classical mixture, whose
locally non-degenerate bulk gap is 0.

Table |S1 also illustrates the different numerical roles of L and d. For the ordered case g = 0.5, increasing
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the monomial degree d is more effective than increasing the system size L within our computational budget;
the best bound obtained is 0.10 at L = 5 and d = 4. For the other values of g considered here, increasing L
gives the more significant improvement at comparable computational cost. Lastly, if the spin-flip symmetry
is not imposed, the computations become substantially more expensive; within the same budget we could
only reach L = 3 and d = 3, leading to much looser upper bounds in all cases.

3.2 Kagome lattice Heisenberg model

The kagome lattice is a two-dimensional periodic graph (V, E) built from corner-sharing triangles, where V' is
the set of vertices and F is the set of nearest-neighbour edges; see Fig.|1 of the main text for illustration. It is
a canonical setting for geometric frustration and has become a central playground for the study of quantum
spin liquids.

We express the kagome lattice as the limit of finite sublattices. To this end, we fix a distinguished vertex
vg € V and let d(-,-) denote the graph distance on (V, E) (i.e., the length of a shortest edge-path). For each
L € IN we define the finite region

Aagome(L) ={v eV :d(v,v9) <L} (S48)

Then (Akagome(L))ren is an increasing exhaustion of V' by finite subsets.

Consider a spin—% degree of freedom at each site i, with local algebra A; ~ Ms(C) and Pauli matrices
Xi,Yi, Zi € A;. Clearly, Ap,,o0on) = @ie Avagome(L) A; is finite-dimensional and the algebra of quasi-local
operators is A = UrAp,, oo (). ON Akagome(L), the spin—% kagome lattice Heisenberg model (KLHM) has
the local Hamiltonian

1
Hysgn ™ =7 3 L(XX, Y)Y, + 2,7)), (S49)
(i,j>€E: 7;7.7'El\ltagon\e(L)

for a fixed J > 0.

The numerical consensus suggests that the ground state of KLHM is consistent with quantum spin
liquids. However, whether the thermodynamic-limit spectrum is gapped or gapless remains debated. DMRG
studies on long kagome cylinders report evidence compatible with a gapped ground state |DM812; \YHVVll]7
with an estimated singlet gap of 0.04-0.05J and an estimated spin gap of ~ 0.13J from cylinder
extrapolations |DM812|. (Recall that spin and singlet gaps are defined by restricting the allowed excitations
to fixed spin sectors; they are not upper bounds on the bulk spectral gap which is due to all excitations.
Furthermore, the values cited are estimates and should not be identified directly with the bulk spectral gap.)
Subsequent DMRG work on infinitely long cylinders, however, argued that the spin gap may be significantly
smaller and favors a gapless Dirac quantum spin liquid . Tensor-network approaches based on
projected entangled pair/simplex states have also argued for a gapless ground state . Exact
diagonalization is restricted to comparatively small clusters (e.g., 48 sites) and has not resolved the
issue conclusively. We refer to the recent review for a modern overview and further references.

In addition to the hierarchy with no symmetry restriction, to get sharper numerical bounds within
physically motivated symmetry sector we also use the symmetry-restricted variants described in Theorem 2.7.
First, consider the three m-rotations

Rm : (XN}/lv ZZ) = (X77 7)/% 7Z’L)?

Ry (X0,Yi, Z;) = (X0, Yi, ~Z4), (S50)

Rz : (Xivi/:h ZZ) = (_X’L7 _}/iv Zi)7
for every site ¢ € Axagome(L). Invariance under the three m-rotations enforces w(X;) = w(Y;) = w(Z;) =0,
and is therefore compatible with the expected absence of one-site magnetization in a spin liquid. Second,
consider the even permutations A3 of the spin components,

(Xi7)/ia Zl) — (E)ZiaXi)v (Xi7)/ia Zl) = (ZHXZa}/l) (851)

Together with the three m-rotations R,, R, R., these generate the tetrahedral group T" C SO(3), a finite
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subgroup of the global spin rotation symmetry, which is motivated by the SU(2)-symmetric spin liquids
considered in |DM812]. Third, we consider the time-reversal symmetry,

O : (X“ Yvi, Zz) — (—Xi, —Y;', _Zz) (852)

This additional condition rules out states with nonzero scalar chirality defined for sites ¢, j, k € Akagome (L) on
a triangle:

1
Xish = 5 (XZ-szk VY Z X + ZiX Y — XiZYi — ZiY; X, — YinZk), (S53)
since ©(xsjk) = —Xijk- Thus bounds obtained with the time-reversal symmetry © apply only to nonchiral

ground states, whereas bounds obtained without imposing ©, for instance with only the three m-rotation
symmetry and the permutation symmetries, do not exclude chiral spin-liquid states by symmetry. These
symmetry restrictions are motivated by the properties of quantum spin liquids commonly discussed in the
KLHM literature; they should not be interpreted as rigorously proven properties of all KMS ground states.

Remark 3.1. Before presenting the numerical bounds, we record a crude analytical upper bound obtained
directly from the bulk-gap inequality Eq. (S11) and Theorem 1.10, based only on the locality and the operator-
norm bound. Indeed, for any local observable a with w(a*a) — |w(a)|? > 0, we have

w(a*é}-KLHM (a))
Apuik < (@ a) — [w@) (S54)

where dFy 15 the dynamic generator induced by the Hamiltonian family {HQE}?{{Q}‘E(L)}.

Fiz a KMS ground state w and a site 0 of the kagome lattice. For a unit vector i € R® and &y =
(Xo, Y0, Z0)T, define the 0-site projection

Py o= 190 (S55)
We choose i orthogonal to the one-site magnetization 11 == (w(Xo),w(Yp),w(Zo)), so that w(Ps ) = 1/2.

Since Py 1 is a projection, this gives

" 1
w(P;  Pry) = w(Pis)? =w(Prg) —w(Prg)? = 1 (S56)

For the numerator, only the four nearest-neighbour bonds incident to the site 0 contribute to dry; puy (Pr+)-
For each such bond,

J
Hoj = Z(X()Xj + YOY] + Z()Zj). (857)

Using the rotational invariance of this interaction, we may estimate in a basis where Py o = (14 Zy)/2. Then

J J
1Hos, Paslll < 5 (1o, Prslll + 1Yo, Prs]l)) < 5 (858)
Hence, using that the kagome lattice has a coordination number 4,
W(Pﬁ,+ 5-7'—KLHM (Pﬁ,Jr)) < ”Pﬁ,Jr 6J:KLHM (Pﬁ,+)|| < Z ||[H0j7 Pﬁwk]” <2J. (859)

J

It then follows that Eq. (S11) cannot hold for any v > 8J, therefore Apux < 8.J.
Furthermore, suppose that w is invariant under the three m-rotation Ry, Ry, R, symmetry. Then w(Xo

w(Yp) = w(Zy) = 0. By setting a = Xy, direct calculation shows that ||[Ho;,all] < J and w(a*a) — lw(a)|” = 1.
This implies that the bulk spectral gap for all w that is Ry, Ry, R.-symmetric is upper bounded by 4.J.

By Theorem our algorithm generalizes to KLHM using Axagome(L). At monomial degree d = 2,3,
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Table S2: Certified upper bounds for the KLHM under different symmetry restrictions. Missing entries
indicate values not computed within the available computational budget. Note that L = 1,2, 3,4 correspond
to kagome patches of 5, 13,27, 45 sites, respectively.

No symmetry ‘ R., Ry, R, ‘ R, Ry, R, A3,©

L| d=2 |d=2 d=3|d=2 d=3
1 2.72] 200  — [201]  2.01)
2 2.18J 131J -~ | 131 1.28]
3 - - - [ 1243 115
4 - - - | 122) -

the relaxation hierarchy already gives certified bounds substantially sharper than the crude estimate of
Theorem see Table|S2 and also Fig. 3 in the main text.

We first test the hierarchy without imposing any symmetry restriction on the KMS ground state. At
d = 2, we obtain the certified upper bound 2.72J at L=1, and 2.18J at L = 2. Thus, we certify that no
KMS ground state of the KLHM can have a locally non-degenerate bulk spectral gap larger than 2.18J.
Equivalently, the bulk spectral gap of KLHM is less than 2.18.J.

Next, we impose the three m-spin rotation symmetries R, %y, R,. These constraints restrict the opti-
mization to KMS ground states with vanishing one-site magnetization. The tightest upper bound we obtain
in this symmetry class is 1.31J at (L,d) = (2,2). Equivalently, within this symmetry class, we certify that
no KMS ground state of the KLHM can have a locally non-degenerate bulk spectral gap larger than 1.31.J.
Without imposing the time-reversal symmetry O, the relaxation may still allow chiral ground states. To see
this, we maximize the scalar chirality x;;x within the same SDP feasibility problem at fixed gap parameter +.
At (L,d) = (1,2) with v = 1.99.J, we obtain

w(xijr) < 0.0484, (S60)
and at (L,d) = (2,2) with v = 1.30J, we obtain
w(Xijk) S 0.0558. (861)

Namely, this means that any hypothetical KMS ground state in this symmetry section with locally non-
degenerate bulk gap > 1.99J has scalar chirality at most 0.0484, and any hypothetical KMS ground state in
this symmetry sector with gap > 1.30J has scalar chirality at most 0.0558. (The later value 0.0558, even
though tested at a higher level of the hierarchy, is larger than 0.0484, because now we also consider more
ground states with possibly smaller gaps.) These values should not be interpreted as evidence for or against
chirality of the physical KLHM ground state; they only diagnose what is allowed by the corresponding SDP
relaxation.

Finally, we impose all aforementioned symmetries: the three m-spin rotation symmetry, the cyclic
permutation symmetry As, and the time-reversal symmetry ©. These constraints restrict the search to
nonchiral, spin-isotropic KMS ground states. In practice, note that composing time reversal with the
m-rotations gives the single-axis sign flips,

which is what we imposed in the calculation. This enforces additional conditions, for example, w(X;Y;) =
w(X;Z;) =w(Y;Z;) = 0. In this sector, the best bound we obtain is 1.15J at (L,d) = (3, 3). Thus, within
this symmetry sector, we certify that no KMS ground state of the KLHM can have a locally non-degenerate
bulk spectral gap larger than 1.15J. (For the entries reported as 2.01J at L = 1, the corresponding SDPs are
actually infeasible for a 7 very close to 2J from above, e.g., 2.00000001.J.)

The bounds in Table S2 are far above the best numerical estimates and extrapolations from variational
methods, but they are fully certified upper bounds for the corresponding classes of KMS ground states in the
thermodynamic limit. The calculation with no symmetry restriction gives bounds to the bulk spectral gap
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of the KLHM, while the symmetry-restricted calculations give sharper bounds within physically motivated
sectors. The present kagome calculation is not optimized and should be viewed as a proof of principle.
Sharper certified bounds could become physically informative: for instance, driving the bound below the
proposed singlet gap of or the proposed spin gap of would rule out those values within the
corresponding class of states, while driving the bound to zero would certify the absence of a bulk spectral gap
in that class. We leave a more optimized numerical implementation to future work.

4 Undecidability and notions of spectral gaps

Undecidability results ﬂBau+20t \CPW15] show that, for certain translationally invariant lattice Hamiltonians
with bounded local dimensions and coefficients, the existence of a spectral gap is algorithmically undecidable
when the gap is defined via a thermodynamic limit of finite systems under fixed boundary conditions. On the
other hand, as in the leading paragraph of Section 3, our SDP hierarchy shows that the spectral gap problem
is semi-decidable.

Since our SDP hierarchy addresses the bulk (algebraic) notion of spectral gap, there is no contradiction.
This section recalls the results of |Bau+20t ‘CPW15| and explains why the undecidability for the algebraic
bulk gap remains open. More broadly, this illustrates a caution about mathematical idealizations of the
physical world: distinct infinite-volume limits and gap notions can lead to genuinely different algorithmic
questions.

In Section we recall the more conventional finite-volume definition of the spectral gap under fixed
boundary conditions. In Section we summarize the 2D undecidability construction of , explain
why it does not contradict our bulk-gap SDP hierarchy (Theorem , and show that the construction is
necessarily sensitive to (generalized) boundary conditions (Theorem 4.8). Finally, in Section’m we discuss the
1D result of and clarify what additional ingredients would be needed to extend the undecidability
to the algebraic bulk definition.

4.1 Finite-volume spectral gaps and boundary conditions

We recall the finite-volume notion of spectral gap used in , which is formulated in terms of the
spectra of finite-volume Hamiltonians along a fixed choice of boundary condition. This dependence will be
central to the comparison with algebraic bulk notions.

We start by formalizing the boundary conditions.

Definition 4.1. Let {HA(L)} be a family of local Hamiltonians on Z.° associated with a finite-range interaction
®. A boundary condition on A(L) is a choice of a self-adjoint operator BME) € A whose support is contained
in an R-neighbourhood of the boundary OA(L), for some fized R independent of L. We set the family of
Hamiltonians with the boundary condition { B} to be

Hg(L) = HA(L) + BA(L)7 (863)

which is again finitely supported for every L.

The open boundary condition (OBC) corresponds to ngc) =0, that is, HS]%]:C) = HME) . For the periodic
boundary condition (PBC), we replace A(L) with the discrete torus TP = (Z/LZ)P and define Hﬁé@ by
the same interaction ®, with sites identified modulo L. (In the nearest-neighbour case, this is equivalent to

adding wrap-around couplings across opposite faces.)

Fix a boundary condition { BA)} . Let Spec(Hg(L)) = {/\O(Hg(L)), Al(Hg(L)), ... } denote the spectrum
with non-decreasing ordering )\O(Hg(L)) < Al(Hg(L)) < ---. Define the ground state energy as the smallest

eigenvalue )\O(Hg(L)) and call the associated normalized eigenvector a ground state. The ground state energy
is said to be non-degenerate if )\O(Hg(L)) < Al(Hg(L)), that is, the dimension of the eigenspace corresponding

to the lowest eigenvalue is 1. There are two important classes of behavior of the spectrum Spec(Hg(L)) at
the thermodynamic limit as L — oo.
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Definition 4.2 (Non-degenerate uniform gap with a boundary condition). Consider the family {H*)}, of
Hamiltonians with the boundary condition { B}, We say that the system under the boundary condition
{BMD)Y s non-degenerate uniformly gapped if 3y > 0,3Lg, YL > Lg the ground state energy )\O(Hg(L)) is
non-degenerate, and

Spec (™) 1 (o (™), Mo(HR™) +7) = 0. (S64)

In this case, we say that the system under the boundary condition {BA(L)} has a non-degenerate uniform
spectral gap of at least 7.

Remark 4.3. Theorem 4.2 is stricter than the conventional definition in the usual physics literature for
gapped systems. In particular, this notion is stronger than the locally non-degenerate bulk spectral gap on
KMS ground states ( Theorem since it requires a uniform bound for excitations in finite systems. Indeed,
a finite-volume uniform gap for some chosen boundary condition is a lower bound for the bulk gap
Proposition 5.4].

The converse implication is false, that is, Theorem|1.6 does not imply Theorem |4.2. First, the local
non-degeneracy of Theorem|1.6 does not necessarily imply the global non-degeneracy of Theorem 4.2. In
addition, finite-volume gaps may close due to boundary (edge) excitations even when the bulk is gapped (e.g.,
the AKLT model with OBC' [A[f+87]).

Moreover, as in Theorem we remark again that “non-degeneracy” in Theorem refers to the
global uniqueness of ground states, whereas the algebraic Theorem 1.6 refers to non-degeneracy in the GNS
representation of KMS ground states.

We next state the conventional gapless condition.

Definition 4.4 (Gapless with a boundary condition). Consider the family {H ™)}, of Hamiltonians with
the boundary condition {B )}, We say that the system under the boundary condition { B} is gapless if
Ve > 0, 3L, VL > Lo

AHEPY = A (HAP)) = N (HAP) < e (S65)

Importantly, being gapless as in Theorem does not imply that the system is still bulk-gapless
(Theorem , due to the potential existence of edge states associated with the given boundary condition;
again, see the AKLT model with open boundary condition. We remark that the gapless Theorem 4.4 is not as
stringent as the gapless condition considered in , where they instead adopt the continuum /uniform
condition near the ground state energy.

Definition 4.5 (Uniformly gapless with a boundary condition). Consider the family { H*™)} of Hamiltoni-
ans with the boundary condition {B*)}. We say that the system under the boundary condition { B} s

uniformly gapless if 3¢ > 0, Ve > 0, Lo, VL > Lq the spectrum Spec(Hg(L)) is e-dense in the interval
Po(H5), Mo(HE™)) + . (S66)

That is, every point in the interval lies within a distance € of some eigenvalue of Hg(L).
. e . ALY o

The uniformly gapless condition is strictly stronger than Theorem For example, Hp' "’ with eigenvalues
Aoy Ak = Ao+ 1/(1+ k) for k=1,...,L is gapless but not uniformly gapless, since the spectrum near A is
too discrete to be e-dense in any nontrivial interval. Another example is a system with a degenerate ground
space but a spectral gap above it (e.g., A\g = A1 < Ag): it is gapless in the sense of Theorem but not
uniformly gapless. The AKLT chain with open boundary condition is an example of this type. On the other
hand, Hg(L) with Ao, Ak = Ao + k/L is both gapless and uniformly gapless.

Finally, we recall the relationship between weak- limit points of finite-volume ground states (as the
volume grows and boundary conditions vary) and KMS ground states of the associated infinite-volume
dynamics.
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Remark 4.6. Consider a family of finite-volume Hamiltonians F = {H )Y induced by a finite-range

interaction ®, and let (A, 77,07) be the associated dynamical system. For any boundary condition {BM)}
as in Theoremm let ’¢2<L>> be a ground state of )\O(Hg(m) and let wg(L) denote the corresponding

(finite-volume) vector state defined as
A A A
wp™ ()= W1 ™). (S67)

Clearly, any weak-x limit point of {wg(L)}L (for a fized boundary condition) is a KMS ground state wg on
(A, 77,0F).

The converse direction requires a more general notion of boundary conditions beyond Theorem 4.1 from a
variational perspective. Consider the conditional Hamiltonian on A(L)

HAME) — gAL) L A ppAd) Z ®(9), (S68)
SNA(L)#0
SNA(L)°#0

where the surface term WML s well-defined since ® is assumed to be of finite-range. By [BR81, Theo-
rem 6.2.52], a state w is a KMS ground state if and only if, for every finite region A(L),

wHMY = inf W (HMP), (S69)
w’EC/“((L)
where
CRipy = {w' is a state on A | w'|a, e = WAy }- (S70)

In this sense, the exterior restriction w|»AA(L)C can be regarded as a boundary condition of the finite subsystem
A(L). Thus, every KMS ground state is locally a finite-volume ground state in this conditional sense, with
boundary condition given by its own exterior restriction. Consequently, every KMS ground state arises as
a weak-*x limit point of such finite-volume ground states for a suitable choice of these generalized boundary
conditions. This notion is more general than the usual boundary conditions of Theorem 4.1.

4.2 Revisiting 2D spectral gap undecidability through bulk-gap SDP hierarchy

The authors of construct, for each input m, a family of Hamiltonians {Hé\g;e,(m)}L on the
two-dimensional lattice Z* with the following properties: the interaction is translationally invariant, nearest-
neighbour, and has uniformly bounded coefficients, and the Hilbert space dimension on each site is uniformly
bounded. For open boundary conditions, each such family falls into one of two promised cases: it is either
non-degenerate uniformly gapped in the sense of Theorem with the gap ycpw(m) > 1, or uniformly
gapless in the sense of Theorem 4.5

Crucially, the spectral behavior of {ch\&;g, (m)}r under open boundary conditions encodes the halting
problem for a fixed universal Turing machine (UTM):

YES: UTM halts on m = {Hél()i,z,(m)} L is non-degenerate uniformly gapped

under OBC (Theorem 4.2) with ycpw(m) > 1,

NO: UTM does not halt on m = {Hgé,%g,(m)} 1 is uniformly gapless, and thus gapless under OBC
(Theorem and thus Theorem .
(S71)
In particular, deciding whether {Hé\l()%(m)} 1 is gapped or gapless under open boundary conditions is

equivalent to deciding whether the UTM halts on m, and is therefore undecidable.
Now, let us apply our SDP hierarchy for bulk spectral gaps (Theorems m‘ and ’ﬂb to the decision problem

Eq. 1} of {Hé\l%g,(m)} - Specifically, consider the following algorithm:
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Algorithm 1 Spectral gap semi-decision via SDP hierarchy (Theorems m and

Require: Dynamical system (A, Tr.py (m)> O Fopw (m)) for Fopw(m) = {Hé\l()%\,( )}
Ensure: Fixed v € (0,1), returns NO if no KMS ground state with locally non-degenerate bulk gap > 7
exists (equivalently, if the bulk spectral gap of the dynamical system is < ~g); otherwise loops forever.

1: loop
2:  Increment both n and d by 1 (starting at n =d = 1)
3:  Solve the level-(n,d) feasibility SDP of Theorems 2.1 and 2.4 with 7o
4:  if SDP is infeasible then
5 return NO
6: end if
7: end loop

The completeness of our SDP hierarchy (Theorem has the following implications:

1. If the input {Hg&,?, (m)}r corresponds to a YES-instance of the UTM, then with the open boundary
condition, the system admits a non-degenerate uniform gap > 1 (in the sense of Theorem . By
Theorem there exists a KMS ground state with a local non-degenerate bulk spectral gap > 1 (in the
sense of Theorem due to Proposition 5.4]. Consequently, Algorithm 1, which certifies the
existence of a KMS ground state with a gap of at least 7o € (0, 1), runs indefinitely.

2. If Algorithm 1 returns NO at some (ng, dp), then we have a proof that no KMS ground state with a gap
> 1 exists, including the limiting state wopc from the ground states due to the open boundary condition
(Theorem w By the spectral property of {Hé\;?,\),(m)} L, it follows that the system must be gapless with

the open boundary condition (Theorem 4.4).

That is, Algorithm m can semi-decide if the given {H, g&,g,(m)} 1, is gapless with the open boundary condition
at some finite level (ng,dp) and thus in finite time.

This appears to be in tension with the well-known undecidability results of [CPW15| by the following
statement:

(A) Run the UTM and Algorithm 1 simultaneously. In the YES-instance of Eq. 1} the UTM
halts in finite time and Algorithm 1 runs indefinitely. In the NO-instance of Eq. |D the UTM
runs indefinitely. But, since the system is gapless, Algorithm 1 halts in finite time. Therefore, one
can fully decide the halting problem in finite time with Algorithm |1, which is a contradiction.

The Statement (A) is, however, false due to a mix-up of various definitions modeling spectral gaps in the
thermodynamic limit and dependence on boundary conditions. We explain this in the following remark.

Remark 4.7 (Compatibility with [CPW15]). Let us analyze two cases of the given UTM on input m.

(i) If the UTM halts: This is already discussed by bullet point 1. Our SDP hierarchy is feasible at every
level and Algorithm 1] runs indefinitely.

(i) If the UTM does not halt: The system is proven to be gapless with open boundary condition in the sense
of Theorem Let wogc be a weak- limit point of finite-volume ground states of {Hé\lg{;g,( )} with
open boundary conditions. However, it is not immediate that this finite-volume gaplessness implies that
woBc 18 bulk-gapless in the GNS sense. Moreover, this does not exclude the possibility that there exists
another KMS ground state which admits a locally non-degenerate bulk spectral gap of at least 1. (By the
equivalence of Theorem there might exist a different boundary condition B such that {Hé\é,%v( )}
admits a limit state wzth a locally non-degenerate spectral gap.) If this is the case, Algomthm. 1 does not
terminate in finite time necessarily, and therefore falsifies the Statement (A).

To sum up, the NO-instance of the decision problem Fq. 1) does not mean that Algorlthm necessarily
halts in finite time, due to, e.g., the possibility of an alternative boundary condition for which the spectral gap
1s gapped. Nonetheless, such dependence on the boundary conditions is expected since they serve as the initial

states to the UTM in the construction of [CPW15].

We conclude this subsection by emphasizing that, for the Hamiltonians constructed by [CPW15], spectral
properties in the thermodynamic limit can depend on the choice of generalized boundary conditions.
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Proposition 4.8. Consider the family {Hé\l(;%(m)}L associated with the fized UTM in *CPWLE]. Fiz any

threshold o € (0,1). Then there exist a non-halting input m' and a KMS ground state @ with a locally
non-degenerate bulk spectral gap at least .

It follows from Theorem that this @ is a weak-x limit of finite-volume ground states with some
generalized boundary condition.

Proof. Suppose not. Then for every non-halting input m’, every KMS ground state of the dynamical system
induced by {Héé,l{)\),(m’ )}z has locally non-degenerate bulk gap strictly smaller than 1. By the completeness of
the SDP hierarchy (Theorem , it follows that running Algorithm 1| with o on the instance {H, é\l(ji,g,(m’ Ve
must terminate in finite time for every such m’. Consequently, Statement (A) can be used to contradict the
undecidability of the halting problem. Finally, we invoke the discussion of Theorem [4.6! O

4.3 The 1D construction and why bulk gap undecidability remains open

A natural question is whether the algebraic bulk spectral-gap problem is undecidable, in analogy with the
undecidability results for finite-volume gaps under fixed boundary conditions. As discussed in Section
our SDP hierarchy (Algorithm|1) semi-decides the absence of KMS ground states with locally non-degenerate
bulk spectral gaps in finite time. Equivalently, it semi-decides when a proposed +y lies above the bulk spectral
gap of Theorem 1.10. Thus, to establish undecidability in the bulk sense, one would need a fixed UTM and a

computable map m — {H)(m)},, such that

YES: UTM halts on m = every KMS ground state is bulk-gapless
in the sense of Theorem [1.11]

NO: UTM does not halt on m = there exists a locally non-degenerate bulk-gapped KMS

ground state in the sense of Theorem 1.6 with yuu(m) > 1.
(S72)
Note that this has the opposite halting/gap direction compared to Eq. .

A natural candidate to obtain such a reversal is the one-dimensional construction of . There, for
each input m, the authors construct a family of translationally invariant nearest-neighbour Hamiltonians
{H];\éLL)P (m)}L on the one-dimensional lattice Z. The local interaction terms are uniformly bounded and the
Hilbert space dimension of each site is uniformly bounded. Under open boundary conditions, the family is
promised to fall into one of two cases: it is either non-degenerate uniformly gapped in the sense of Theorem 4.2
with the gap vgcoLp(m) > 1, or uniformly gapless in the sense of Theorem ’E

As in the 2D case, undecidability follows because the spectral behavior under open boundary conditions
encodes the halting problem for a fixed UTM; however, the correspondence is reversed relative to :

YES: UTM halts on m = {HQ&LL)P (m)}r is uniformly gapless, and thus gapless under OBC

(Theorem 4.5, and thus Theorem 4.4). (73)

NO: UTM does not halt on m = {Hé\éi)p (m)}r is non-degenerate uniformly gapped
under OBC (Theorem 4.2) with ygcLp(m) > 1,

Moreover, they obtain a partial extension to periodic boundary conditions for chain lengths promised to be

coprime to a fixed integer P, at the cost of a local dimension growing linearly with P.
However, the construction of does not directly yield Eq. @) Indeed:

1. If the UTM does not halt on m, then the KMS ground state induced by the weak-* limit of open boundary
ground states (denoted by wopc) is a locally non-degenerate bulk-gapped KMS ground state. This matches
the NO-instance of Eq. .

2. If the UTM halts on m, then Eq. does not immediately imply that the limit KMS ground state wopc
is bulk-gapless. Furthermore, this does not exclude the existence of other KMS ground states (arising from
different boundary conditions) that remain locally non-degenerate bulk-gapped. Hence, the YES-instance
of Eq. (S72) is not established.
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In summary, while it is plausible that the bulk spectral-gap problem is undecidable, a proof would require
additional ingredients ensuring that all KMS ground states are bulk-gapless in the halting case, rather than
only the state selected by a particular boundary condition. For this reason, undecidability in the algebraic
bulk sense remains open.
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