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ABSTRACT. This paper introduces state polynomials, i.e., polynomials in noncommuting
variables and formal states of their products. A state analog of Artin’s solution to Hilbert’s
17th problem is proved showing that state polynomials, positive over all matrices and matri-
cial states, are sums of squares with denominators. Somewhat surprisingly, it is also estab-
lished that a Krivine-Stengle Positivstellensatz fails to hold in the state polynomial setting.
Further, archimedean Positivstellensétze in the spirit of Putinar and Helton-McCullough
are presented leading to a hierarchy of semidefinite relaxations converging monotonically
to the optimum of a state polynomial subject to state constraints. This hierarchy can
be seen as a state analog of the Lasserre hierarchy for optimization of polynomials, and
the Navascués-Pironio-Acin scheme for optimization of noncommutative polynomials. The
motivation behind this theory arises from the study of correlations in quantum networks.
Determining the maximal quantum violation of a polynomial Bell inequality for an arbitrary
network is reformulated as a state polynomial optimization problem. Several examples of
quadratic Bell inequalities in the bipartite and the bilocal tripartite scenario are analyzed.
To reduce the size of the constructed SDPs, sparsity, sign symmetry and conditional ex-
pectation of the observables’ group structure are exploited. To obtain the above-mentioned
results, techniques from noncommutative algebra, real algebraic geometry, operator theory,

and convex optimization are employed.
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1. INTRODUCTION

This paper introduces the class of (noncommutative) state polynomials, i.e., polynomi-
als in noncommutative (nc) variables, such as matrices or operators, and formal states of
their products. Such polynomials are naturally evaluated over finite or infinite-dimensional
Hilbert spaces H by replacing each variable by a bounded operator on H, and picking a
state, i.e., a positive unital linear functional on the set of bounded operators B(H). The
aim of the paper is to study positivity and optimization of state polynomials, and de-
velop corresponding algebraic positivity certificates and associated algorithms. The main
motivation for studying state polynomials arises from quantum information theory, in par-
ticular nonlinear Bell inequalities [Chal6, PHBB17] for correlations in quantum networks
[Fri12, PKRR*19, TPKLR22|. Namely, it turns out that computing the maximum quan-
tum violation of a polynomial Bell inequality in the standard Bell scenario corresponds to
optimizing a state polynomial under nc (in)equality constraints; that is, constraints only
involve nc variables and not the state. For more general quantum networks, polynomial
Bell inequalities correspond to state polynomial optimization problems subject to both nc
and state (in)equalities.

In the free nc context, i.e., in the absence of states, several representation results for
positive polynomials (or Positivstellensitze) have been derived, allowing one to perform op-
timization. One of the central results from Helton and McCullough independently [Hel02,
McCO01] asserts that all positive semidefinite polynomials are sums of hermitian squares
(SOHS). This in turn allows one to minimize the eigenvalue of an nc polynomial. One
can also minimize the eigenvalue of an nc polynomial subject to a finite number of nc
polynomial inequality constraints, i.e., over a basic nc semialgebraic set. More precisely,
a non-decreasing sequence of lower bounds of the minimal eigenvalue can be obtained,
each bound corresponding to the solution of a semidefinite program (SDP)'. Thanks to the
Helton-McCullough representation theorem [HMO04], the corresponding hierarchy of lower
bounds converges to the minimal eigenvalue if the quadratic module generated by the poly-
nomials describing the basic nc semialgebraic set is archimedean. This framework is the nc
variant of the nowadays famous Lasserre’s hierarchy [Las01] for commutative polynomial
optimization, based on the representation by Putinar [Put93] of positive polynomials over
basic closed semialgebraic sets. Hierarchies of semidefinite programs have been applied and
generalized to different nc optimization problems [HM04, NPA0OS, PNA10, BCKP13]. In
the seminal paper [NPAOS], Navascués, Pironio and Acin (NPA) provide such a hierarchy to
bound the maximal violation levels of linear Bell inequalities after casting the initial quan-
tum information problem as an eigenvalue maximization problem; cf. [DLTWO08]. Extensions
to trace minimization of nc polynomials have been derived in [BCKP13]. More recently,
several hierarchies have been derived in [GALL19, GLS22| to provide lower bounds for var-
ious matrix factorization ranks. These hierarchies have been concretely implemented in the
Matlab library NCSO0Stools [BKP16] and the Julia library TSSOS [MW23, Appendix B].

IThat is, the optimum of a linear function subject to linear matrix inequality (LMI) constraints.
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Recent efforts significantly extend these frameworks to the case of optimization problems
involving trace polynomials, i.e., polynomials in nc variables and traces of their products.
In [KSVlS], the first and thirds authors focused on trace polynomials being positive on
semialgebraic sets of fized size matrices, and derived several Positivstellensatze, includ-
ing a Putinar-type Positivstellensatz stating that any positive trace polynomial admits a
weighted SOHS decomposition without denominators. In [KMV22], the first, second and
third authors generalized the above framework to the free setting, by providing a Putinar-
type Positivstellensatz for trace polynomials which are positive on tracial semialgebraic sets,
where the evaluations are performed on von Neumann algebras. This latter framework was
applied in [HKMV22] to detect entanglement of Werner state witnesses in a dimension-free
way. In the univariate case, a tracial analog of Artin’s solution to Hilbert’s 17th problem
was provided in [KPV21], where it is proved that a positive semidefinite univariate trace
polynomial is a quotient of sums of products of squares and traces of squares of trace polyno-
mials. In the multivariate unconstrained setting, it is shown in [KSV22] that trace-positive
nc polynomials can be “weakly” approximated by SOHS and commutators of regular nc
rational functions.

From the point of view of quantum information, the trace polynomial optimization frame-
work from [KMV22] allows us to obtain bounds on violation levels of nonlinear Bell inequal-
ities corresponding to mazimally entangled states. In this paper we rely on state polynomial
optimization that is less restrictive, as it can provide violation bounds reached by (not nec-
essary maximally) entangled states. From the point of view of operator theory, there is a
correspondence between states on a Hilbert space H and trace-class operators on H, but
the reformulation of a state polynomial optimization problem into one with trace polyno-
mials involves the non-normalized trace, in which case there is no dimension-independent
theory of positivity, necessitating the introduction of this new class of objects, i.e., (nc)
state polynomials.

Contributions and main results. A state polynomial in nc variables x1, ..., x, is a real
polynomial in formal state symbols ¢(w), where w is a word in z1, .. ., z,. More generally, an
nc state polynomial is a polynomial in x4, ..., z, and formal states of their words. For exam-
ple, f = s(z1m271) — s(21)s(7179) is a state polynomial, and h = ¢(2?)xoz; + (1) (o1 72)
is an nc state polynomial. At a pair of bounded operators X = (X7, X5) on Hilbert space
H and a state A on B(H), they are evaluated as f(A; X) = M X1 X2X;) — A(X)A(X1Xs)

State polynomials form a commutative algebra denoted .#; and nc state polynomials form
a noncommutative algebra denoted .. There is a canonical involution * on % that fixes
S UA{xy,...,x,} element-wise, and an .#-linear map < : & — 7.

After establishing the algebraic framework for state polynomials in Section 2 and their
function theoretic perspective in Section 3, we prove our first main result, the affirmative
answer to a state polynomial analog of Hilbert’s 17th problem from real algebraic geometry
[Mar08, Sch09].
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Theorem A (Theorem 4.3). Let f be a state polynomial. Then f(\; X) > 0 for all matricial
states \ and tuples of symmetric matrices X if and only if f is a quotient of sums of products
of elements of the form ¢(hh*) for an nc state polynomial h.

For example,
<<(§(:v§)xz - <(:c1932)931)2>

§(x1)

is an algebraic certificate for the Cauchy-Schwarz inequality, a sum of hermitian squares

(s (a3) — s(a12)? =

(SOHS) certificate of the form guaranteed for all global state polynomial inequalities by
Theorem A. As a consequence of Theorem A, positivity of a state polynomial on all matrix
tuples and matricial states implies positivity on all bounded operators and states.

After global positivity, we turn to constrained positivity of state polynomials in Section 5.
We restrict ourselves to constraint sets C' C . that are balanced: namely, C' is closed under
the involution x, and the non-symmetric elements of C' come in pairs with their negatives
(to allow us to handle equality constraints). Let H be a separable real Hilbert space. Given
a balanced set C' C &, let D be the set of all pairs (A\; X) of a state A on B(H) and
X € B(H)" such that ¢(A\; X) = 0 for all ¢ € C. We call DY the state semialgebraic set
constrained by C. While Theorem A gives an SOHS certificate for global positivity of a
state polynomial (even when only matrix evaluations are considered), there is no comparable
analog for positivity on arbitrary state semialgebraic sets. In Section 5.2 we show that the
state versions of some of the classic (Krivine-Stengle and Schmiidgen) Positivstellensétze
fail in general. Nevertheless, there is an analog of Putinar’s archimedean Positivstellensatz
[Put93]. We say that C' C &% is algebraically bounded if N — a3 — -+ — x2 = > picip;
for some ¢; € C' and nc polynomials p;. Note that D for an algebraically bounded C' is
bounded in operator norm; conversely, if D is bounded, then one can make C' algebraically
bounded without changing the state semialgebraic set D by adding a single constraint.
For algebraically-bounded constraint sets, we obtain the following Positivstellensatz.

Theorem B (Theorem 5.5). Let f be a state polynomial, and C' a balanced algebraically
bounded set of nc state polynomials. Then f >0 on DF if and only if for every e > 0,

f +e= Z §(hZCZh:)

for some nc state polynomials h; and ¢; € {1} U C.

Theorem B is the cornerstone of the state optimization framework we develop in Section 6.
For a state polynomial f and a balanced algebraically bounded set C' C .##, Theorem B gives
rise to an SDP hierarchy that produces a convergent increasing sequence with limit infpee f
(Corollary 6.1). Under a mild condition on C, these SDPs satisfy strong duality (Proposition
6.7). Furthermore, under flatness and extremal assumptions, the dual SDPs and a variant of
the Gelfand-Naimark-Segal construction allow us to extract a finite-dimensional minimizer
for infpee f, and thus obtain finite convergence of our hierarchy (Proposition 6.10). The
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complexity of the involved SDPs grows rather quickly; nevertheless, we can exploit correl-
ative sparsity (Theorem 6.12) and sign symmetry (Theorem 6.13) patterns in f and C' to
reduce the SDP sizes considerably.

Finally, we apply our newly developed theory to quantum correlations in networks. Sec-
tion 7 considers nonlinear Bell inequalities [Uff02, Chal6] in the standard Bell scenario,
where two parties share an entanglement source. While a linear Bell inequality for quantum
(commuting) correlations in such a scenario corresponds to eigenvalue optimization of an
nc polynomial, a polynomial Bell inequality for quantum correlations corresponds to a state
polynomial optimization problem. The form of the constraints arising from the quantum
mechanical formalism allows for a further reduction of the size of the obtained SDPs in the
hierarchy using a conditional expectation induced by the underlying group structure of bi-
nary observables (Proposition 7.1). Section 8 generalizes the aforementioned correspondence
to correlation inequalities in general network scenarios [Fril2]. That is, several entanglement
sources and sharing patterns are permitted. Following [PKRR*19, LGG21, RX22], quantum
commuting models for a network can be characterized using state polynomial constraints.
This allows us to apply our optimization results to analyze polynomial Bell inequalities for
correlations in arbitrary networks.

Theorem C (Corollaries 6.1 and 8.1). The largest quantum violation of a polynomial Bell
inequality for classical correlations in a network scenario is the limit of a convergent de-

creasing sequence produced by the Positivstellensatz-generated SDP hierarchy.

Using the derived optimization tools, we establish novel largest quantum violations or
their nontrivial upper bounds for various polynomial Bell inequalities in the bipartite sce-
nario (Section 7.2) and in the bilocal tripartite scenario (Section 8.1) from the literature.

Acknowledgements. The authors thank Timotej Hrga for sharing his expertise and solv-
ing the large semidefinite program pertaining to one of the Bell inequality examples.

2. PRELIMINARIES

We begin by recalling basic notions about noncommutative polynomials, introducing state
polynomials and corresponding semialgebraic sets that will be used throughout the paper.

2.1. Noncommutative polynomials and state polynomials. Let S;(R) denote the
space of all real symmetric matrices of order k. For a set A, we use |A| to denote its
cardinality. For a fixed n € N, we consider a finite alphabet xq,...,z, and generate all
possible words of finite length in these letters. The empty word is denoted by 1. The
resulting set of words is the free monoid (z), with = (x1,...,z,). Let |w| denote the length
of w € (z). We denote by R(x) the set of real polynomials in noncommutative variables,
abbreviated as nc polynomials. The free algebra R(z) is equipped with the involution % that
fixes RU {z1,...,x,} point-wise and reverses words, so that R(z) is the x-algebra freely
generated by n symmetric variables x1,...,x,.



6 IGOR KLEP, VICTOR MAGRON, JURLJ VOLCIC, AND JIE WANG
For w € (z) \ {1} let ¢(w) be a symbol subject to the relation ¢(w) = ¢(w*), and let
S =Rls(w): w e (z) \ {1}],

a commutative polynomial ring in infinitely many variables. An element in .# of the form
[T}2, <(uy) for uy € (z) \ {1} is called an .#-word. The set of all .”-words is a vector space
basis of .. The degree of an .%-word [[;<(u;) equals >, |u;|. The vector of .#-words
whose degrees are no greater than d is denoted by Wy

We also let & = ¥ @ R(z) be the free .#-algebra on z. Elements of . are called
state polynomials, and elements of & are nc state polynomials. For example, ¢(z129) —
s(x1)s(x2) € . and zyx9m1 — ¢(x2) 1 + §(T122) — ¢(21)5(22) € & = (21, 22). An nc state
polynomial of the form [T, ¢(u;)v for u; € (z) \ {1} and v € (z) is called an &-word. The
set of all #-words is a vector space basis of . The degree of an #-word [[; ¢(u;)v equals
[v|+ >, |uj|. The degree of f € & is the maximal degree of #-words in the expansion of f.

The involution on %, denoted also by *, fixes {z1,...,z,} U point-wise, and reverses
words from (x). The set of all symmetric elements of &% is defined as Sym.# = {f € & :
f = f*}. We also consider the unital .#-linear x-map < : . — . uniquely determined by
w — s(w) for w € (x) \ {1}.

2.2. State semialgebraic sets. Let H be a real Hilbert space, and let S(H) be the set
of all states (positive unital x-linear bounded functionals) on B(#H). Each state arises from
a positive-semidefinite trace-class operator p € B(H) with trace 1, via Y — tr(pY’) (here,
tr X = > .(Xej,e;) for a trace-class operator X, where (e;); is an arbitrary orthonormal
basis of H). Every unit vector v € H determines a vector state Y +— (Yv,v). Given an nc
state polynomial a € &, a state A € S(H), and a tuple X = (Xy,...,X,) of self-adjoint
operators X; = X7 € B(H), there is a natural evaluation

a(A; X) € B(H)

obtained by replacing w with w(X) € B(#H) and ¢(w) with AM(w(X)) € R. Equivalently,
each pair (\; X) gives rise to a x-representation . — B(#) that intertwines ¢ : & — .
and A : B(H) — R.

Throughout the text H is a separable infinite-dimensional Hilbert space (e.g. H = ¢?).

Definition 2.1. A set C' C & is balanced if C* = C' and —(C'\ Sym.#) C C. Given a
balanced C' let

(2.1) D ={(\X) e S(H) x B(H)" : X; = X, ¢(A\;X) =0 for all c € C}
and

(2.2) Do = J{(A X) € S(R¥) x S4(R)" : ¢(X; X) = 0 for all c € C'}.
keN

Let 1330 and D¢ be the analogs of (2.1) and (2.2), respectively, where one restricts only to

vector states.
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Note that any subset of Sym.# is an example of a balanced set. The motivation behind
more general balanced sets is to allow for non-symmetric equality constraints, for example
commutation relations. Indeed, every non-symmetric element ¢ in a balanced set contributes
inequalities ¢(A; X) = 0 and —c(X; X) = 0, and thus ¢(\; X) = 0.

While (2.2) is a desired candidate for testing positivity of state polynomials, one needs
to consider bounded operators on an infinite-dimensional Hilbert space in order to obtain
sums-of-squares certificates valid for sufficiently general C' (cf. [HMO04] for examples in the
freely noncommutative setting, or the refutation of Connes’ embedding conjecture in the
tracial setting [JNVT21, KS08]). Thus we mostly consider positivity on sets (2.1).

Remark 2.2. One might wonder why we restrict ourselves to real Hilbert spaces. In the
complex framework, the only difference is that the symbol ¢(w) needs to be split into two
symbols, the real and imaginary part, to properly define ¢(w*) = @ Thus one is pressed
to work with real variables also in the complex framework. Furthermore, every complex
Hilbert space isometrically embeds into a real Hilbert space, meaning that constrained
positivity over operators and states on a separable real Hilbert space also models positivity
on a separable complex Hilbert space. The real framework is also more convenient to work
with in optimization, especially from the perspective of implementation using the standard

semidefinite programming solvers.

Remark 2.3. The correspondence between states and trace-class operators (or density
matrices, in the finite-dimensional case) mentioned earlier begs the question why one can-
not treat positivity and optimization of state polynomials with the corresponding already-
established theory for trace polynomials [KMV22]. The reason is that optimization of trace
polynomials pertains to evaluations of the normalized trace on matrices, or tracial states on
von Neumann algebras. On the other hand, modelling state polynomials with trace poly-
nomials (in an additional variable corresponding to the trace-class operator) would require
considering the (usual) non-normalized trace. However, for evaluations of trace polynomi-
als with respect to a non-normalized trace, there is no comparable dimension-independent
theory of positivity and optimization.

3. A FUNCTIONAL PERSPECTIVE ON NC STATE POLYNOMIALS

One can draw a comparison between nc state polynomials and noncommutative functions
as developed e.g. in [KVV14]. While nc state polynomials are not noncommutative functions
(since their evaluations on matrix tuples are not compatible with direct sums of matrix
tuples), they nevertheless admit a closely related intrinsic characterization (Proposition
3.2), and like nc polynomials, they are determined on matrices of bounded size (Proposition
3.1). To establish these results, we recall the notion of trace polynomials [Pro76, KS17],
originating from invariant theory. They are defined analogously as nc state polynomials, by
adjoining commutative symbols tr(w) for w € (z)\ {1} to the free algebra R(z) in symmetric
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variables; the distinction is that in addition to tr(w) = tr(w*), these symbols satisfy the
additional relation tr(uv) = tr(vu).

The next proposition shows that nc state polynomials vanishing on all matrices of a given
size need to have sufficiently high degree.

Proposition 3.1. If f € &% is of degree d, then there exist A € S(R?*1) and X € Spgi1(R)™
such that f(\; X) # 0.

Proof. Let

k m;
f= Z Q; HC(Ui,j)Uz'-
i=1  j=1

Define a trace polynomial in variables xg, ..., x,
k m;
g = Z (67 (tl" l'o)dimi H tl"(SC()U,L"j)’Ui.
i=1 j=1

Note that g # 0 since f # 0, and the degree of g (as a trace polynomial) is 2d. By [Pro76,
Proposition 8.3], g is not constantly zero on Syq,1(R)"™!. Since positive definite matrices
are Zariski dense in symmetric matrices, there exist (P, X) € Soqi1(R) X Spgy1(R)"™ with
P > 0 such that g(P, X) # 0. By the construction of g we have g(aP, X) = a’g(P, X) for
all & € R. Therefore

fX) =g (5P X) #0
where A € S(R*™) is given by A(Y) = tr(Z5PY). O

As mentioned in Section 2.2, states in S(R*) are in one-to-one correspondence with k x k
density matrices (positive semidefinite matrices in Sg(R) with trace 1); namely, a density
matrix p gives rise to a state Y +— tr(pY’). For the purpose of the next proposition we
resort to this identification. Hence we view S(RF) as a Zariski dense subset of the affine
space of symmetric matrices with trace 1. By a polynomial function on S(R¥) x Si(R)"™ we
tl(lere)fore refer (to 83 polynomial function on the corresponding real affine space of dimension
k(k+1 k(k+1

== — 14+ n=5=. Furthermore, S(R¥) x Sj(R)™ inherits the diagonal conjugate action of

the orthogonal group Oy on tuples of symmetric £ X k matrices:
O(Xo,...,X,)0" = (0X,07%,...,0X,0%).

The following is an nc state analog of [KVV14, Theorem 6.1] and [KS17, Proposition 3.1]
for nc polynomials.

Proposition 3.2. A sequence (fi)ren of polynomial maps fi, : S(RF) x Si(R)® — Si(R)
satisfies
(a) fr(ON; X)O*) = Of,(\; X)O* for allk € N, O € Oy, and (\; X) € S(RF) x Si(R)",
(b) fa(p®X X = fu(\; X)®* for all k, € €N, p € S(R') and (\; X) € S(RF) xSy(R)",
(c) supy, deg fi < oo,

if and only if it is given by an nc state polynomial.
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Proof. The implication (<) is routine, so we consider (=). By (a) and [Pro76, Theorem
7.3], for every k € N there exists a trace polynomial T}, in variables x, ..., z, such that T}
agrees with f; on S(R¥) x S.(R)", the expression tr(xg) does not appear in Ty (cf. [Pro76,
Section 5]), and deg T}, = deg fx. Denote d = maxy deg f.

For k > d + 1, the trace polynomial T} defined as above is unique [Pro76, Proposition
8.3]. Let

(31) T]C = Zak7thI‘(ui’j)’l)i
@ J

where []; tr(u;;)v; are distinct trace words with |v;| + > [u; ;| < d. By uniqueness and
comparison of (b) for p = 11, and p = (1 1), the variable 2o cannot appear in any wv;.

Furthermore, if there are m occurrences of xy in u; ;, then
tr (u” (p QNITRX,...,I® Xn)> =tr(p™) - tr (ui’j()\; Xi,... ,Xn)).

Therefore, uniqueness of T}, and comparison of (b) for p = 11, and p = 1(}9) imply that
the variable z( can appear in each u; ; at most once. Finally, uniqueness and comparison of
(b) for p = 31, and p = (} §) show that zy appears in each u; ;. Thus (3.1) becomes

(3.2) T, = Z Qi H tr(wou; ;)v;
( J

/

where u; ;,v; are words in zy, ..., z,.

By the special structure (3.2),
ToeNX) =Ty GLONL @ X) = fo (3L @A L@ X) = fiu(A\, X)® =T (A, X)®*

forall ¢ € N, k> d+1and (A, X) € S(R¥) x S(R)". By uniqueness of the T}, we thus
have Ty, = Ty for all ¢ € N, k > d + 1, and consequently Ty, = T,y for all k > d+ 1. The
property (b) ensures that the evaluations of Ty, and T}, for k < d agree on S;(R)"*!. Thus

f= Z Qd+1,i H S(u;)vi € S
i J
is the desired nc state polynomial. 0

Corollary 3.3. A sequence (fi)ren of polynomial maps fi : S(RF) x Sp(R)™ — R satisfies
(a) fr(ON; X)O*) = fu(M\; X) for allk €N, O € Oy, and (\; X) € S(R¥) x Si(R)",
®) fa(p@ X X% = fr(\ X) for all b, €N, p € S(RY) and (\; X) € S(R¥) x Si(R)",
() supy deg fi < o0,

of and only if it 1s given by a state polynomial.

Proof. Replacing f; with fk = filg, Proposition 3.2 implies fk arises from an nc state
polynomial, say f . Add a new variable z,,; and form the commutator g := | f , Tni1]. By

assumption the image of f consists only of scalar matrices, so g always evaluates to 0 on all
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tuples (A\; X) € S(RF) x S;(R)"!. Thus by Proposition 3.1, ¢ = 0. Hence f cannot have
any “free” nc variables not bound by ¢, i.e., f € .7. O

4. HILBERT’S 17TH PROBLEM FOR STATE POLYNOMIALS

In this section we present a state analog of Artin’s solution to the celebrated Hilbert’s 17th
problem. Let 2 C . be the preordering [Mar08, Section 2.1] generated by {c(hh*): h € Z}.
That is, €2 is the smallest subset of . closed under sums and products that contains all
squares and {s(hh*): h € &}. Hence Q is the set of all sums of products of elements of
the form ¢(hh*) for h € & (since a® = ¢(aa*) for a € ). Clearly, state polynomials in
() are nonnegative on Dy and Dg°. Theorem 4.3 below shows that every state polynomial,
nonnegative on Dy, is a quotient of elements in 2. This is in stark contrast with trace
polynomials, where the analog of Theorem 4.3 only holds for one matrix variable [KPV21,
KSV22].

For d € Nlet (x)4 denote the set of words with length at most d, and D = [(z)4| = "———.
Let Hy = (s(uv*))ywem, € -#2*P. The following is a well-known statement adapted to the
notation of this paper.

ndtl_q

Lemma 4.1. For each d there exists (\; X) € Dy such that Hy(\; X) is positive definite.

Proof. By [HKM12, Lemma 3.2] there exists a unital x-functional L : R(z)s4+2 — R such
that L(hh*) > 0 for all nonzero h € R(z)qy1. By [HKM12, Proposition 2.5], there is
(\; X) € Dy such that L(f) = A(f(X)) for all f € R(z)sq. Then Hy(X;X) is positive
definite by construction. O

Proposition 4.2. Every principal minor of Hy is a quotient of two elements in ).

Proof. Let = be the generic D x D symmetric matrix; that is, the entries of = are commuting
indeterminates, related only by = being symmetric. Let A be the real polynomial algebra
generated by the entries of =, and T' C A its real subalgebra generated by {tr(=7): 1 < j <
D}. Let P be the preordering in 7" generated by

{tr(R(2)?), tr(h(Z) -2 - h(2)): h € T[E]}.

Let m € T be an arbitrary principal minor of =. By [KSV18, Lemma 4.1 and Theorem
4.13] there exist p,q € P and k € N such that

(4.1) qgm = m** +p.
Let w be the vector of words in (z)4 (ordered degree-lexicographically); then H, is obtained
by applying ¢ to ww* € R{z)P*P entry-wise. If h € T[Z] C A4, then h(H;) € ./P*P and
h(Hy)w € &P; moreover,

tr(h(Z)?) € Q,

(4.2) tr (h(Hy) Hy h(Hy)) = Zc( (h(Ha)w); (h(Hg)w)7) € Q.

Jj=1
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If m',p',q are obtained from m,p,q by replacing = with Hy, then p',¢" € Q by (4.2).
Furthermore, ¢ # 0 since the right-hand side of (4.1) is strictly positive when evaluated
at a positive definite state evaluation of Hy, which exists by Lemma 4.1. Therefore m/, a

principal minor of Hy, is a quotient of elements in 2. 0

The following is a solution to Hilbert’s 17th problem for state polynomials.

Theorem 4.3. The following are equivalent for a € .7 :

(i) a(X\; X) > 0 for all X € Sg(R)™ and vector states A\ € S(RX), where K =
L ([P ;s

n—1
(ii) a is nonnegative on DG ;

(iii) a is a quotient of two elements in €.

Proof. (ii)=(i) Clear.

(i)=>(iii) Suppose a is not a quotient of elements in Q. Let d = [$%2%] and R =
Rlg(w): w € (z)2q4 \ {1}]. Then a € R, and R is a finitely generated polynomial ring. Let
M C R be the set of all principal minors of Hy. By Proposition 4.2, a is not a quotient of
elements in the preordering in R generated by M. By the Krivine—Stengle Positivstellensatz
[Mar08, Theorem 2.2.1] there exists a homomorphism ¢ : R — R such that ¢(a) < 0 and
©(M) C Rso. Applying ¢ entry-wise to Hy therefore results in a positive semidefinite
matrix. Define L : R{x)sy — R as L(f) = ¢(¢(f)). Then L is a unital x-functional, and
L(gg*) > 0 for g € R(z)4. By Lemma 4.1 there exists a unital x-functional L' : R(x)sq — R
such that L'(g¢g*) > 0 for nonzero g € R{x)y. For every ¢ € (0,1) denote the unital -
functional L. = (1 — )L + ¢L’; then L.(gg*) > 0 for all nonzero g € R(z)y. By [HKM12,
Proposition 2.5] there exists (\;; X.) € S(RF) x Skx(R)", with K = dimR(z),, = 7:,;1:11
and A. a vector state, such that L.(f) = A\.(f(X,)) for all f € R(x)sq—1. Then

lin% a(Ae; X,) = a(Ao; Xy) = p(a) <0
e—

and so a(\;; X,) < 0 for some € € (0,1).

(iii)=-(ii) Let a = p/q for some p,q € Q with ¢ # 0. Clearly p and ¢ are nonnegative
on Dg°. Let X be a tuple of self-adjoint bounded operators on an infinite-dimensional
separable Hilbert space H, and let A be a state on B(H). Suppose a(\; X)) < 0. Since ¢ # 0,
by Proposition 3.1 there exist Y € Si(R)" and a p € S(R*) such that q(u;Y) # 0. Let
v : R¥ — H be an isometry, and define X} = 10 Yj o s* and X' = po+*. Then g(\; X') # 0.
Fore e (0,1) set \. = (1 —e)d+eX and X, = (1 — &)X +eX’. Since q(A\;; X;) # 0 and ¢
is a polynomial in state symbols, we have ¢(\.; X_) # 0 for all but finitely many € € (0, 1).
On the other hand, lim._,oa(\;; X_) = a(Ag; X)) < 0. Therefore there exists € € (0, 1) such

that g(A # 0 and a(A; X,) <0, so

8’—5)

p()\s;Xa)
0> a(h: X)) =) 5
( ) Q(Aa;&)
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a contradiction. O

Theorem 4.3 shows that every state polynomial inequality valid on all matrices is an
algebraic consequence of states on hermitian squares, and is moreover also valid on all oper-
ators. A well-known example is the Cauchy-Schwarz inequality, which admits an algebraic
certificate

s(23)s(a2) — s(z1m9)? =

C((§(SU%)IL‘2 - §(IL‘1~"U2)£C1)2)

§(w1)?

2 2 as the 2 x 2 principal minor of H,

Alternatively, one can recognize ¢(x3)s(x3) — ¢(x122)
indexed by x1, xs.

Example 4.4. A less evident example of a globally nonnegative state polynomial is

a= (C(ﬂf%)C(ﬂfg) - <($1$2)2)<($2$%$2) + 2€($1$2)<($2x1$2)§(ﬁx2)

= s(@])s(@am1m2)” — c(23)s(2772)",

There are two ways to certify nonnegativity of a. Consider a principal submatrix of Hs,

o(af)  slzime)  o(rims)

s= | c(zixs)  <(23)  c(zomymy) | € S
s(afwa) (vamias) <(r9wimy)
Then a = det(s), which gives the first cue for a being nonnegative. To obtain a certificate
in terms of Theorem 4.3, let

02 = C(»”U%)g(ivﬂ?ih) - §($%I2)2 + <(l’%)€(f€§) - €(~751I2)2 + €(I§)€(I2$%$2) - €(~T2I1~T2)2

which is one of the coefficients of the characteristic polynomial of s. Note that o5 is the sum
of three quotients of elements in €2, by the argument used above for the Cauchy-Schwarz
inequality. If

hy T
ho | = (s —tr(s)s +ool3) - | 2o | €3
hs ToTy

then a direct calculation shows that
o <(ahd) & (hahs) + c(hgh3)

02

Y

so a is a quotient of elements in €2. The choice of h; is inspired by the proof of Proposition
4.2 and [KSV18, Example 6.1].

5. ARCHIMEDEAN POSITIVSTELLENSATZ FOR STATE POLYNOMIALS

In this section we give a version of Putinar’s Positivstellensatz [Put93] for state poly-
nomials subject to archimedean constraints, Theorem 5.5, which is later applied to state
polynomial optimization in Section 6. First we address which functionals R{z) — R are
given by states and evaluations on tuples of bounded operators. The following is a variant
of the well-known Gelfand-Naimark-Segal (GNS) construction.
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Proposition 5.1. Let L : R(x) — R be a unital x-functional. If

(a) L(pp*) > 0 for all p € R{z), and
(b) there is N > 0 such that L(p(N — 22 — -+ — 22)p*) > 0 for all p € R(z),

then there exist a vector state X\ € S(H) and a tuple of self-adjoint operators X € B(H)"
such that L(p) = Mp(X)) for all p € R{z).

Proof. Apply [BKP16, Theorem 1.27] to the quadratic module in R(z) generated by {N —
22— — 22} O
Remark 5.2. It is easy to see that (b) in Proposition 5.1 can be replaced by

(b’) there is N > 0 such that L(ww*) < NIl for all w € (z).
On the other hand, it cannot be replaced by

(b”) there is N > 0 such that L(x?*) < N* for all j =1,...,n and k € N,
as in the tracial setup [KMV22, Proposition 3.2]. Namely, for non-tracial states not all

mixed moments can be bounded with univariate moments. For example, let

3 7600 6009 0500
_ (o _ X, — v Xa — v
v=19 |, X1=100~0 ], 2= 10010 )> 3—\1o00~0 )"
0 000~ 0700 1000

Then <X]2kv, v) =1 for all j, k but (X} X,X3v,v) =+ can be arbitrarily large.

(=S Y ele)

Due to Proposition 5.1, we focus on state polynomial positivity subject to balanced con-
straint sets with the following property. We say that C' C & is algebraically bounded if
there is N > 0 such that

2 2 *
N—x] ==, = E biCip;
7

for some ¢; € {1} UC NR(z) and p; € R{z) (in other words, C' N R(z) generates an
archimedean quadratic module in R(z)).

Next we turn to a notion from real algebra [Mar08, Sch09]. A subset M C . is called
a quadratic module if 1 € M, M + M C M and a*M for all @ € .. For M C .¥ let
QM(M) denote the quadratic module generated by M. Given a quadratic module M C .&¥
that is archimedean (i.e., for each f € . there is m > 0 such that m+ f € M), we consider
the real points of the real spectrum Sper ,,.”’, namely the set x defined by

(5.1) Xm = {¢: ¥ = R: ¢ homomorphism, ¢(M) C Rsg, ¢(1) =1}.

The next proposition is the well-known Kadison-Dubois representation theorem, see, e.g.,
[Mar08, Theorem 5.4.4].

Proposition 5.3. Let M C . be an archimedean quadratic module. Then, for all a € .7,
one has

Vo exm ©la) >0 & Ve>0 a+ee M.
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Since the algebra % is not finitely generated, it is in general not straightforward to
determine if a quadratic module in . is archimedean. Nevertheless, the next lemma shows
that quadratic modules arising from algebraically bounded sets are archimedean. To C' C .
we assign

C* = {s(pep*): p € R{x),ce {1} UC} C 7.

Lemma 5.4. If C is balanced and algebraically bounded then the quadratic module QM(C*®) C
< is archimedean.

Proof. 1t suffices to show that the generators of . are bounded with respect to QM(C*)
[Cim09], i.e., that for every w € (x) there exists m > 0 such that m + ¢(w) € QM(C*).

Since
N¢(ww*) — ¢(waiw*) = ¢ (w(N — z7)w*) € QM(C*),

the induction on |w| implies that for every w there is m’ > 0 such that m’ — ¢(ww*) €
QM(C*). Then

b & o) =< (3 w)(3 £ w)) +m’ — s(we’) € QM(CY) a

We are now ready to prove an analog of the noncommutative Helton-McCullough Posi-
tivstellensatz [HMO4] for state polynomials subject to nc state constraints.

Theorem 5.5. Let C' C & be balanced and algebraically bounded. Then for a € & the
following are equivalent:
(i) a(X; X) >0 for all (\; X) € DX;
(i) a(A; X) >0 for all (\; X) € D
(ili) a +¢e € QM(C*) for all e > 0.

Proof. (iii)=(ii) If (A\; X) € D, then
c(MX) =0,  Ap(X)p(X) =0

for all ¢ € C' and p € R(z), hence s(\; X) > 0 for all s € QM(C*), and so a(A; X) > 0.
(ii)=>(i) Clear.
(i)=-(iii) Suppose a + ¢ ¢ QM(C*) for some € > 0. By Proposition 5.3 there exists a
unital homomorphism ¢ : . — R with ¢(QM(C*)) C Rs( and ¢p(a) < 0. Hence

e(spp) >0,  @(s(p(N —z] — - —a2)p*)) >0

for all p € R(z). Consider the unital x-functional L : R{(z) — R given by L(p) = ¢(s(p)).
By Proposition 5.1, there exist a vector state A € S(H) and X = X* € B(H)" such that
L(p) = AM(p(X)) for all p € R{z). Therefore p(b) = b(\; X) for all b € .. Let v € H be a
unit vector such that A(Y) = (Yv,v) for all Y € B(H), and P € B(#) be the orthogonal
projection onto {p(X)v:p € R(x)}. Then (¢(X)v,v) = (¢(PXP)v,v) for all ¢ € R(x).
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Thus we can without loss of generality assume PX; = Xj; that is, the operators X can be
replaced by their compressions PX;P. Hence

(c(X; X)p(X)v, p(X)v) = o(c(p*ep)) =20 for c€ C, p € R(z)
together with (I — P)X; = 0 implies ¢(\; X) = 0, and so (A, X) € D. Finally, a(\; X) =
v(a) < 0.
Given a € . and ¢,p € & we have a*s(pcp*) = ¢((ap)c(ap)*). Therefore

O

K
(5.2) QM(CS) C {Z s(ficif): KEN, f€ &, ¢ € {1} U c} ,

an inclusion we shall make use of in Sections 5.1 and 6.1 below.

5.1. Quadratic state modules. In this section we provide an alternative form of the
Positivstellensatz for state polynomials that underlines their noncommutative roots. A
subset M C . is called a quadratic state module if

leM, M+ MCM, IMfFCMVfed, ¢(M)C M.
Given C' C & let QM_(C) be the quadratic state module generated by C, i.e., the smallest
quadratic state module in .# containing C. We start with an alternative description of
quadratic state modules.
Lemma 5.6. Let C C .¥.
(1) Elements of QM_(0) are precisely sums of

S(hahy) - - - <(hehi)hohg
for h; € <.
(2) Elements of QM_(C) are precisely sums of
qi, hicthi,  s(hacahl)g
for h; € y, q; € QMg(@), c; e C.
(3) Elements of <(QM(C)) = QM (C) N7 are precisely sums of
S(hahY) - - - <(hehy)s(hochy)

for h; € & and c € C U{1}.
In particular, c(QM_(0)) is the preordering Q@ from Section 4.

Proof. Straightforward. O

Note that while ¢(QM_(0)) is a preordering in .7, this is not necessarily the case for
S(QM (C)) in general (namely, ¢(QM_(C)) does not need to contain elements of the form
¢(hyicihy)s(hocahl) for ¢; € C). A quadratic state module M is called archimedean if for
every f € Sym.# there exists N > 0 such that N + f € M (note that even though M
might not be contained in Sym.#, we only consider symmetric f).
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Proposition 5.7. A quadratic state module M is archimedean if and only if there exists
N >0 such that N —z? —--- — 22 € M.

Proof. The forward implication is obvious. For the converse, note that the set M N R(z)
is an archimedean quadratic module. Thus, for all p = p* € R(x) there exists M > 0 such
that

(5.3) MEtpe MNR(z).
In addition, the set H of bounded elements, defined by
H={heS:3IM >0st. M —hh* € M},

is closed under involution, addition, subtraction and multiplication, i.e., is a x-subalgebra
of & [Cim09]. A symmetric element f € % is in H if and only if there is some M > 0 with
M+ feM.

For every w € (z) we have

(5.4) S(ww*) = s(w)* = ¢((w — s(w))(w — ¢(w))*) € M.

By (5.3) and the fact that M is preserved under ¢, there is some M > 0 with M —¢(ww*) €
M. Adding this to (5.4) yields M — ¢(w)? € M. Thus, by the definition of H, ¢(w) € M.
The desired result now follows since H is a subalgebra of #. U

The following is the state version of Theorem 5.5. Note that while the constraints in
Corollary 5.8 are nc state polynomials, the objective function needs to be a state polynomial

(cf. [KMV22, Example 4.6]).

Corollary 5.8. Let M C & be an archimedean quadratic state module and a € .. The
following are equivalent:
(i) a(A; X) >0 for all (\, X) € DY;
(i) a(A; X) >0 for all (N, X) € DY;
(ili) a +e € M for all e > 0.

Proof. By Proposition 5.7, there exists N > 0 such that N—x?—---—z2 € M. Furthermore,
QM(M*) C M by (5.2). Therefore (i)=-(iii) follows from Theorem 5.5, and (iii)=-(ii)=-(i)
is clear. U

5.2. Nonexistence of a Krivine-Stengle or Schmiidgen Positivstellensatz for state
polynomials. We finish this section by commenting on two classical non-archimedean Pos-
itivstellensétze from real algebraic geometry, and how their straightforward (albeit possibly
naive) analogs for state polynomials fail.

A quadratic state module P C & is a state preordering if ¢(P) - P C P. Note that
§(P) = PN is then a preordering (in the usual sense) in .. Moreover, if P is a
state preordering generated by C, then ¢(P) is the preordering generated by ¢(hch*) for
ce{l}uUcC.
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Consider the following two statements about a finitely generated state preordering P and
a € ., which would be analogs of the Krivine-Stengle Positivstellensatz [Mar08, Theorem
2.2.1] and the Schmiidgen Positivstellensatz [Mar08, Corollary 6.1.2], respectively:

(A) if a|p%o > 0 then there exist p;,ps € P and k € N such that ap; = a?* + po;
(B) if D is bounded in operator norm and a|pg > € for some ¢ > 0 then a € P.

Example 5.9. Let P be the state preordering generated by
{ + (1 + [xh xQ]Q)v + [[mla xQ]a xl} £ Hl‘h xQ]a "L‘Q} }7
and a = —¢(z1). Then
(1) Dp =0;
(2) there is a homomorphism ¢ : . — R such that ¢(¢(P)) = R>g and ¢(a) < 0;
(3) The above implications (A) and (B) both fail.

Proof. (1) Let H be a complex Hilbert space, and suppose there exist X7, Xo € B(#H) such
that [X, X5| commutes with X3, Xs and

(5.5) I+ [X1, X5)? =0.

By the GNS construction (applied with any state on B(?)) one can then without loss of
generality assume that there exists v € H such that {p(X)v: p € R(x)} is dense in H.
Then [X7, X»] is central in B(H), and so (5.5) implies [ X, X5] = +¢I. But this contradicts
nonexistence of bounded representations of the Weyl algebra. Therefore D¥ = (.

(2) The standard (Bargmann-Fock) unbounded x-representation of the Weyl algebra is
given by the unbounded operator T' acting on the complex Hilbert space ¢? with the or-
thonormal basis {e, },en as Te, = y/ne,.1. The domain of this representation contains

P, .cn Cen, and T satisfies T*T' — TT* = I. Let v = \%(el +ey) and X; = %(T + T%),

X, = %(T — T*). Then Xi, X, are self-adjoint unbounded operators, and [X;, Xo] = il.
Define a homomorphism ¢ : & — R by

p(s(w)) = Re (w(Xy, Xa)v,v)
for w € (z). By the construction, ¢(s(P)) = Rx and ¢(a) = —13.
(3) Note that D is bounded and alps > 1 vacuously by (1). Then (B) fails since
a ¢ c(P)=PnN.7 by (2). If ap; = a* + p, for p;, ps € P, then
0> p(a)e(c(p)) = p(a)** + @(s(p2)) > 0,

a contradiction; thus also (A) fails. O

6. OPTIMIZATION OF STATE POLYNOMIALS

In this section we apply Theorem 5.5 to optimization of state objective functions subject
to nc state constraints. Doing so, we obtain a converging hierarchy of SDP relaxations in
Section 6.1, and its dual in Section 6.2. When flatness occurs in the latter hierarchy, one can
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extract a finite-dimensional minimizer as shown in Section 6.3. Finally, Section 6.4 presents
sparsity-based approaches to reducing the sizes of the constructed SDP hierarchies.

Recall that the degree of a &#-word [[;<(u;)v equals [v] + 3, [u;], and the degree of
f € & is the maximal degree of #-words in the expansion of f. Let .#; be subspace of
nc state polynomials of degree at most d, and denote A(n,d) = dim . It is not hard to
estimate n? < A(n,d) < (2n)4L. Also, let .7 = SN 7.

Throughout the rest of the paper we restrict ourselves to constraint sets C' C % such
that C'N &, is finite for all d € N. In polynomial optimization one typically focuses on
finite sets of constraints, but this slightly more general setup is needed later in Section 8.

6.1. SDP hierarchy for state polynomial optimization. For a balanced C' C % and
d € N define

K
(61) M(O)d = {Z g(flczfz*) K e N, fl S y, c € {1} U O, deg(szZf;) S Qd} .

=1

By (6.1) it is clear that checking membership in M(C), can be formulated as an SDP.
Furthermore, M(C'), for d = 1,2, ... is an increasing sequence of convex cones whose union
by (5.2) contains the quadratic module QM(C*) from Section 5.

Given a state polynomial a € ., one can use M(C), to design a hierarchy of SDP
relaxations for minimizing a over the state semialgebraic set DZ. Let us define a,, and
a> as follows:

min

(6.2) Amin = Inf{a(N; X): (N, X) € Dc},
5 = imt{a(y X): (0, X) € DY

. . o 0
Since D¢ embeds into D, one has al,

the following hierarchy of SDPs, indexed by d > %:

< @min- One can approximate ac% from below via

min

(6.4) Amind = sup{m: a —m € M(C)q}.

Corollary 6.1. If C is balanced and algebraically bounded, the SDP hierarchy (6.4) provides

o0
min*

a sequence of lower bounds (Gmin,a) g~ deza Monotonically converging to a
= 2

Proof. By (6.1) and (6.4) and it is clear that aming < ae,. As M(C)y € M(C)gy1, one has
Amind < Gmind+1- Furthermore, Theorem 5.5 implies that for each each m € N, there exists
d(m) € N such that a — a2%, + = € M(C)g(m). Thus one has

min

o)
i __Samindm
min m ,d(m) »

which implies that

lim Gmin g = Gy, [
d—o0

min °
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6.2. Duality and state Hankel matrices. Next, we introduce state Hankel and localizing
matrices, which can be viewed as analogs of the noncommutative Hankel and localizing
matrices (see e.g. [BKP16, Lemma 1.44]). By W we denote the vector of all .#-words of
degree at most d with respect to the degree lexicographic order; note that W< is of length
A(n,d). Given ¢ € & denote d,. := (%W. To ¢ € & and a linear functional L : .73 — R,
we associate the following two matrices:
(a) the Hankel matriz Hy(L) is the symmetric matrix of size A(n,d), indexed by .#-
words u, v € #y, with (Hy(L))y,» = L(s(u*v));
(b) the localizing matriz Hy_4,(c L) is the symmetric matrix of size A(n,d—d.), indexed
by &-words u,v € Fy_q4,, with (Hy_g,(c L))y = L(s(u*cv)).

Note that the localizing matrix associated to L and 1 is simply the Hankel matrix asso-
ciated to L.

Definition 6.2. A matrix M indexed by #-words of degree < d satisfies the state Hankel

condition if and only if
(6.5) M,., = M, . whenever ¢(u*v) = ¢(w*z).

Remark 6.3. Linear functionals on .#5¢ and matrices from Sa(,,q)(R) satisfying the state
condition (6.5) are in bijective correspondence. To a linear functional L : %54 — R, one can
assign the matrix Hy(L), defined by (H4(L))w» = L(s(u*v)), satisfying the state Hankel

condition, and vice versa.

The positivity of L relates to the positive semidefiniteness of its Hankel matrix Hy(L).
The proof of the following lemma is straightforward and analogous to its free counterpart
[BKP16, Lemma 1.44].

Lemma 6.4. Given a linear functional L : Ssq — R, one has L(s(f*f)) > 0 for all f € &,
if and only if, Hy(L) = 0. Given ¢ € &, one has L(s(f*c f)) >0 for all f € &y q,, if and
only if, Hy_q.(c L) = 0.

We are now ready to state the dual SDP of (6.4).

Lemma 6.5. The dual of (6.4) is the following SDP:

L:KSi‘”?dfﬁR L(CZ)
L linear
(6.6) sit. (Hag(L))uw = (Ha(L))w,., whenever ¢(u*v) = ¢(w*z),
(Ha(L))11 =1,
Hy 4 (cL) >0, forallce{l}UC withd.<d.

Proof. Let us denote by (M(C)4)Y the dual cone of M(C)4. By (6.1), one has

(M(C)a)" ={L: Sy — R: Llinear, L(fcf*) > 0forallc€ {1} UC, f € Ly, }.
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By using a standard Lagrange duality approach, we obtain the dual of SDP (6.4):

6.7 Omingd =  SU m = su inf m+ L(a—m
(6.7) a= s up _ in C)d)v( ( )
. < 1 _
(6.8) < eAnf, L sup (m + L(a —m))
) = inf L 1—-L(1
(69) Lt (L) + supm(1 — L(1))
(6.10) —inf{L(): L € (M(C))". L(1) =1},

The second equality in (6.7) comes from the fact that the inner minimization problem gives
minimal value 0 if and only if a — m € M(C)4. The inequality in (6.8) trivially holds.
The inner maximization problem in (6.9) is bounded with maximum value 0 if and only

L(1) = 1. Eventually, (6.10) is equivalent to SDP (6.6) by Remark 6.3 and Lemma 6.4. [

To establish strong duality for the SDP pair (6.4) and (6.6), we require a stronger version
of algebraic boundedness.

Lemma 6.6. Let C C & be balanced, and assume N — x2 — -+ — 22 for some N > 0 is a

conic combination of elements in C NR(z)y and hermitian squares of elements in R{x),. If

L e (M(C)g)Y and L(1) =0 then L = 0.
Proof. For k € N let K} be the convex hull of
{fofS:C(fofS%fl(N - x?)ff7§(f1(N - Ijz)ff) fie& degfi <k—i,1<j< n}
We start by showing that for every #-word w,
(6.11) NYEY — pw* € Kaegu-

We proceed by induction on degw. Firstly, N — x? € Ky, and then N — ¢(z;)* = ¢(N —
23) 4+ <((x; — <(x;))?) € K1. Now suppose (6.11) holds for #-words of degree at most k. If
w is a S-word of degree k + 1, there are three (partially overlapping) possibilities: w = z;v

for a &#-word v of degree k, in which case
NdeBsw _qpp* = NI8Y(N — 22) + x; (N — ovh)z; € Ky
or w = ¢(x;)v for a S-word v of degree k, in which case
NI —p* = NI9BY(N — ¢(z4)?) + ¢(z;)2 (N8 — vo*) € Kpyy;
or w = ¢(z;v) for a #-word v of degree k, in which case
N —ww* = NOBY — ¢((250)(20)) + s (20 — s(2;0)) (20 — §(2;))") € K.

Now assume L € (M(C)4)" and L(1) = 0. Since ¢(Ky5) € M(C)q by the assumption
on C, we have L(s(ww*)) = 0 for all &#-words w of degree at most d by (6.11). Then
S((uxv*)(u£v*)*) € M(C)q implies L(s(uv)) = 0 for all #-words u,v of degree at most
d. Since %54 is spanned by such ¢(uv), we conclude L = 0. O
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Proposition 6.7. Let C C & be balanced, and assume N —z3 —---—z2 for some N > 0 is
a conic combination of elements in C NR(x)s and hermitian squares of elements in R{x),;
e.g, N—x?—-.-—x2 € C. Then SDP (6.4) satisfies strong duality, i.e., there is no duality
gap between SDP (6.6) and SDP (6.4).

Proof. Suppose SDP (6.4) is feasible. Then a— amin 4 is @ boundary point of the cone M(C)q4
in .%4. Therefore there is a supporting hyperplane for M(C')4 through @ — Guing. In other
words, there is a nonzero linear functional L € (M(C)4)Y such that L(a — aming) = 0. By
Lemma 6.6 we have L(1) > 0. After rescaling we can then assume that L(1) = 1, and so
L(a — amina) = 0 implies L(a) = aminq. Therefore there is no duality gap. d

Remark 6.8. The condition on the constraint set C' in Proposition 6.7 is stronger that
algebraic boundedness. Nevertheless, it is satisfied in many prominent instances, for example
if C' contains +(z7 — 1) for all j (optimization over binary observables) as in Section 7
below, or if C' contains (27 — x;) for all j (optimization over projections) as in Section 8.
Furthermore, if C'is algebraically bounded, or D¢ is known to be bounded in operator norm,
then we can simply add the desired constraint directly to C, thus fulfilling the assumption
of Proposition 6.7 without affecting D¢ .

6.3. Minimizer extraction. The goal of this subsection is to derive an algorithm to ex-
tract minimizers and certify exactness of state polynomial optimization problems. The
forthcoming statements can be seen as state variants of the results derived in the context of
commutative polynomials [CF98]|, eigenvalue optimization of noncommutative polynomials
[PNA10, BKP16], and optimization of trace polynomials [KMV22, BCKP13].

Definition 6.9. Suppose L : 54,25 — R is a linear functional with restriction L: %y — R.
We associate to L and L the Hankel matrices Hyy (L) and Hy(L) respectively, and get the
block form

H,(L) B
BT B
We say that L is d-flat or that L is a -flat extension of L, if Hyys(L) is flat over Hy(L),

i.e., if rank Hyy5(L) = rank Hy(L).

Hd+6(L> =

Suppose L is o-flat and let r := rank Hy(L) = Hyys(L). Since Hyis(L) > 0, we obtain
the Gram matrix decomposition Hy 5(L) = [(u, V)], with vectors u,v € R", where the
labels u, v are #-words of degree at most d+ 9. Then, we define the following r-dimensional
Hilbert space

K :=span{u: degu < d+ 9} =span{u: degu < d},
where the equality is a consequence of the flatness assumption. Afterwards, one can consider,
for each p € &, the multiplication operator X, on IC and the x-representation 7 : & — B(K)
defined by 7(p) = X,,. Let v be the vector representing 1 in K; then L(p) = (n(p)v,v) for
all p € &. In general, elements of 7(.%) are central in 7(.#); if they are actually scalar
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multiples of the identity on IC, then 7 is not just a x-representation, but it respects the state
symbol in the sense that 7w(f) = f(7(x1),...,m(x,)) for every f € &. This fact applies to
our SDP hierarchy as follows.

Proposition 6.10. Let a € ., suppose that C C & satisfies the assumptions of Proposition
6.7, and let d,§ € N be such that d+0 > d,,d. for c € C. Assume that L is a d-flat optimal
solution of SDP (6.6), and let the x-representation w : & — B(K) and the unit vector v e K
be constructed as above. If m(.#) =R, then

(i) (A, X) € D¢ where X = (n(x1), ..., m(xn)) and A(Y) = (Yv,V);

(i) L(p) = p(X; X) for allp € 7;

(111) Amin,d+6 = L(CL) = a?r?in'

Proof. As seen in the paragraph before Proposition 6.10, the operators X; are well-defined
(thanks to the flatness assumption) and symmetric. After choosing an orthonormal basis of
K we can view X; as r x r symmetric matrices. Moreover, L(p) = A(p) for all p € .. Since
() = R, we furthermore have L(p) = p(\; X) for all p € ., so (ii) holds. For ¢ € C,
one in particular has ¢(A; X)) = L(c) > 0 because Hy_4,(c L) = 0 as L is a feasible solution
of SDP (6.6). Hence (i) holds. Proposition 6.7 implies amin 415 = L(a) < a,,; on the other

min’

hand, a$%, < a(X; X) = L(a), and therefore (iii) holds. O

min

Remark 6.11. The condition 7(¥’) = R in Proposition 6.10 in particular holds if L is an
extreme optimal solution of (6.6). In practice modern SDP solvers rely on interior-point
methods using the so-called “self-dual embedding” technique [WSV12, Chapter 5]. There-
fore, they will always converge towards an optimum solution of minimum rank, yielding an

extreme linear functional; see [LLROS, §4.4.1] for more details.

6.4. Reduction by exploiting sparsity. In this subsection, we briefly introduce the ap-
proaches for reducing the sizes of SDP (6.6) and SDP (6.4) by exploiting sparsity encoded in
the state polynomial optimization problem, which are adapted from the case of eigenvalue
and trace optimization over nc polynomials [KMP22, WM21].

6.4.1. Correlative sparsity. For I C [n| :={1,...,n}, let /1 C . (resp. &1 C &) be the

subset of state (resp. nc state) polynomials in variables x;,7 € I only. Let I, ..., 1, C [n] be
a tuple of index sets and further Ji, ..., J, C C' be a partition of the constraint polynomials
in C' such that

(6.12) a €S+ + S

(6.13) Jy TSy fork=1,....4.

The tuple of index sets I, ..., I, is then called the correlative sparsity pattern of (6.2) and
(6.3). We build the Hankel submatrix H* (L) (resp. the localizing submatrix H% a.(cL))
with respect to the correlative sparsity pattern by retaining only rows and columns indexed
by W';I’“ (resp. Wil(’jc) for each k € [{] (resp. each ¢ € Jy).
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Let us consider the correlative sparsity adapted version of (6.6):

inf L(a)
L:de—ﬂR
L linear
(6.14) st (HF(L))uw = (HY(L))w., whenever ¢(u*v) = ¢(w*z), for k € [{],

(Ha(L))11 =1,
Hj , (cL)=0, forallce {1}UJ, withd. <dand k €[],

CcS

with optimum denoted by ag;, 4-

Theorem 6.12. Let C C.& be balanced and algebraically bounded, and let a € .. Suppose
that there exist subsets Iy, ..., I, and Jy,...,J; such that (6.12) and (6.13) hold, and that
L, ..., I, satisfy the running intersection property (RIP), i.e., for every k € [{ — 1], we have
that

(6.15) (Ik;—H N U ]j) CI; for somei <k.

J<k

cs _ 400
a

Then limg—so0 iy g = Gyin-

Proof. Let us define
QM(C*)® := QM(J}) + - - - + QM(Jp).

To obtain the convergence result, we need to prove a sparse analog of Theorem 5.5, namely
a(\;X) > 0 for all (A\;X) € D implies a + ¢ € QM(C%)*, for all ¢ > 0. This sparse
representation result requires an adaptation of [KMP22, Theorem 3.3], so we only sketch
the main steps while emphasizing changes required. The proof is by contradiction, so we
suppose that a + & & QM(C*)® for some £ > 0. By the algebraically bounded assumption,
each quadratic module QM(J;) in .77, is archimedean (see Lemma 5.4). In particular,
1 is an algebraic interior point of QM(C*)* in ., + --- + .%},. Thus by the Eidelheit-
Kakutani separation theorem (a version of the Hahn-Banach separation theorem suitable
for this context; see [Bar02, Corollary II1.1.7]), there exists a unital linear functional ¢ :
4+ S, — R owith o(QM(C*)®) C Rso and ¢(a) < 0. We pick any extension of
¢ to a linear functional on . which we again denote by ¢. Let L : R(z) — R be the
unital x-functional given by L(p) := ¢(s(p)), and let us denote by L* the restriction of L to
R{z(1k))-

Then we proceed exactly as in the proof of Theorem 5.5 for each k € {1,...,¢}. Since
each quadratic module QM(J;) C .77, is archimedean, one can apply Proposition 5.1 to
obtain a vector state A\, € S(H;,) and a tuple of self-adjoint operators X* € B(Hy,)!"*! such
that LF(p) = M\ (p(XF)) for all p € R(z(I},)), and (A, X*) € 133‘; Here #H;, denotes the
Hilbert space completion of the quotient of R{x(I;)) by the set of nullvectors corresponding
to L*, obtained through the GNS construction. Now, the proof proceeds by induction on ¢
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to show that there exist a vector state A and a tuple of self-adjoint operators X such that
b\, X) = @(b) for all b € .7}, + -~ +.7},, and (\, X) € D.

We focus specifically on the case ¢ = 2, as the general case then follows by an inductive
argument relying on the running intersection property, similarly to the proof of [KMP22,
Theorem 3.3]. We denote by L'? the restriction of L' to R(z([; N I3)) and again we apply
Proposition 5.1 to obtain a vector state Aj» € S(H12) and self-adjoint X' € B(H,,) 2!
such that L'2(p) = Aa(p(X'?)), for all p € R{z(l; N I)). For k € {1,2}, we denote
by ix the canonical embedding from R{z(I; N I3)) to R{z(l)). Let ¢ be the canonical
embedding from B(H;2) to B(Hy,), satisfying 1 (X}?) = XF for all i € I;NI,. Then we apply
[KMP22, Theorem 3.1] to obtain an amalgamation 4 with state A and homomorphisms
Jr : B(Hi) — A such that j; o1y = js 0 15. After performing the GNS construction with
(A, \), we obtain a Hilbert space K, a representation 7 : A — B(K) and a vector £ € K
so that A(b) = (m(b)€,€). We next define X := (Xi,...,X,), with X; := m(j,(X})) if
i € I and X; := 7(j2(X?)) otherwise. This tuple of operators is well-defined thanks to the
amalgamation property.

Let us now set L(p) := (p(X)€,€), for all p € R(z). We prove that L agrees with L* (as
well as L) on R(z(1})) thanks to the amalgamation setup. Indeed, for all p € R(z(1})) one
has

L(p) = (p(X), &) = (p(r(jx(X*)))E, ) = (m(p(jx(X*)))E, €)
= Mp(r(X)) = AGe(p(X5))) = Me(p(X5)) = L*(p) = L(p).
Hence, this yields ¢(b) = b(\, X) for all b € ., and by linearity of ¢, we obtain ¢(b) =

b(A, X) for all b € A + . To show that (A, X) € ﬁg@, we proceed as in the proof of
Theorem 5.5. [

6.4.2. Sign symmetry. For a € & and a binary vector s € {0,1}", let [a]s € & be defined
by [a)s(z1, ..., x,) == a((=1)%zy,...,(=1)""x,). Then a is said to have the sign symmetry
represented by a binary vector s € {0, 1}" if [a]s = a. We use S(a) C {0,1}" to denote all
sign symmetries of @ and let S(C') := NeeeS(c) for C' C &. Denote

U= {u € W'QSZ; S({a}UC) - S(“)}a

and let ., C F4 be the span of {¢(u): u € U}. Consider the optimization problem given
by (6.3). We can build a block-diagonal SDP hierarchy for (6.3) by exploiting its sign
symmetries. To this end, we define an equivalence relation ~ on W+ by

(6.16) u~v = uvel.
The equivalence relation ~ gives rise to a partition of W< :

Pd
(6.17) w7 =| |[W7.

=1
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We build the Hankel submatrix Hg,;(L) (resp. the localizing submatrix Hy_4_;(c L)) with
respect to the sign symmetry by retaining only those rows and columns that are indexed by
W7, (resp. W, ) for each i € [pg] (vesp. i € [pg,]).

Let us consider the sign symmetry adapted version of (6.6):

inf  L(a)
L;VM—)R
L linear
(6.18) st (Hai(L)uo = (Hai(L))w., whenever ¢(u*v) = ¢(w*z), for i € [p4],
L(1) =1,

Hy 4.(cL) >0, foralce{1}UC withd. <dandi € [pg],

with optimum denoted by a

min,d"

Theorem 6.13. We have that a3, d = Qmind-

Proof. For a linear functional L : %; — R and s € {0,1}", let L® : %54 — R be another
linear functional given by L*(u) = L([u]s). Suppose that L is an optimal solution of (6.6) and
let L' = m > ses({ajucy L° which is also an optimal solution of (6.6). We claim that
L'(s(uw*v)) = 0 whenever u = v € W . By (6.16), if u = v, then there exists s’ € S({a}UC)
such that [u*v]y = —u*v. We then have

Do) = e 3 D) = e 3 Ds([wely)

S({a} Ol seS({aluC) |S({a} U C) €SB0
= _; s+’ = —; s(c(u*v
" Eraoon 2 L) = ~Eroey 2 Fe)
= —L'(s(u"v)).

Thus L'(¢(u*v)) = 0 as desired. From this we see that the restriction of L’ to .# is a
feasible solution of (6.18) and so @y, 4 < @min.d-

On the other hand, let L : ./, — R be an optimal solution of (6.18). We define a
functional L' : .%; — R as follows:

L(c(u)), ifuel,

L'(c(u) =
0, otherwise.

One can easily check that L' is a feasible solution of (6.6). So a3, ; > Gminq and it follows

min,d

SSs

amin,d

= Qmin,g as desired. OJ

Remark 6.14. In nc polynomial optimization, the exploitation of sign symmetries can be
extended to an iterative procedure via the more general notion of “term sparsity” [WM21].
Due to the multitude of technical details and overhead involved, the state polynomial version

of term sparsity will be explored elsewhere in the future.
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7. NONLINEAR BELL INEQUALITIES

In this section we connect state polynomial optimization to violations of nonlinear Bell
inequalities, establish a further reduction of our optimization procedures based on condi-
tional expectation that is tailored to the quantum-mechanical formalism (Proposition 7.1),
and outline a few examples.

For the sake of simplicity, we restrict to bipartite models where two parties share a
state and use binary observables to produce measurements. A (m-input 2-output) quantum
commuting model is then given as a triple (A, A, B) where A € S(H) is a state and A =
(A1,...,An),B = (By,...,By,) are commuting tuples of binary observables in B(H):

Ai=A;, Al=1 B =B;, B'=1IAB;=BjA

for all 1 < 4,5 < m. The correlations produced by (A, A, B) are determined by A\(A;B;)
for i,7 = 0,...m where Ay = By = I. If H = H' ® H' for a finite-dimensional H' and
A = Ai® 1, B = I ® B] then (A, A, B) is a (finite-dimensional) spatial quantum model.
In this case, dim H' is the local dimension of (A, A, B), and A is usually given by a density
matrix. On the other hand, if A and B are tuples of commuting operators, then (A, A, B)
is classical. In this case, the correlations can be obtained as expectations of products of
binary random variables on a probability space.

To warm up, consider the expression

(7.1) AALB)) + MALBy) + MAsBy) — A(A2By)

for a model (A, A, B). The classical Bell inequality states that (7.1) is at most 2 for classical
models. On the other hand, (7.1) attains the value 21/2 for a spatial quantum model with
local dimension 2. Furthermore, Tsirelson’s bound implies that the value 2v/2 is optimal
for all quantum commuting models. From the perspective of this paper, Tsirelson’s bound
can be recovered as a state polynomial optimization problem

sup s(z1y1) + s(z1y2) + S(w2y1) — <(2212)
st. a? =1, y]2- =1, [z;,y;] = 0.

Upper bounds on quantum violations of linear Bell inequalities can be found using the
NPA hierarchy [NPAOS] for eigenvalue optimization of noncommutative polynomials; for
example, one can get Tsirelson’s bound on violations of (7.1) by eigenvalue-optimizing
T1y1 + L1y + Tays — Tays subject to 7 = y? = 1 and [z, ;] = 0. On the other hand, covari-
ance of quantum correlations [PHBB17] and detection of partial separability [Uff02] lead to
more general polynomial Bell inequalities. While linear Bell inequalities are linear in expec-
tation values of (products of) observables, polynomial Bell inequalities contain multivariate
polynomials in expectation values of (products of) observables. Even for classical models,
nonlinearity complicates the study of polynomial Bell inequalities; for example, the supre-
mum of a Bell-like expression over classical models can be strictly larger than the supremum
over deterministic models. Nonlinearity also renders noncommutative polynomial eigenvalue
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optimization, which is commonly used to bound quantum violations of linear Bell inequal-
ities, inapplicable to polynomial Bell inequalities. On the other hand, state polynomial
optimization gives upper bounds on violations of polynomial Bell inequalities.

7.1. Universal algebras of binary observables. In this section we derive further sim-
plifications for optimization of a state polynomial subject to a balanced constraint set of
the form

(7.2) C={£1—2a}), -, £ —a}), £z, 23], ..., £[zi,, 5]}

n

for some 1 < ig,jx < n. As mentioned above, optimal Bell inequalities correspond to
optimization problems subject to constraint sets of the form (7.2). By Corollary 6.1, every
state polynomial optimization problem on (7.2) admits a convergent SDP hierarchy as in
Section 6.1, and these SDPs satisfy strong duality by Proposition 6.7.

Let G be a group. Analogously to the construction of nc state polynomials, one can
define the state group algebra & (G) of G: namely, let .(G) be the real polynomial ring
in commutative symbols ¢(g) for g € G\ {1}, subject to ¢(¢g7') = <(g), and let S (G) =
(@) @ R[G], where R[G] is the real group *-algebra of G, where the involution is given
by g* = g~! for g € G. As before, there is a natural map #(G) — #(G). Let 2% (G)?
denote the set of sums of hermitian squares ff* for f € Z(G).

Returning back to (7.2), consider the group

_ 2 _ . _ .2 _ _ _
G=(r1,...,0p | 2i =" =2, =1, 20;,x), = TjTi,...,T;Tj, = T4,Ti,)-

Let m : (z) — G be the canonical homomorphism. We extend it to a ¢-respecting x-

homomorphism 7 : & — & (G). Then for a € .7,
(7.3) a € QM(C*) = m(a) € s (BFL(G)?).

The relation (7.3) is advantageous in optimizing state polynomials subject to C: the sizes
of SDPs (6.4) and (6.6) can be reduced by indexing with a basis of (&), and only a single
semidefinite constraint is needed (corresponding to ¥.%?(G)?). This reduction is used in all
subsequent computational examples.

A further reduction is sometimes possible. Given f € .7(G), its support are elements of
G appearing in f.

Proposition 7.1. Let a € ., and let H C G be the subgroup generated by the support of
m(a). Then

(7.4) a € QM(C*) = m(a) € ¢ (BFL(H)?).

Proof. Let 15 : G — H U {0} be the indicator function, where 15(g) = ¢ if ¢ € H and
14(g) = 0 otherwise. Let E : #(G) — & (H) be the unital x-linear map given by

E(s(g1) -+ -s(g0)90) = s(Li(gn)) - - s(1r(9e)) 11 (90)-

Note that £ commutes with ¢, restricts to a ring homomorphism .(G) — . (H), and has
conditional expectation properties (cf. [SS13, Section 3]):
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(i) E(biaby) = biE(a)by for a € L (G) and by, by € L (H),

(i) B(XL(G)?) =SS (H)>
The second property follows by [SS13, Proposition 3.4] and E : & (G) — ¥ (H) being
a homomorphism. Since 7(a) € ¥ (H), (ii) implies 7(a) € ¢ (S (H)?) if and only if
7(a) € ¢ (XF(G)?), and the rest follows by (7.3). O

If H is a proper subgroup of GG, the sizes of SDPs (6.4) and (6.6) can thus be further
decreased by Proposition 7.1; this is illustrated in Example 7.2.1 below.

7.2. Examples. We demonstrate the optimization results from Section 6 on the following
polynomial Bell inequalities. The codes for reproducing the results are available at

https://github.com/wangjie212/NCTSS0S/blob/master/examples/stateopt.jl

For all examples, we employ MOSEK 10.0 as an SDP solver. For more details on the modeling
syntax, we refer the interested programmer to the tutorial from [MW23, Appendix B.2] that
describes a similar syntax to perform trace polynomial optimization.

7.2.1. Ezample. One of the first considered polynomial Bell inequalities is
(7.5) AMA By + AyBy)? + AMA1 By — AyBy)? < 4

given in [Uff02], where it is shown that (7.5) holds for all classical models, and for all
spatial quantum models with local dimension 2 (the equality is obtained for a model with
a maximally entangled state). In [NKI02], (7.5) is shown to hold for all spatial quantum
models. An automatized proof of (7.5) for arbitrary quantum commuting models can be
obtained by solving the optimization problem

sup (S(z1y2) + <(22y1))” + (s(x1y1) — s(w212))”

7.6
(7.6) s.t. x?zl,y?zl, [z;,y;] =0 fori, j=1,2.

Let C = {£(1 — 23), £(1 — y7), £[2i,y;]}ij=1,2- The relaxation of (7.6) with d = 3 as in
Section 6.1,

(7.7) inf g s.t. p—(s(z1y2) + §($2y1))2 — (s(@1y1) — §(I2?/2>)2 € M(C)q

outputs 4, which coincides with the classical value in (7.5). The concrete implementation of

(7.7) encodes the relations x? = yJQ» =1 and [z;,y,] = 0 directly into the SDP, as in Section

7.1. The resulting SDP has 2032 variables, and a 209 x 209 semidefinite constraint.
Alternatively, we can also invoke Proposition 7.1. The support of (¢(z1y2) + <(z211))* —

(s(z1y1) — s(z292))? in

G = (zi,y; |2} =y, = Lay; = yja; for i, j = 1,2)
is {x;y;}i j=1.2, which generates the subgroup H of G consisting of all words in generators
x;,y; of even length. Cutting down the aforementioned SDP with respect to H then results

in an SDP with 933 variables and a 112 x 112 semidefinite constraint, which returns the
value 4 in shorter time.
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7.2.2. FExample. Polynomial Bell inequalities also arise from covariances of quantum corre-
lations. Let
covy(X,Y) = A(XY) = AM(X)A(Y).

In [PHBB17] it is shown that while

covy (A1, By) + covy(Ay, Bs) + covy(Ay, Bs)
(78) —+ COV)\(AQ, Bl) + COV)\<A2, Bg) — COV)\(AQ, Bg)

+ COVA(Ag, Bl) - COV)\(Ag, Bg)

is at most % for classical models, it attains the value 5 for a spatial quantum model of
local dimension 2 and a maximally entangled state. The authors also performed extensive
numerical search within spatial quantum models with local dimension at most 5, but no
higher value of (7.8) was found. They left it as an open question whether higher dimensional

entangled states could lead to larger violations [PHBB17, Appendix D.1(b)].
Let

b=c(z1y1) — s(@1)s(y1) + <(z1y2) — s(21)s(y2) + <(w1y3) — s(z1)s(ys)
+ s(@ayn) — <(@2)s(y1) + <(w2y2) — <(22)s(y2) — <(22y3) + <(22)<(y3)
+ <(@31) — s(@s)s(y) — s(@sy2) + <(23)s(y2) -
The relaxation of
sup b s.t. x7 =1, y? =1, [x;,y;] =0fori,j=1,2,3

with d = 2 returns 5. Therefore the value of (7.8) is at most 5 for all quantum commuting
models.

7.2.3. Example. In the previous two examples, the maximal violation of a polynomial Bell
inequality was attained at a maximally entangled state. Next, consider the expression
MAs+ By + By — A1 By + A3sBy + A1 By + Ay Bs)

(79) _ )\(Al))\<Bl) o )\(A2)>\<Bl) _ )\<A2))\(BQ) — )\(Al)2 —_ >\<B2)2 .

Below we show that:

(i) (7.9) is bounded by 3.375 for classical models and spatial quantum models with
maximally entangled states, and this bound is obtained by a classical model with a
discrete 3-atomic measure;

(ii) (7.9) is bounded by 3.51148 for any quantum commuting model, and this bound is
obtained by a spatial quantum model of local dimension 2.

Let

b=c(x2) +<(y1) +<(y2) — s(zayn) + <(@2y1) + (21y2) + <(2202)
= s(@1)s(yr) = s(w2)s(yr) = s(w2)s(y2) — s(21)” = s(y2)”-
(ii): To solve the optimization problem

(7.10) sup b s.t. @i =1,97 =1, [z;,y,] =0 fori,j=1,2,
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we first solve the SDP for the relaxation of (7.10) with d = 2 as in (6.6). The output is
3.51148; moreover, the resulting Hankel matrix is flat, and the assumptions of Proposition
6.10 are satisfied. Therefore we can perform the finite-dimensional GNS construction and
extract a 4-dimensional quantum commuting model attaining 3.51148. After a unitary basis

change, the extracted model is evidently spatial quantum, of local dimension 2, and given
by

— cos B sin g
6 .
cos 3 cos 5 1 0 cosa  sina
) —sin 3 cos 2’83_0‘ P <O —1) ©5 2 (sina — Cos a) ©5
: s 28—«
sin 3 sin

3

B -l (1 0 ) By I (C?SO& sin o )
0 -1 sina  — cosa
and A(Y) = (¢| Y |¢) for & = —4.525 and = 2.192.

(i): If in the optimization problem (7.10) one restricts only to tracial states (i.e., A € S(H)
satisfying A(uv) = A(vu)), then its solution gives an upper bound of (7.9) for both classical
models and spatial quantum models with a maximally entangled state. Using the relaxation
with d = 2 in the SDP hierarchy [KMV22, Section 5.3] for the tracial version of (7.10) one
obtains an upper bound 3.375. Again, the resulting Hankel matrix is flat, so a maximizing
3-dimensional model with a tracial state can be extracted [KMV22, Section 5.4]. In this
model, all the operators commute, so the model is classical, on a probability space of size 3.
Once the bound on the size of the probability space is known, we can search for a maximizing
classical model exactly, resulting in

133

p:dlag (Z,g,g) s Al :dlag(l,—l,—l), AQ :dlag(l,l,—l), Bl :I, BQ :A2

and A(Y) = tr(pY’), for which the value of (7.9) is %* = 3.375. Lastly, since p has rational
entries with denominator 8, the upper bound 2787 can also be reached by a spatial quantum
model with a maximally entangled state with (possibly non-minimal) local dimension 8-3 =
24.

To complete the picture, let us mention that the maximum of (7.9) for deterministic

models is 2.

8. BELL INEQUALITIES FOR NETWORK SCENARIOS

As seen in the previous section, a polynomial Bell inequality corresponds to optimizing
a state polynomial subject to noncommutative constraints. On the other hand, correlation
inequalities for general quantum networks [Fri12, PKRR*19, LGG21, TPKLR22] correspond
to optimizing a state polynomial subject to both noncommutative and state constraints.
Following [Fril2], a correlation or network scenario is given by

(1) aset [M]={1,..., M} of parties;
(2) aset [S] ={1,...,S} of sources; and



STATE POLYNOMIALS 31

(3) a relation ~» on [S] x [M], where s ~» m means that the party m has access to the
source s.

Parties can have several inputs (questions) and outputs (answers); for m € [M] let a,, and
b, be the number of inputs and outputs of m, respectively.
A (spatial) quantum model for such a network is given by
(i) (finite-dimensional) Hilbert spaces H s m) for s ~» m;
(ii) for each m € [M], projective-valued measures (PVMs) (P, ;)
where

bm
2
Pm7i’j G B < ® ,HSJVL) ) vaiﬂ P’:ll] = szj’ Z vaivj = I7
s:5~v>m j=1

(ili) density matrices

]1for2—1 , Gy,

ps € B( & ”Hm)

m:s~~>m

representing states, for s € [S].

The correlations of this model are

p(ilujlvi%j?a" ZMajM —tl” ®p5 ® PmZme

s€[9] me[M]

with a slight abuse of notation, since the tensor factors need to be appropriately ordered.
As in [LGG21, Section II.C] and [RX22, Definition 3.2], a quantum commuting model for
such a network is given by

(i) a (possibly infinite-dimensional) Hilbert space H;

(ii) for each m € [M], projective-valued measures (PVMs) (Pm,i,j)?z1 fori=1,...,an
where
Pm,i,j € B(H)a Pm,i,j = Pmﬂﬂ = Pgmda Z pmz 7
and

[Pm,i,ja Pm’,i’,j’] =0 for m 7é m/;
(iii) a state A € S(H) satisfying
(8.1) AMQr-+- Q) = XMQ1) - MQr)

whenever each Q. is in the algebra generated by the PVMs for my,, and for all & # £/,
my, # my and there is no s € [S] with my e~ s ~ my.

The correlations of this model are
p(ibjla Z-27‘7-27 s 7iM>jM) =A (Pl,il,jlpliz,jQ U PM,iMJM)

Clearly, correlations of spatial quantum models are produced by quantum commuting
models. When all operators in a quantum commuting model commute (in which case
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measurements are given by indicator functions on a probability space, and the state is given
by the integration with respect to the probability measure), the model is classical.

A (classical/spatial quantum/quantum commuting) polynomial Bell inequality for a net-
work scenario is an upper bound on a polynomial expression in correlations, valid for every
(classical /spatial quantum/quantum commuting) model. We can obtain Bell inequalities
for quantum commuting models of network scenarios using the SDP hierarchy from Section
6 as follows.

Consider the description of a network scenario as at the beginning of this section, and
let B be a polynomial expression in correlations p(iy, j1, ..., %0, ju). For each m,i,j let
Tm,i; be a freely noncommuting self-adjoint variable, and let b € . be the state polynomial
obtained from B by replacing p(i1, j1, - - ., inm, jar) With (14, 5 - Taingjns)-

Corollary 8.1. Let B and b be as above. Then 3 € R is the smallest constant such that
B < B for every quantum commuting model if and only if 8 is the output of the state
polynomial optimization problem

sup b
b77L
2
s.t. ‘rm,i,j = Tmyij, E Tmyij = 1,
=1

(8.2)
J;m7i»jxm»i’j, = 07 fOT’j # j/7 ['rm,’i,j7xm',i',j’] == O fOT m # m/,

S(wy -+ -wp) = c(wy) -+ -s(we) for wy € (Tp,.ij:1,7) where my, are distinct

and not sharing sources.

Note that the constraints z,,; ;2. = 0 for j # j' above are redundant, but convenient
for reducing the size of SDPs.

In particular, Corollaries 6.1 and 8.1 together yield a convergent SDP hierarchy for op-
timization of Bell expressions over quantum commuting models of an arbitrary network
scenario. By Proposition 6.7, it is easy to see that in the special case of the bilocal scenario
(see Section 8.1 below), this SDP hierarchy is equivalent to the one presented in [PKRR™*19],
and whose convergence was first proved in [RX22]. For a different convergent SDP hierarchy
based on the quantum de Finetti theorem, see [LGG21].

8.1. Bilocal scenario. In the bilocal scenario, there are three parties and two sources, and
the middle party shares a source with each of the other parties. In the network notation
above, M ={1,2,3}, S ={1,2} and

11~ 22~ 3.

Below we provide bounds on quantum commuting violations of some Bell inequalities of
classical models for this scenario. We restrict ourselves to 2-output scenarios; note that a
two-output PVM {P, I — P} can be equivalently given by a binary observable A (namely,
A =2P — I). Thus we describe measurements of the first (resp. second; resp. third) party
in terms of binary observables A; (resp. B;; resp. C;), as in Section 7.
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8.1.1. Ezample. Suppose each of the parties has two inputs and two outputs. In [Chal6],
the following inequality for classical models of this bilocal scenario is given:

(8.3) VIRl + VIR <2
where
Ji=A(A1 + A)Bi(Cr1+ (o)), Jo=A(A1 — A2)Bs(Ch — ().
The inequality (8.3) is equivalent to the four polynomial inequalities
1
8

for n; € {—1,1}; see [Chal6]. Let us bound quantum commuting violations of (8.4) for
11 = n2 = 1 (the other cases are similar). Denote

(8.4) (J1r = m2)? + ma(m i + J2) <2

Ji= Z s(zinz;), J2 = Z (=D)"™s(ziy2z), b= —g(ﬁ — j2)* + (j1 + o).
i,j€{1,2} i,j€{1,2}
The maximal bilocal quantum commuting violation of (8.4) is then given by the optimization
problem
(85) sup b st 2l =yl =27 =1, [,y = [y, 2] = [z1,2,] = 0 for all i, j,

§(w1(117$2)w2(2’1, 22)) = §(w1($1, $2))§(w2(21, 2’2)) for all wy, ws.

The SDP (6.6) for d = 3 returns 4, which gives an upper bound for a bilocal quantum
commuting violation of (8.4). This bound is attained by a spatial quantum model with

1 0 0 1
Al_Ol_(O _1)7 AQ_CQ_(l 0)7
1/1 1 11 1 -1 1 -1
3125(1 —1>®<1 —1)’ BQ:E(—1 —1)®(—1 —1)’

1

pi = [0) (@] for ) = 7

_ o O =

Also, for this bilocal model one has \/[.J1| + /| 2| = 2v/2.

8.1.2. Ezample. In [RBBT16, Appendix F], the authors prove an analog of the I339, inequal-
ity for classical bilocal models

(8.6) VA + V1%l < VI
where
1
Jl - 5/\((141 + AQ + A3 —f‘ 1)31(01 + CQ)),

L =4+ XA1)+ \NA,).
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The inequality (8.6) implies the polynomial inequality
(8.7) 2(1Jo + LWL+ JoL) — J? — J3 — L* <0.

To find an upper bound for bilocal quantum commuting violations of (8.7), we set up the
optimization problem as in the previous example, and the SDP (6.6) for d = 3 returns
15.6705. With the current computational limitations, we do not know whether this is the
least upper bound. Nonetheless, there certainly exist bilocal quantum violations of (8.7).
Concretely, for a = 1.947 and g = 1.639, the spatial quantum model

1 0 01 0 —1
Al - <O _1) ) A2 - (1 O) ) A3 - (Z OZ) ) Cl - Al; CQ - A27

1 1
By = (sinaAy + cos aAsz) ® E(Al + As), By = (sinady —cosadsz) ® E(Al — A),
1
B3 =—-A® —(A; — Ay),
3 1 \/5( 1 2)
V2 0 0
sinfg | —1 cosfB | —1 1 1
pi = i)yl for i) = — o |75 el |ihy) = 7|
—1 1 0

gives 2(J1Js + JiL + JoL) — J? — J2 — L2 = 13.3309.

8.1.3. Ezxample. Suppose each of the parties has three inputs and two outputs. In [TPKLR22],
an inequality for classical models is given:

1
§S_T <3+57
where

s= (A(Bicy)—A(AiBi)),

1€{1,2,3}

T= Y  MNABCy),
{3,5,k}={1,2,3}

Z = max ({]A(Ai)|, (B, [MCi): i € {1,2,3}}
ULINAB)L INBCHL INAC | § # 7}
U{AABC: i, kY] < 2}).
In particular, [TPKLR22] focused on the inequality
(8.8) éS —T <3 subjecttoZ=0

for classical models, and showed it admits a spatial quantum violation satisfying Z = 0
and %S — T = 4. To provide an upper bound for bilocal quantum commuting violations
of (8.8), we set up the optimization problem as before. The SDP (6.6) for d = 3 (more
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precisely, its reduction as in Section 6.4.2 and Section 7.1) contains four PSD blocks with
respective size 130, 105,105,105 and 3018 affine constraints. We obtain an upper bound
4.46613 in 1.94s. For d = 4, the SDP (6.6) (more precisely, its reduction as in Section
6.4.2 and Section 7.1) contains four PSD blocks with respective size 678,678,678,646 and
64878 affine constraints. We obtain an upper bound 4.37666 for the quantum commuting

violations of (8.8) in 5346s. The corresponding Hankel matrix is not flat and so we cannot
certify the optimality of this bound. The SDP (6.6) for d = 5 contains four PSD blocks with
respective size 3838, 3838, 3838, 3739 and 1, 352, 093 affine constraints, which is currently out

of reach.
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